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1. In [4], Y. F. Lin and D. A. Rose have proved an Ascoli’s theorem for a
family .7 of continuous multifunctions. In the case the family % consists entirely
of single-valued functions this theorem reduces to the usual form of Ascoli’s theorem
for single-valued functions. The purpose of this note is to show how the single-valued
version of Ascoli’s theorem implies that for multifunctions ([4]).

Recall first some of the definitions. Let X and Y be two topological spaces.
A multifunction F : X—Y is continuous if and only if for each open set V in Y,
the set F~1 (V) is open and the set F~1 (Y\ V) is closed in X. Let the set of all multi-
functions on X to Y be denoted by M (X, Y) and let for any 4_X, BCY

(4, By={FEM (X, Y): F(4)C B}
)4, B(={FEM (X, Y): AC F-1(B)}.

The compact-open topology for M (X, Y) is the topology defined by taking
the totality of (X, U) and )L, V{( as subbasic open sets, where K and L are any compact
subsets of X and U and ¥V are any open sets in Y. A family . ¥ CM (X, Y) is
evenly continuous if and only if for each x in X, each y in Y, and each open neighbor-
hood V of y there exists an open neighborhood U of x and an open neighborhood
W of y such that:

D if FEF and F(x)"Ws=2 then UCF-!(¥V), and
(ID if, in addition to (I), F (x)C ¥V then F(U)C_V.

When M (X, Y) is replaced by Y%, two latter definitions coincide with their corres-
ponding single-valued forms [2].
Now the Lin-Rose result reads:

Theorem. Let X and Y be arbitrary topological spaces and let M (X, Y; ¢)
be the space of all multifunctions on X to Y with the compact-open topology. Then
a closed set ¥ in M (X,Y;c) is compact if, at each point x in X, F (x)=
=U{F(x):FE,¥ } has a compact closure in Y, and ¥ is evenly continuous.

In 2. we just discuss the Ascoli’s theorem in the case of compact-open topo-
logy. We include the proofs only to make the paper more self-contained and the
formulations are given without the separation properties since we do not need
them here.
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2. For a topological space X; .7 stands for the family of all open and K
all compact subsets of X,

2.1. If (X, .J ) and (X, .T ) are two topological spaces, then .7 C .7,
implies K, CK,-

Proof. The identity mapping i: (X, .7 ;) - (X, .7 ,) is continuous and
if KEK,, then i (K)=K&XK,.

In general, the family K, is not contained in %K, since K, may contain
such members on which two relative topologies .7, and .7, do not coincide.
Let us make it more clear.

Let .7, and .7, be two topologies on X. Call a subset 4 of X (.7 ,, .7 ,)-
-even if these two topologies induce the same relative topology on 4. For
instance, if X is the set of reals, .7 , the usual and .7, the halfopen interval

topology ([.,.)) then set A:[ " 1:nEN} is (.7 o, o7 p-even (and .7 ,-closed
n+

but not 7 -closed),

2.2. For any two topologies .7  and .7, on X, if A is (T 4, .7 ,)-even
and ACK,; then ACK, _;, (i=0, 1).

Proof If A4 is (.7 ,, .7 ,)-even, then for Uc .7 ,, there exists V& .7 ,_,
such that ANU=ANV. Let {V.:{&Z} be a covering of 4 by the sets from .7, _,.
Then, since 4is (.7 ,, .7 ;)-even for each ¥V, thereisa U, .7, such that ¥, "4 =
=U.NA and so {U.:{cZ} covers A. Since A is 7 ~compact there is a finite
subcovering {Ugi:i=1, ..., n}. Then {Vgl,:i= 1,..., n} also covers 4 and A is
o/ 1-;compact.

Combining 2.1 and 2.2, we also have.

2.3.If T, and 7| are two Hausdorff topologies such that 7 .7 ,,
then ACK, & AEK,, and A is (T 4, T 1)-even.

Recall that a family % C YX is said to be evenly continuous if for each x in X
each y in Y, and each (basic) open neighborhood ¥ of y there exist an open neigh-
borhood U of x and a (basic) open neighborhood W of y such that

fxew

=> f{U)HCV.
fes | = OC

This condition implies both that all the members of ¥ are continuous and
that ;¥ is even with respect to the point-open and compact-open topology, and the
latter being defined by taking for a subbase the sets {f:f(K)C U} where K is
compact in X and U belongs to some open base of Y. In the case X is Hausdorff,
this topology coincides with what is usually called the compact — open topology
on the set Y* of all continuous functions [1].

Z4. Let F CY* be an evenly continuous family, .7 the point-open

closure of ¥ and f,c.% . If K is compact in X, V open in Y and f,(K)CV,
then there exist x,, X,, ..., X, in K and the open neighborboods W,C_V of f,(x,),
i=1,..., n such that

fxyew,

KCV, i=1,..., n.
e ]:f( )TV, i n
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Proof. ,7 being evenly continuous, for each x&K and f,(x) in Y and
the open neighborhood V' of f; (x), there exist U, and W, such that
fxew,
feF

Since K is compact there is a finite subcovering Uy, , Uy,, ..., U, of {U,:xEK}.
Put W,=W, NV. Evidently f, (xpcW,, W,CV and

fxpew,;
feF
Since foejf: , the set of fc¥X satisfying (1) is not empty. Now, we have
for such an f]

FEYCAU U, i=1, ..., BHCV.

From 2.4. we conclude the following

} > fUYCY.

(1) } > fU)CV.

2.5. If F CY* is evenly continuous, then ¥ is even with respect to the
point open and compact-open topology on Y.

2.6. Let .5 CYX be evenly continuous. Then, .7 is closed in the compact-
-open topology < F is closed in the point-open topology.

Proof. = :Let ¥ be closed in the compact-open topology and f,&.%
(the point-open closure). Suppose we have a neighborhood of f;:

@2={f3f(K,)gV,a .]= 11 vy m}-
Then, according to 2.4, we have
U= CDEW], i=1,..., n(j)}
contained in {f:f(K)CV}, and 2/, N - -N}/,C2, so that there exists an
fe.F such that f&<h
2.7. (Ascoli’s theorem). ¥ CYX is compact in the compact-open topology if
M) F is closed in compact-open topology
() {f(x):fE.F } has a compact closure in Y for each point x in X
{1 F is evenly continuous.
Proof. By 2.6, (I) and (II) imply .% is pointwise closed and in addi-

tion with (II), it follows that ¥ is compact in the point-open topology. By 2.5,
oF iseven, and by 2.2 ;¥ is also compact in the compact-open topology.

3.1If F: X—Y is a multivalued function then we can consider it as a
single-valued function from X to 2Y, where the partitive set of Y is taken with
the Vietoris topology [5], and F is continuous (as it has been defined in 1.) if
and only if F:X—2Y is continuous [3].

For a subset U of a set Y, let

Uy)={4:ACU} and YU(={4d:ANU=+=gz, ACY}.
Then,
31 (K, U)={FEM (X, Y):F(K)C(UY),

K, U(={FEM(X, Y): F(K)C U}
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Proof. The first relation is evident. For the second, we have
FOX, U( o KCFY(U) & FONU=+ o,
VxCK & F(x)&)U({, VxeK o F(K)CHU!.
So the system of sets
{FFE)CUMHULN - - MHULG

will be another subbase for M (X, Y; ¢). The sets <USNIULN - - NDOUL
form the standard basic system for the Vietoris topology on 2Y,

3.2. The even continuity of a family . CM (X, Y) as defined in [4],
implies the even continuity of the same family 5 C(2V)X.

Proof. Take x in X, 4 in 2¥ and (V> .- .>V(. .. to be neighbor-
hood of A. Let a,=ANV,, i=1, 2,..., n. Then, according to the condition
(I) (in 1.), for the pair x, g, there exist an open neighborhood W, of g; and
U, of x such that

Fx)erwl

Fe. 7
Consider (V> -« M)W+, and let U=N\{U}. If FEF and F(x)c
eV MNYWL- - -, then according to the condition (II), FO)CFpoN
['_w. . .>I/i<. ..,

So for x&X and A&2Y and any neighborhood (V> .- - "\YV{(N - -
of 4, U is a neighborhood of x and (¥ ;> .- - NDW{(N .- of 4 such that

FEEVpn - - MWL - -

feF

This proves that % C(2¥)* is evenly continuous.

] = FUYCYK, i=1,2,...,n

] S fUYCTD N -+ AWV -

3.3. Proof of the Theorem. All three conditions in the Ascoli’s theorem
(2.7) are satisfied: (I) follows from 3.1, (II) follows from the fact that 283
(B=U{F(x):F& ¥ }) is compact (see [3] or [5], and the subsets need not be
closed), (III) follows from 3.2. Hence, 2.7 implies the conclusion of the Theorem.
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