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Summary

In the present paper are given the solutions of some parabolic integro-differential
equations by using the algebraic operational Calculus of functions and Distributions
of several variables as described in [1], {2], [3], [4], [5].

1. Preliminaries
Notations (cf. [2], [3], [4]). |
Nz{og 1;2;3,}a Z:{.--——:’,, _29““190’ 1’2’3""}

R% =[0, oo [% (=) =]~ o, 0]% (—TI})=translated of (—TI')) (cf. [1], § 2, no 1);
(P-r,) =locally convex space of infini‘ely differen'iable functions of suprort
into (—-T%); (DD= U (D- r)~locally convex srace of infinitely differentiable

jez
functions in R?, of support limi‘ed on the right,

(D-r) is the strict inductive limit of ‘the family (C‘D—r}.)j cz

(P, p) =topological dual space of (D_p) (cf. [2], §2, nos 2, 3).
(Cbiﬁ)zconvolution algebra of distribution of support into R =[O0, o[>
(Dy») 1s an algcbra without zeros divisors.

RKpge =Tield of fractions of the algebra (Dg2)-

T+:[0>°°[t; X+:[09°°[x; :

(Dy,) (resp. %;(+)=convolution algebra of Distributions of suprort in T,
(resp. X.).

(@%,) (resp. (‘@CD’ )) field of fractions of the convolution algebra (9, )
(feSP (D))

* Supported by the National Resesarch Council of Canada under the Grant No A4068.
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2. Parabolic Integro-differential equations

In this paper we consider the parabolic integro-differential equations

(1) s f T dn=f )
| fouttox=m) 0 1y, ou_ .
@ 2 f S (V.—) dnw S £t )
Rult,n) ,
3 ()X()t f]/n (x ) o7? dn=f(t. %)

and determine by means of the algebraic operational calculus of distributions -the
solutions of these equations satisfying respectively the following boundary values

conditions, for (z, x) € R’.:

0 limu (7, x) = B ();
. t—0
2) lim u (¢, x) = B (x); limu (¢, x)=A (t);
x—0 x—0
, ou(t,x)
39 hm u(t,x)=A(@); hm u(t, x)=B(x); llm 5 =c(1)
% :

By transfer of (1), (2), (3) into (C[);ti) we obtain the equations:

@) {at} [axfr“(” n)dq}={f<r,x>};
) x[ofa”(f;’;"’) 2. Vivzd } { oy
0 [ e

A) Consider, to begin, the equation (4);
We have (cf. [2], Chas. III, § 1, no 10, formula (48))

@ {Z] 23 ® ()= (09 5] ¢ -3 (OD{EW)

and
X

u{t,x—m) o u\t xX—=1)
2 dy — "
{()xf VTC'Y] } ()Y{ / l/TC'Y‘ }
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Then (4) may be written

o{uy o u(t,x— utx—n) ,3_,
®) s +ax{f S } 23 (5) @ (B +{f}

which is equivalent in (CDI'{Z) to the convolution equation

©) {m'@@8(x)+u8(r>®8'(x)* = }“‘{u} (11230 © B,
and in (‘@Cb{& ) to the parabolic operational equation:

(10) - (p@L+ul,®Vq)u=f+1,0B

where u (resp. f) is the element of &<y, which corresponds to the element {u}
(resp. {f}) of (g;) and B the element of (Ry,) which corresponds to the
element {B} of (2} ). If {F,(z,x)} is the fundamental solution of the parabo-
lic convolution equa ion

an [m<r)®8<x)+u8<t)®8'(x) {Vi}]*{Fo}ﬁ@m(x),

then, the operator F, & (& CZ);{JZF) which corresponds to {Fo} € (Dg2) is a so-
lution in (9 ) of the equation:

(12) p+ulg) Fp=1=1,81,

where /, (resp. [,) is the operator of (@q{n) (resp. (R<y ) corresponding to
3(1) © (D) (resp. 3 (x) €(D,). But F, is given by (cf. [5], formula (1) and
[4] formula (14)):

@Dz ) D Fy= —— 4={ L exp/7"‘2’2)}:{Fo(r,x)}e(%'z).
R rp+ulq 202x mx \ 4202 x R

Therefore, the solution of (8) is given by
tx X
(13) {y={f} » {F} +1{B(x)} = {F,} as element of (Dgz)

with {F,} solution of the equation:

UL (] a«{FO}
(14) {m} —5() ® 8 ().

equivalent to the equation:

OlFo} O (1) epy_
(15) "= +”ax{Vn‘x} (F}=3() Q3 ().
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whence for x>0, >0 the equation:

1 =
(16) x‘)—F- 205

wa

whence for (¢, x) =R%, the solution of (1), given by
t x ‘ ,( x

A7 w0 = [ [ fE—E x—0) F, & n)didn+) [ Bx—n)F, (¢ dn
o0 0

Let us show that lim u (¢, x) = B(x).
t—0

t>0

From (14) we get
Hm u(z, x)= ka(x v;)hmF , n) dy.

t—0

Therefore, we must determine lim F (¢, x).
t-—0

The function F, (s, x) admits a singularity for x=¢=0, and we shall
determine lim F, in this point, the only where F 540 for t— 0. To do this, we

t—0
proceed as follows:

Let (2;(x))yen be a sequence of funciions of the space (Dx,) (of infinitely
differentiablé functions of swpport in X,), which converges to §(x) in (D).

(For example, we can take o;>>0, of supports which converge to 0&R and such
that focj(x)dle, ‘v’jEN).

R
Under these conditions, if we consider in (?%,) the convolution

{F, (, x)} {o; (x)} = {211/ f o (;Cs/z g <P;\t) exp( 4%)6{7]}

then we obtain

. : 2 xocj(x~71) AV o ‘
lim {F, (1, 0} # {0 (9} - [hn‘l’”\Vﬁ f e (£ e Wﬁ)dw}-

x->0 x>0

But (cf. [6], chap. XXIX, No 544, p. 308):

1 zoc-(x*"/)) — p2t? 1

m — [ J— = | ———jdn b ={o —

(18) {gr; e / e 0 exp( Ww) n} oy 0}
x—0

On the other hand, according to the continuity of the convolution in (%iﬁr ),
(18) gives us:

lim (hm {F,} = foc (x)} = llm {F, (t, x)} = S(x)ﬁ lim —{oc (0)}——8(x)

J—>o0 Jroo

x-—>0 x—->0

whence

(18) fim {F, (1, %)} =~ (x)
t—0 A
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Therefore,
lim’4'(f,x)zka(X‘VD%S(VJ)dVFB(X),
t—0
0

ie. u(t,x) given by (17) satisfies the condition (1°). From (17) and (18) we
obtain:

9&_._1; - 0F0(1~i,x—v))
ot—lf(t,x)Jrfff(i,n) = dEdn+
0 0

X

xfB(x—v;)L"a(;”’)d

0
and

=fff(£m) OF (1% x=7) didV)Jr)\fB(n)Mdn
ox ox
(L] 0

since F, (1,0)=0 for i>0.’ Then:
1 *ou_ 1 * ®OF I *x  *0F,

—— % = % 0"‘7\ B =
Vrx ox Vmx S l/7rx* ox

‘Whence:

t fV—u(t—n)dvr

OF,(t

: —&x—m)

lsz(n)—-aF (;; Dot

fff(i n)( V* )dad o

X.

+mf3(n)('l/i_x>i aF(;;‘ AP

0

0

=f( £)+fff(é;,n)[ oF ft’x“”) ﬂ}"l/?y‘
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. OF,(t—&,x—m)
ox

%fB(n)[l OF,(t,x—7) tu 1_:: ()Fo(t,x—m].dle

]didﬂ

ot Vrx ox

0
But (cf. (16)):
OF, 1 0F0

7\% =0.
VTCX ox

Therefore, u (¢, x) given by (17) satisfies the problem (1), (1').

Remark: For supplementary properties of the function F,(z,x) c.f. [3] §2,
no 3.

B) Consider the parabohc int. diff. equation (2) with the boundary values
conditions (2').

The int. diff. eq. (2) is equivalent to

0 1 outw) du_
(1% xdx‘ Vr(x—m) ot ¢ x 76&x)
0 . -
By transfer of (19) into (2g,) we have
o dutm ?ﬁ]z
20 k{axf Vr(x—v) ot ”]“{ox 3
0
But
@ (-2 s e a0,
ox ox
by virtue of (2'). Likewise
o 1 oug oy 1) P
22 { ]/Tt_(;in) ot Y)] 7\{]/nx} 0t ox
and ‘
aul o{u} s
23) =50 dwe s

by virtue of (2).

According to (21), (22) and (23), the equation (20) is transformed in the
convolution equation:

(24) {xs’ & % {%} LSO ® (x)} . =

(A} @5 ()23 (0) @()ifli} * (B,
x [Vrx
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which is equivalent to the equation:

: x ()Z{u} 2{}4_}_ ]
(25) x{Vﬂx] N ([ rud (D @ 8+

+23(8) @i{_l;} * (B()}.
o ox |Jrx
Let {G,(z, x)} be the fundamental solution, of (25) i.e.

L) PG} (G
26) A{wa} i () © 3 ().

By transfer of (26) into the field (R, , ) we get the parabolic operational equation
R

27) 0pVa+uvg9) G, =1,

whence for G,, the operational relation (cf. [3] §2, no 5, formula (59), and [5]
formula (2)):

1 1 1 n2t?
28 R VD e 11 _
S T TTE v [y )
={G,(t, »)} € (@;{1).

From (27) we get

G (p, q) = D
’ Va(p+ug)
whence:

9 _1_ % 1 1 wt
ax{Vwa} Golo B =a70 5 Vq < Vq>_ A eXp( A ﬁ)'
But (cf. [5], formula (1) and [3], § 2, formula (45)) we have

) e (S m(“j}wﬁm

2xVmx 422
whence
o1y x

(30) B e R R O
Therefore, the solution of (25) is given by
(31) (e, Y= {1t 0} % Gy (ts D} +p A} » {Gy (6 0} +

0; X x

{ﬁgwamm*wm}

0x

Let us show that {u(s, x)} given by (31) satisfies the equation (25). Indeed,
from (31) we obtain

Mw aw& 0{Go} , 0 (1) = 0{Gy)
(32) A CO NI & ax{an} 7
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and (31), (32) give us

O ]

Fuld @) * [x{_l_] * 02{Gy} wa{GO}]

Vrx 0t ox ox
PN 0 ol PR A S A ()
Hax{l/n_x} B O [X{V?w}} drox " ox ]

whence, according to (26), we obtain the equation (25). On the other hand
keeping in mind the relation (30), we can write the solution (31) as follows:

B3 {0 ={f} * Gyt M} +u{d®} % {Gy (6 0} +

+AB(x) * {F, (t, x)}.
Therefore, the solution of (2) is given by .

(34) ut, )= [ [fE ) Gy(t—E x—n)didn-+
00

+2 [ B() Fy (6, x—n) dn -+ [ A©) Gy (t—E, x) dE.
0 0 .

Let us now prove that u(f,x) given by (34) satisfies the problem (2), (2').

Indeed, we have
X

fim u(t,x)=xf3(y;) lim F, (¢, x — ) d
t—>0 t—0
0

1 — _
But lim F,(;,x—7) < lim— exp (—‘iqu) o b e
t—0 =0 A A A A
. -t wt\,.—  [(rt\r1
since exp |[—— =l — T + =} —q....)
( p( N l/q> (x)l/q (x) YRARER,
whence
lim u (¢, x) = B (x).
t—0
Likewise,
t
limu(t,x)=p lim | A()G,(—& x)dE =
x>0 x>0
0
t
=(LfA(a) lim G, (t &, x) d¥.
x>0
0
But

wlim G, (t—£,x) =8 (t-&).
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Indeed, for x>0, we have

-] ‘2 2 oo
s f—xp(—p't)dt—f—e—“zdu—l
207 x 402x
and for any 5>0,
o an B o0
LA —I:fexp ( Wt )dtgl]/xfe‘"zduz
26 Vrmx 422 x ®
b b2y2
A v 4azx
. h242
=AVx exp ( Pu )—»0 for x—0. x>0.
" 42 x

Therefore, the integral over [b, o [, b>>0, has for limit 0, for x— 0. The same
is true for the interval ]— oo, a], a<<0. Then, (cf. [7], chap. 1, §2, no 5) for
each x>0 the function ' '

g (t)~—“'— . exp (;‘thz)—-ﬁb‘(t) when x— 0, x>0
* 26 V=mx 432 x ’

whence
wlim Gy (1 — &, x) =8 (t - &)
x—0

and
t

limu(t,x)= | AE)S(t—F)dE=A@).
x>0
0

On the other hand, we have G, (0, x) =)\—l— , Whence
/7t x

X

ou 1 [ 1 O Fy (t,x—7)
u__- ) ———e———dy + A | B —2 22"V g
by lff(tn)‘/n(x_n) N+ f () 7 N+
0 0

+qu(&)—"§°—(;’);ﬂda+uAm

0

1
AYrx

-+

- 0G, (t—E, x—n)
+ fE 7 —2 dtdr

whence

A

Vrx

* 3—2‘+pu=ff(t,n)dn+
0

X

HfB(n)[V%; ”"(2’;_7’) +uF0(t,x~vz)]dn+

11 Publications de PInstitut Mathématique
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t

fA(g)[VLXOG (ta &%) +y.G0(t—£,x)}d€+
t

0

o A 206G (1 x—7) el d
+v-fff(i,n)[V7—:; Y +uG(-§ x n)]di n+pd ).
0o 0

But (cf. [3], § 2, formula. (57)):
G, (t, x) = ! *F (& x)
l X

and (loc. cit., no 5)

2260 BX) L E (1 ) -0,
0
whence
35
(35) an
Likewise
1 *0G,
Vrx ot
L N TR e g
VTt—x VT;C 0\* “VE; o\l
1o 1 xaF ﬂLF o
]/7cx ]/n'x
-whence '
0/ 1 *ou ou
)\-‘ —_— % — |+ _—= t,x-
c)x(l/rcx az) % ox /)

Therefore, u given by (34) satisfies the problem (2), (2).

C) Consider finally the int. diff. equation (3) which by transfer into (CD;{i )

is given by
X

u 1 0%u(t, v))
o x[azf>.x}+“{of e e
But (cf. [2], chap. III, § I, no 10, formula (54) and (3")):
0% {u} ’ +
37) 4 {ataxhsm@{s ) * {B()}

+{¥ @) = {A () ®3(x)—-{3(1) ®3(x)4(0)
and (loc. cit. formula (51)):

(38) T L rum eyt e
x 7}
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On the other hand, according to (38), we have:

o |y )

{y,ltx} {02{1,:}} {A(t)}®{V—} {3 ()} - { V%}@{c(t)}.

Then (36) is transformed in the following equation of (Zg2):

2 3 x 2 x
(40) lgf{i}”’ u{f;—c} : 9(%={f}+x{8 ) ® ¥ W} * BE}+

+A (3' () = {A (t)}) ® 3(x)—A (8 O 3(x) A4 (0)+
+r{d©O} ® {V } & @} +ufe®} ® [V“]

Let {H,(t,x)} be the fundamental solution of (40), i.. solution of the equation

P{HY (1) 5 P H) _
@41 =3 A St CLLL

which is equivalent to the convolution equation of (2g?)

1 x tx
“2) [x Yooy mrel )iy @e 80)] S {HY =30 ®3()
; . TC
By transfer of (42) into (& Pgz) WE obtain the parabolic opelational equation:

(43) (r®q+pgVe) Hy=1,

whence (cf. [5], formula (3) and [3] §2, no 6, formula (74)), the operational
relation.

\ 1 1 wt ,
44) Ry = af, (=) =113 € ).
GO Cod) 3 e gruala {7\ . (21V7rx)} o} € ()

Therefore, the solution of (40) is given by:

@) e @ Sy A

AHFAQ (A0} E Y ) - { 1/7135]) A

FufH) ({V*]‘g @)

11*
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which can be written as follows:

(46) fult, 0} ={f} * {H}+7{H} [ }H{HO}B(OH

J{(f} {A(t)}HH(O X) @ {40} =1 {Hy} A0) +

+v~({A oy ) - [Vj—x}) * {Ho}+

AR ([F}X{cw})

For x>0, >0, we have &' (x)=0; hence:

47 u(t,x)=fff(ﬁ,n)‘Ho(tFﬁ,x~V))d§a’n‘—l—7\fH0(t,x—v‘\)g-gdv;—!-
. ; ;

—H\faHa(z’x)A(t—E)diJrA(t)+, ,

0

+uf0(£)(f Vw(x — 4, % n)dn)da

On the other hand, we have
(cf. [3], §2, no 5, tormula (64)):

ro
48 ] G, (4, x)= | ——F,(t,n)d
(48) 0 0, %) Ofl/w_m Fy () d7
and (loc. cit. no .7, formula (79)):
0H,
(49) , —O0—F (1, x)
00X
hence:
(50) f __Lﬁ ()HO‘(t'_aa ) dn:i\/{;l? (t.—i,'r))d'yl:
J Vr-m) om R
: =G, (1—E,%)

Moreover, the relation (loc. cit. formula (70))

{H,(t, %)} = {VT; x {G,(t,x)} give us

1 * ”
{_ﬁ} * {HU (@, x)} =Y (x) » {GO @, x)}
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hence
X.

o / ,
J Vm@e—m) J
Therefore the solution (47) can be written as follows

6 uto- [ |1 Y))Ho(f—i,x—ﬁ)didn+lfﬂo(t,x_y])j_idy}+
0 0 .0

+xf e AU-DdEE A0

0
- [fGo<t—z,x—n)C(a)d§dn.

Let us show that u(z‘ X) given by (52) satisfies the conditions (3').

We have
Hm u(z, x)= 7\11m H (t, x— yj)_d«,}+
>0
t 0 'f)
42 lim "o, (S’X)A(t £) dE 1 A4 (0)+
t—0
0 .
t x o
+ulin;f[co(t—a,x—n)C(z)dadn.
i— N . B
But ’ ‘

tim 7, (6 1) = = 3 lim [, (6 3 n)—dn B~ BO).
dn

o
On the other hand, we have:

?E_()—(EL_JQ=_E_GO(1«, X), wnence i]
ok A 0% | aa
and
[faH E2 ga-gaz| = w4 [ - O
0<t<a o0&
0
*SUP\A(I«‘)I [H, (0, x) - H(t X)]
" Whence o=
. 0H, (¢ x) OH,(E, %) , .. L
I e _ -
,Tﬁf g 10T z(dgl hm[ oz ¢ Z)dai O e
0
Y a(a, ) 4(t—E)dE—0,
t—0, !

0
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Moreover
| [[Got=& x=m)CE)didn <f1c<a)iny (t=& ndn| <
[Ca]
sug)<j t(,;gt)] sup<(t?<£t X)-tx= sup[Ct‘gz[;K/x_

Whence

t x

tli_l)lgfj Gy(t—& x—m)C(E)dEdn=0.

Therefore hm u(t, x)=B(x), ie. u(t, x) given by (52) satisfies the first condition (3').

In the same way, we obtain from (52):

1im 4 (f, x) = lim A(—E)dE+ A0+

x—>0 x>0

OH, &, %)
o€

+u1gff60(t—z,x—vz)C(a)dzdn.
00

But [f‘)H o x)A(t E)d&]e(% ) =>
0

123
OH, &%) 4 _2ya A
3[[ A z}{ } (A®) =
. 2H, &, %) i [PH( )
:gg{f A amz]-}; [————t } 70
and i :
. (OH,(t, %) d{H,} _
tim [P lim< ST 000>
=<1in(1)H0(t,x), —<p'(t)>=<0 ' () >=
-0} € (@), > tm [ 20 (é’ > %) 4t -2y a5 =0;
Since ‘ 0
(OGN o ) (n [OHGE %)
332%{([TA(: g)dz}w{xg%of A~ z)dz}.
Likewise

{fO/Goa—a, x—1) CE)dEdn}={C®} » { [ G, mdn) € (B)w
0 0

= lim {c (1)} » {f Gyt dn) ={c(@)} + Im [ G, ¢, 7y dn)
x=>0 "¢
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’fG(t n)dn|<f|G(t Ndy| <= V‘ fdrﬂl/—ﬂ/?.

t x.

—>hmfG (, n)d'n -0 :>11m f fG (t—&, x—7) C(E)didn-o
Therefore,

lim u (¢, X)=A(t)
x—0

and u (¢, x) satisfies also the second condition (3')

But

Uff(a p S 2o ”)dadnx lfff(&

whence

At last, from (52) we obtain

—=ff<£, x)Ho(t—E;O)dﬁJrfff(E, » "H"(“af"‘“)dzdm
1] 0 0

[ OH,(t, x—n) dB O’ H, E, x)
+7\f—-ox i dn+ ()f“aga A@-8)dE+

+pf Gy (t—E, x) c(B)dE.
0

H,(t,0)=0 = ff(E, X) H, (t—&, 0)d§=0.

6H (t g, s U) dE du

L(‘)Pgtéz )1flft)H o (1 — u)d \ dE.

< sup| /(6 0)| [ |Hy & )~ Ho G, 0)] 48
<t=a 0

0<x<<b

lifr(l)IHo(E, x)—HyE, 0)[=0 =

hmjff(a R G E" W 4% dn = 0.

167
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In the same way we find that

lim [ 2HaGx=m) dB
x—0 ox 07}
0

dn=0.

On the other hand :

PHED =!t_"MAz—adf=
J ( )&! Of e AG-D

DEOF
(f )F 3 x)A(f—a)dz‘
RGY RGN )
Msglgt;i(r)l(of e (1)0/ : di),
and lim M=limM%0:>lim MA(t~ﬁ)d£ 0.
x>0 £ x>0 x x—0 0Eo0x
0
Likewise,

t

lim { [Ga-z x)cea)da}= lim (G, (&, 9} * {C(0))

x>0

0

3 (1) ; {C(t)}={C(lj} 3}CimoufGo(t—E,x)c(ﬁ)d&::c(t)

"
0

Whence Ilim ou =C(1) x—0
x>0 Ox

and u (7, x) satisfies also the third condition (3).

Remark. The function F,(z,x), G,(t, x), H (2, x) satistfy for x>0, >0,
the parabolic partial differential equation (cf. [3], formulas (23), (54) and (72)):

o’u 0u
i
02 ()u

=0,

For this reason we say that the equatlons (1), (2), (3) are parabohc integro-
differential equations.
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