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1. Introduction

Let 2% denote the set of all closed subsets of a topological space X
(including the empty set @). If K is the family of all compact subset of X,
- then (see [1], p. 141) a basis for the compact-open topology on 2% is the col-
lection {(X—C)|C & K} where, for any C & K,

(X-C)={FE2X|FC X-C}.

Lemma 1. Let X be a topological space, Y a subspace of X, and let 2X
and 2Y have compact-open topologies. Then, the function fy:2%X— 2Y, defined by
fy(F)=FNY for every F& 2%, is continuous. ,

Proof. Let (Y-C)={4&2Y|AC Y~ C} be an open basic subset in 27,

where C is a compact subset of the space Y (and, thus, C & K). Now, the
conclusion of the lemma follows from the equalities:

I Y —C)={FE2X|fy (F) EXY—-C)}={FE2X| FNYCY~C}=
={FC2X|FNC=0}={FE2X|FCX-C}=(X-C).

In the set % let us introduce a binary relation < as follows. If C; and

C, by any two elements in K, we define C,<C, < C, C C,. Clearly, X is a

directed set (if C,, C,E K then C, UC,& K and C,, C,CC, UC,).
Now, for each pair C,, C, & K such that C,<C,, the function

C.
thi 1262 2G

defined by ﬂ:gf (F)=FN C, for every F& 2%, is continuous by Lemma 1.
Moreover, it is easy to see that, =% is the identity on 2¢ for every

CE X, and that, for each three elements C,, C,, C, in the set K such that

C, <C,<C;, we have

C> Cs — 1tCs
TCCI [e] TCCZ TCCI.

Consequently, {2¢, Ttgi, K} is an inverse system of maps and spaces
Recall that a topological space X is a k-space iff the following condition

holds:
"AC X is closed iff 4\ C is closed in C for each C & K.
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The purpose of this note is to prove the following theorem:

Theorem. If X is a k-space, then the space 2% with the compact-open
topology is homeomorphic to the inverse limit of the inverse sistem {2€, ng, K}
of the spaces 2 with the compact-open topology i.e.

ZXNEIIE{ZC, me2, Kl

2. Proof of the Theorem.

We will state first some results which will be used in the proof.

Let S denote the (Sierpiniski) space having two points, 0 and 1, for which
the open sets are @, S and {0}. Consider the set S¥ of all continuous functions
from X into S with the compact-open topology as defined for spaces of conti-
nuous functions (see [2], p. 121). In [I] (Lemma 3.2) the following fact is
proved:

(@) If S* and 2% have the respective compact-open topologies, then the func-
tion I': S¥— 2%, defined by I (f)=f"1 (1) for every f< SX, is a homeomorphism i.e.

S¥a 2%,
On the other hand, we have the following theorem (see [2], p. 123, Th. 5):

(b) If X is a k-space, then for every topological space Y the space YX
with the compact-open topology is homeomorphic to the inverse limit of the inverse

sistem {Y€, pgf, K} of the spaces YC with the compact-open topology i.e.
Y¥~lim {Y€, p&, K}

where, for each pair C;, C, &K such thet C,<C,, the function
. pgf . ¥Cay YCi

defined by pgf (f)=f|C, for every fC Y, is continuous.

Hence, by (a) and (b), to prove the assertion of the theorem, it suffices
to show that '

lim {S€, o&}, K}palim {26, =g, K.

For this purpose, consider the mapping

©={I, T'c} : {8, oG}, K}~ {26, =&, K}

of these inverse sistems where, by (a), for each C <& %, I'c:8°-»2¢ is a ho-
meomorphism (I'¢c (f)=/"1(1) for f& S€) and I is the identity on K. Therefore,
using a well known theorem (see [2], p. 90, Th. 4], it remains to prove that
the following diagram :

b C,
Pa
SCle— g0
[

PCI Pcz
v v
261 20,

&2
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commutes, that is to say,
c c
Pt'l [e] PC?= TCCf o Pcz.

Indeed, for f& S€: we have

(Te, o p&) (N =Te,(f|CH=(F1CY (D= N C, -
= 78 (f71 (1)) = (@G o Te) (f)

which completes the proof.
3. Remark.

Let us observe that our Theorem can be proved alsb as follows.
Lemma 2. If F, & 2% and ® C 2% then

F,E® & f.(F,) € fe(®) for each C € XK.

Proof. By Lemma 1, the implication = follows immediately from the
continuity of functions f:2%¥-> 2€,

Conversely, assume that F,E ® < F, € int (2X—~ ®). Thus, there exists
a compact set C, in X such that

F,c (X—-Cyy and (X—-C,) C 2%—D.

Since the set {4 & 2% |4 C C,—C,}={0} is an open basic neighborhood of
Se,(F)=2 in 2% which, because (X—C,» N ®=0, does not meet f (D), it
follows that fc,(F,) & fc,(®@) and the conclusion of the lemma is valid.

Now, we shall show that, the function

fi2¥— hm{ZC, ng2, K},
defined by f(F)= { fc(F)} for every F ¢ 2% is a homeomorphism.
First of all f is well defined, since, for C, (" C,, we have
T2 (fo,(F)=mg2(FNC)=F N C) N C,=FN C =fc,(F).
\ () It is easy to see that f is a ome-to-ome function, since if
SE)=fF) = fc(F)=fc(F), VCEK = FFNC=F,NC VCEX
=> FN{x}=F,N{x}, VxEX > F,=F,.
(B) Let us prove that f is a function onto lim {2€, ng2, K}. Let
{4.} € 11m {2€, =g K} be arbitrarily given. We must ¢ find a point F & 2%

such that .
FEB)={Ac} & fo(F)=Ac, VCEK & FNC=A;, VCEX.
Put

F={x € X | Ax={x}}
and let us prove that FNC=A4. for any C € K. Indeed,
xCde=>xcC=>{x} CC=nf(4dg) =4y >Ac N {x} =4y >
- {x}=Ay >xEF>xEFNC
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and, hence, Ao C FNC. Conver’sely, if
XEFNC =2 An={x} N{x} CC > Ay ={x} N dcN{x} =4 =
Ac{x)={x} > () C g = x € A
and, hence, FNCC A..

Since X is a k-space and F(N\C= A, < 2€ for each CE K, F is a closed
set in X.

Therefore, the proof is completed by (), (8), Lemma 2 and [3] (p. 167, Th. 3).
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