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,,The object of this paper is to prove certain theorems on self-reciprocal
functions”.

1. Inti-oduction
Let

(1.0 b(p)=p [e P f{)dt, R(p)>0,
0

then we say that { (p) is operationally related to f() and symbolically we write

as ¢ (p) =f () or f()=¢(p). 3
Mainra, V.P., [3] has defined the kernel w,’, (x) as

1.2 Wway ) =Vx [ [ (1) 7, Gepl0) 1o () T, (1) dt dy,
00

R(u, v, X) > —% and proved that it is a Fourier kernel,

Two functions f(x) and g(x) are called w,’, (x) transform of each other if
they satisfy the integral equation

(1.3) )= [ Wiy (x3) g () dy.
0

If g(x)=f(x) ie. ~f(x) = f Wity (x9) £ () dy, then f(x) is said to be self-reciprocal
in the w,', (x) transformoand is denoted by R,),.
2. Theorem 1(a): Let (i) f(x)=g(p) @) x> 1f(1/x)=1¢ (p)
(iii) " 1f(1/x) be R.,, then '
x7m (i [x) is the w,, (x) transform of t™ 1g (¢), provided that x" 1g(x), x" 1 f(1/x)
and x*"~1f(1/x) are bounded anq’ absolutely integrable in (0, ), R (m +u+ %>> 0,
R(m+v+3/2)>0, R(m+xr+3/2)>0. ‘
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Proof: Let

2.1 o (p) =x"w,, (%).
Then . ~

(2.2) ¢ (ap) = (x/ay" w,), (x/a).
Also )

2.3 g(p) =1 ().

We notice that p™¢ (p) is continuous in (0, ).
~ From (2.2) and (2.3) applying Goldstein’s theorem, we have

oo (]

f o) f )Y - f 2 (©) Wty (tfa) m1 dt
0 ! 0
or .
Q.4 f @(Pf)f(f)gtt—#'_’" f Wl (tlp) g (O 17 i,
0 1]
Interpreting we have
f Wl Gl eIy (1) f’f wpm f W (tlp) g (1) 7t di
0 . .0 '
or ‘
@9 [l ase [ e o
) 0 .

Since m~1f(1/f) is R,", we have

]

o1 f<%) ~pm Of @ (tlp) 171 g ) dr |

Also x¥m1f (zl)$¢(p), by Lerch’s theorem we have
X
[ Wuls (tp) 1 g (1) dt =p™m § (1p).
0

Or x™m¢ (1/x) is the w,, (x) transform of x»~1g(x).
Thus the theorem is proved.
Now suppose that x™~1g(x) is R,,, then from (2.5) we have
2.6) [y G T (U de g ().
0 :
Suppose p'™*m g (1/p) =h (x), then we have from (2.6)
| [ s @ty m=1f (11 =xmh ()
0

or x™"p(x) is the w,, (x) transforms of xm~1£(1/x).
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Hence we can state the theorem as:

Theorem 1(b): Let (i) f(x)=g(p)
(i) A (x) =p*™*" g (1/p)
(ili) x™1g(x) be R,,, then

X7mh (x) will be v;u,;‘v (%) transform of xm1f(1]x), provided that conditions of the
theorem 1 (a) are satisfied.

Theorem 2(a): Let (i)f(x)ig@)
(i) x> 1f(1)x) = b (p)
(i) x ™ 1f(x) be R,,, then

xm (x) is the w,y(x) transform of x ™ 1g(1l/x), provided that x?m*1 S(1/x),
x~m1f(x), x ™ 1g(1/x) are bounded and absolutely iniegrable in (0, ).

Theorem 2(b): Ler (i) f(x)=g(p),
(i) 7 (x) =p~21 g (1)p)
(ili) x~"1g (1/x) be R, then
XM h (i) wil( be &, (x) transform of xTmTLf(x), provided the conditions of the
theoreif); 2(a) are satisfied. '

We can prove these theorems by taking ¢ (p) = xmw,", (1/x) and proceeding
as in the proof of the theorems (1a, 1'b).

Theorem 3(a): Let () f(x)=—=g(p)
(i) X213 =4 ()
(iil) x>~ 1f(1/x?) be Ry, then

x~my (1/x2) will be w,), (x) transform of x*""1g(x?), provided that x ™f(x),
x?m12f(1]x), xm~1 g (x) are bounded and absolutely integrable in (0, ).

Theorem 3(b): Let (i) f(x)ff:g(P)
(i) 7 (x) =p" 2‘2"’8(1/1!7)
(i) x>"~1g (x?) be R, then

X2l (x?) is the ;v,,?,, (x) transform of x*™1f (i /x?), provided the conditions of
the theorem 3 (a) are satisfied.

We can prove these theorems by taking ¢ (p) == x™w,, (J/x) and proceeding
as in the proof of theorems (1a, 1b).
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Theorem 4(a): Ler (i) f(x)#g(p)
(i) x> 12 f(1/x) = ¢ (p)
(i) x> 1f(x2) be R,, then
x2m g (x%) will be w,, v(x) transform of x " 1g(1;x?), provzded that x7?71f(x?),
xm* 12 f (l /x) and x7?" 1g(1/x?) are bounded and absolutely integrable in (0, ).
Theorem 4(b): Ler (1) f(x)==g(»)
(i) & (x) =p =2 12 g (1/p)
(iiiy x~2m~1g (1/x2) be R,,, then

X (1/x?) is the w,, (x) transform of x~ 271 f(x?), provided the conditions of
the theorem 4 (a) are satisfied.

We can prove these theorems by taking o (p)=x"w,", (1///x) and pro-
ceeding as in the theorems (1a, 1b).

Theorem 5: Let f(x) be bounded and integrable in (0, ). Then a
sufficient condition for f(x) to be Ryy ' is that it should be of the form

(u+v+1) c+ioo

, .
F(5/4+u/2)x B Ul 1 .,
IO == (w2 v 1 f ¢ Mﬁ‘f—s’zrv(zsx)

c—1Ico

u-t-v 1

Xx_( 4 )cp(s)ds where @ (s)=¢ (1/s).

Proof: Let

© utv—1 —lszxZ

X)) x(x)= f (sx) P W, — (% sx2> f(x)dx.

i (1_,,__ ¥), —
0 4

Assuming that f(x) is R*7*"2 we have
g 4, >
o utv—1 ‘ o

2 (5) = f o et Wi, ,,_v(isxz) dx j TR (00 £ () d.

, 2
4 4

On changing the order of integration we have

utv—1 52 x2

2(s) = f ) dy f ) e *w,_ ,,_v(—l—sxz) W (o)
0 4]

2

4

© utv—1

T2 —x2 u-+v dx

j FO)dy f 2 g i L G R Gl)
0 4
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L wbet
Since x 2 x4 Wl(l_u_v),ﬂ(xz/z) is szrvv+l/2, [3], we have
4 4
® utv—1
1 T2 1
1O~ [ G P eI Wy i GRASG) 2119
4 4

0

Let @ (s) = sy (V/s) then o (s)=¢ (1/s).
From (2.7) we have

utv—3 ) Ev;l
28 x(/s)=2 * f @ * emmrw (o) f(/2u) du) 2u
0 Ta T4
Applying inversion formula we have
I 5 4 c+ioo ist 1 _vtu+t3
f@)= (/2 +5/49) f et M (— sx2> (x) ¢
'Qa+wu/2-v/2) i _(M)’L—l 2
c—iow - 4 4
xx (Vs) ds
or
___u+v+1 c+tico
r 2 2
7y = FOREUDE S [ et s a5 09
HiF(l +u%v> ot 4

~(”_'i"v' 1)
xs v 4 o (s) ds
where ¢ (s) =¢ (1/s). Thus the theorem is proved.

3. Examples: (1) Let cp(s):%, then we have from theorem 5

i

—uf2—v[2—1]2
=I‘(5/4+u/2)xu_v f esle4M_u+v+3 Zj(sxz/‘l)wds
Hir<1+ . ) A T 145

S )

is 4% "'% On taking v=0 and evaluating the integral we have

X~ =M M, 5, (x4) is Rl
Y
(2) Let <p(s)=——s—2, then we have from theorem 5
145
pwp-1p st 1
—uf2—vj2—
F(5/4+u/2)x f 34 M utv+3 u—v (_sxz)
it (1 +u/2-v/2) T A \2
s— @)/

X__..
1+ 52

fx)=

c—ioo

12
s RytyHIZ,
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On putting v=1 and evaluating the integral by residue theorem we have

y—ul2—1 ___1:(1_|_l‘)e—ix2/4Mu u_i(iix2>+eix2/4M . ,,_1<—1~ix2)
V2 —\2 (1) \ 2

1, ==
4 4 4
is REH
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