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1. Introduction

In the theory of Hermite ‘polynomials H,(z) defined by
(1.1) S H, (z)ftT=exp 2zt —1%),
n=0 n:

the bilinear generating function

o«

(1.2) > H,(x) H, (y)"% _(1- 47 exp[

n=0

4xyt — 4 (x2+y?) tz}
1—4,2

is well known as Mehler’s formula [3, p. 198]. Carlitz ([1], [2]) has given a

number of extensions of (1,2). Recently, in an attempt to unify the verious

extensions of (1.2) given by Carlitz, Srivastava and Singhal [5] gave the follo-

wing elegant formula,
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~

. where A=1—4u2—4v2—4w?+ 16uvw,

and Tx2, Su2x?, Swxy, Suvxy are symmetric functions in the indicated variables.

In a subsequent paper [6] they have also given three other formulae which
are slight veriations of (1.3).

The object of this paper is to give a new formula which includes (1.3)
together wi'h several other new results discussed in Section 3. The formula that
we prove here is
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‘(1-4) m’n’;’ s=0H2m+p+r+k (x) H2n+p+s+l (J/') Hr+s (Z) n—’l; ;T I;T F ;T
(kD) X - |4
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j=0 FI\F (A +4v—4h) (1 +4u—4H))?
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k—j (U(l +4v— 4h2))1/2

.Hl_j<y(1+4u—4tz)~2(wx+hz—2thx—~2wtz+4uhz)),
(U +4u—4r2))2
where, for convenience,
U=1+4u+4v—4wr—42—4h% - 16uv—16vi2— 16uh®+ 16 wth,
V=x2(1+4v—4r2)+y* (1 +4u—41)+22(1 +4u+4v—4w?> + 16u)
(1.5) — dxyw — 4 yzh — 4 zxt + 8 xyth + 8 yzwt + 8xzwh
— 16xzvt — 16 yzuh.

‘We also give here the following variation of (1.4).

w0 wn oyn wP v ps

(16) Z H2m+p+r+k(x)H2n+p+S(y)Hr+s+l(Z) ——————
m, n, p, r, =0 mtn!l p! rts!

1 k !
U 2 (1 ay— A (1 durdv—dwr 4 16u)7 -
min (1, k)
it ) (4] (1)
U/l j=o JI\J
( 1 —2wh+ 4t oy
(1+4v—4R) (1 +4utdv— 4w+ l6uv))1/2)

H (x(l—|—4v~4h2)—2(wy+tz—2ythm22wh+4zvt))
ke (U(1+4v—4m))i2 '

H (z(l + 4u + 4v — 4w? + 16uv) — 2(hy + xt — 2ywt — 2xwh + 4xvt + 4yuh))
= (U (L+4ut4v—4w? + 16 u)li2 ’

where U and ¥V are given by (1.5)
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We shall use the following results in proving the formula (1.4).

1.7) D;H,,(x)=2rr!( ”) H,_, (),
r
- where, D, =—
(1.8) exp (t D) f(X) =f(x+1).
1.9 H, (ax) = ( _i) exp (@x?) Dl exp ( — a3,
. a
which follows at once from Rodrigues’ formula for the Hermite polynomials.
_L 2
(1.10) exp (¢ D) {exp (—x?)} =(1 +41) 2 exp(~—x—),
1+4¢
which is Glaisher’s -operational formula,
(1.11) exp (¢ D,D,) exp (—a*x*—b*?)
1
— (by — 2a2bxt)2}
(1 _ A4 2h22) 2 . R
(1 —4a%b%t%) exp{ a’x Ty

which was derived earlier by Singhal [4].

2. Proof of formula (1.4)

Denoting the left-hand side of (1.4) by Q, if we make use of (1.9) and
(1.1), we get '
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Q= Z +s( ) #T z H2m+p+r+k('x) H2n+p+s+l(y) '
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+(w—2th) DD, + (u—12) Dy + (v — h?) Dy} exp (— x>~ y?)

=exp (x2+ %) (— D) (— D) exp{—2hzD,~2tzD,+(w—2th) DD,}-

1 1 2 2
c(1+4u—412) 2 —4k) Texp| —— MR )
(L+4u—48) 2 (1+4v—4k7) exp( [+du—dr Tidv—an)’

by virtue of (1.10).
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Now we apply formulae (1.11) and (1.9), and observe that

1
Q=exp(x*+x)U * (—D,)*(~D,) exp(—2#zD,—2hzD).
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=exp(x*+))U

- exp (—2#zD,—2hzD,) exp[—%—{)ﬁ(l +4v—4h*)+y2(1+4u—41?)

min (1, k) _ )
—4xy(w—21h)}|- 22ij!<k)(l)< w—2th \)1'
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H x(1+4v—4h?—2y(w—2th) y(1+4u—4t2)—2x(w~2th))
""( (U1 +4v—4n2))2 ) = ( (U (1 +4u—412))12 ’
which, in view of (1.8), leads us to the desired result (1.4).

We omit the details involved in the proof of (1.6) as it would run paral-
lel to that of (1.4).

3. Particular cases of (1.4)
(i) Bvidently (1.4) provides an extension of Srivastava and Singhal’s for-
mula (1.3) to which it would reduce when u=y=0.

Some other particular cases of (1.4) are worthy of note which are believed
to be new and are given below.
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(i) If in (1.4) we set t=h=0, we are led to the the following result.
® wn v owP
(3'1) Z H2m+p+k(x)H2n+p+1(y) ' '
m, n, p=0 Ia
1 k 1
_p M QL anz (147

- €Xp {x2+y2——}1)—(x2(1 +4v)+y2 (1 +4u)—4xyw)]-

. ’“i“é;k’ 2 ( I; ) ( i) (((1 +4v)g+4u))1/2)j,

x(1+4v)—2wy H y(1+4u)—2xw
( (P (1+4w)12 ) ( (P(1+4u))1/2)

where P=1-+4u+4y—4w?--16uv.
(iiiy On the: other hand, the choice w=0 would transform (1.4) into

S u™ vtowt ff
(32) Z H2m+r+k(x)H2n+s+1(y) Hr+s( ) —_|r_|;.T

m, n, r, s=0

~L ks x = R
=Q ?2 (14+4v-—-4%)2 (1+4u—4w2)2exp(x2+y2+zz~§).-

.inin§,k)22j _'(k) (1)( — 2wt ),-.
20 GG I e = ey (1 du— awype

x(1+4v—417) -2 (wz—2ywi—4zvw)\
( (Q(1+4v—4rn)2 )

" (y(l +4u—4w?)—2 (tz—2 xwt + 4utz))
= (O (1+4u—4w))12 ’
where O=1+4u+4v—4w? -4+ 16uv— 16vw? — 16u?,
and R=x2(1+4v—4)+y*(1 +4u—4w?)+ 22 (1 +4u+4v+16uv)

— 4yzt — dxzw + 8 xywt — 16 xzvw — 16 yzut .
(iv) On setting =0 and making a slight change of variables, we get
o0 um vn W" ZS
(3‘3) Z H2m+r+k(x)H2n+r+s+l(y)H (z )"_n_——

m, n, r,s=0
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x(1+4v—412)—2 (wy—2iwz)

""'( (S (1+4v—412))172 )

(Y (A +4u) -2 (wx + 1z + dutz)

I ( (S (1+4uw)r ) ’

‘where S=14+4u+4v—4w?>— 42+ 16uv— 16ur?,
T=x*(1+4v—-4)+y?(1+4u)+22 (1 +du+-4v — 4w + 16uy)

—dxyw—4 yzt + 8 xzwt — 16 yzut,

({/) For u=¢=0, (1.4) would assume the form:

© ¢ um yr wp
‘(34) Z Hn+k (x) H2m+n+p+l(y)Hp (Z) .
m, n, p=0 m'n’p'
~Lasin x Y
=X 2 (1 +4u—4w?2 exp(x2+y2+zz—y)-

T2 0)0) aw sl
= JI\ G\ +du—awryr2

(x(l +4u—4w?) -2 (vy— 22vw)>H (y—2(vx—|—zw))
= (X (1 +4u—dyd)1? N oy )

‘where X=1+4u—4v2—4n? ;‘
Y=x>(1+4u—4w?)+y?+ 22 (1 +4u—4v?) — dxyv — dyzw + 8 xzvw.

Further on taking v=w=0, (3.4) would correspond to the elegant result
6.6) in [2].
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