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1. Introduction: Let (X, d) be a metric space, 7:X—X a mapping and
0 <a<<1. Then T is said to be a-contractive endomorphism if

d(Tx, Tyy<a«d(x, y)

for all x, y&X. It is well-known [1] that for X complete, each continuous endo-
morphism T satisfying the condition that 7 is a-contractive for some », has a uni-
que fixed point. The object of this paper is to consider some fixed point theorems
for a sequence of mappings with contractive iterates and to show that particular
cases of our theorems are those discussed by B. Ray [2]. Our theorems are stated
in §2—4§4.

2. First we shall prove the following fixed point theorem for a sequence of
mappings with contractive iterates:

Theorem I If there exists a sequence of continuous mappings {In} of a
complete metric space (X, d) into itself such that for some m and 0 <o <1

(?) for any two mappings T; and T;, we have
d(T{"x, T"y) <ad(x, ), %, yEX,
(ii) T; commutes with T}, i5],
then {Tu} has a unique common fixed point.

Proof: Let x, be any point X, and

X, =T"xy, X=T,"%X,eco, X,=T,"X,_1,..-.
Now
d(x,, x)) =d (T xy, T," %)) <o d (x5, X;)

d(xy, x;3)=d (T, x;, Ty" x,) <ad(x), x,) <ald(x,, x)
and so on. Generally we have

d(x,, X)) <ord(x,, X))
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For p> 0, we have

d (xn’ xn+p) < d(xn’ xn+1) + d(xn+1 H xn+2) ek L d(xn+p—1 H xn+p)
<+t - P d (x, X))
o
< d(x,, x,).
—

Since 0 <a <1, d(x,, X,4,)—>0, as n->o0. Thus {x,} is fundamental in X. Again
(X, d) being a complete metric space, lim x,=xCEX.

n—o

Now for any fixed k, we shall show that 7}, x =x.

If possible, suppose T), X #x. Then there exists a pair of disjoint close dneighbour-
hoods U and ¥ such that xc U, T, x&V and also

(*) p=inf{d(x, y):xcU, y&V}>0.
Since Tk is continuous, x, & U and Ty x, &V for sufficiently large n.
However we notice that “
d(Tyx,, x,)=d(T,” Ty X_y, T,/ X,_,)

<a d(Tk Xp—1> xn—l)

<a"d(Ty xy, x,)—0, asn—oo,

which contradicts (x). Thus T x = x.
Lastly we show that X is unique. If possible, let y be a fixed point common
to Tn(n=1,2,-..) such that y==x.
Then we have
d(x, p)=d(T" X, T/"y)
<ad(X, y),
which is impossible, since 0 <<a <<1. Hence x = j.

It may be noted that if Ty=T,=--. =T (say), then theorem I reduces
to the well-known theorem as mentioned in the introduction.

3. In this section we investigate a theorem similar to theorem I, without
assuming the continuity of the sequence of maps {7T,}. Actually we prove the fol-
lowing theorem:

Theorem II If there exists a sequence of mappings {Tn} of a complete
metric space (X, d) into itself such that

(i) for any two mappings Ti, T;, we have
1) d(T/"x, T/ y)<ad(x, y)
2) d(T{"x, T;y)<od(x, y)
for some m and 0 <a <1; x, yEX,

then {Tn} has a unique common fixed point.
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Proof: Taking an arbitrary point x,&X, we can construct the same
sequence {x,} as in theorem L. It follows therefore that {x,} is fundamental in
the complete metric space (X,d). Thus lim x,=xcX.

h—co

Now for a fixed k, we shall show that T x = x

Indeed, we have
d(x, T, x)<d(x, x,) +d(x,, T,x)

=d(x, x,)+d(T,"x,_,, T;,X)
<d(x, x)+ad(x,_,, X).
Since x, — x, it follows that x = T x.

The uniqueness of x follows similarly as in theorem I.

It is interesting to note that theorem II reduces to theorem 1.1 of Ray [2, p. 7],
when m=1.

4. Lastly we consider another extension of a theorem of Ray. Let us prove
the following theorem:

Theorem III If there exists a sequence of mappings {Tn}, each mapping
a complete metric space (X, d) into itself such that

(i) for any two mappings T,;, T;, we have
1) d(Tim X, T}my) < ai,j d(x) y)
2) d(T/"x, Tjy) <oy, ;d(x, »)
Jor some m and 0<«;; <1; x, yEX, and ; oy, 1 B8 (C, 1) — summable,
then {Tn} has a unique common fixed point.

Proof: As in theorem II, we construct the sequence {x,}. Now we shall
show that {x,} is also fundamental in the complete metric space (X, d).

By routine calculation we have
d(x,, X,) < <H %, i+1) d(x,, x,).
i=1
Thus for p> 0, we have
n+p—1 k
d(xn,xn+p)<< > 11 i+1> d(xy, x,)
k=n i=1

k

k
n+p—1 o
i+
<S5 2% | ag, x)

k=n —k“

Now by (C, 1) — summability of z o 4, We have > S, < + oo, where
i=1 k=1

=1

k / k
Sk=< > sv)//k and  sp= > o ;-
v / i=1
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Sk
k

oc
<S,. Thus the series > ~% is convergent.
k=1

Since 0<o <1, (s,/k)* < 2

e d(x,, X)) >0, asn— oo,
Hence {x,} is fundamental. Thus lim x,=X%cX.
The existence of the common fixed point x and its uniqueness follow in exactly
the same way as in theorem II.
It may be noted that theorem III reduces to theorem 3.1 of Ray [2. p. 9], when m = 1.

The author wishes to record his deep gratitude to Dr. M. Dutta for his valuable
suggestions.
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