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In the mathematical logic, in.the chapter on Boolean functions, one uses
the exponential notation for the components in the disjunctive normal form
of the function. As known, the function f(x,,..., x,) whose arguments and
values belong to the set (0, 1), is given by the identity

(1) G X = 2 f Qe y) XX
. Diseraa¥a) .

where the summation, in fact the antivalence, should be taken for all choices
of y,,..., y,€(0, 1) and x¥ is explained as x' for y=0, x for y=1. Tnstead
of the antivalence one could put the d1s3unctlon in the formula (1) because
for each choice of y,,..., ¥, only one term is equal to 1. The exponential
function introduced in this way is by no means a real exponential function.
As one could easily check this. function has no other use in the current mat-
hematical literature. (cf. [2], [3], [4])-

In fact, this function is a logical equivalence as omne could check by
the truth value table. This reveals' the pleonasmic character of the formula (1).
The formula tells us that the function f(x,,..., x,) is equal to f(y;,..., ¥,
if and only if x,=y,,..., x,=y,. This is evident if we write correctly x=y
instead of x¥: '

) FGs %)= 3 O 2 Gr=r) - (By= ).
. {Fireres i)

In this article we shall investigate the real exponential function in the
mathematical logic and describe its relation to other logical conpectives. We
start from our aim to find the function which has to have the following
properties

(1) (x¥y? = x72,
(i) XV x% e x7VE,
(iii) - ; x? 27 = (xz}",

where xy is the conjuction of x, y, the disjunction being xV y. Withre spect
to the conjunction - and antivalence + we have the two-element field B,. We
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treat the quoted properties as functional équations over this field. Each func-

tion f(x, y) of two variables x, y must have the form

a+bx+ep+dxy, a, b, ¢, dS0, 1.
The property (i) reduces to |
S xs ), 2)=F (% y2).
The left side of the last equation having the form ‘
o (xi")~’=a+(a+‘bx+cy+dxy)b+cz+ d(a+éx+cy+dxy)z

and the left side / o

» x¥7 = g+ bx + cyz -+ dxyz,

we must have the system of Boolean equations

‘ abzbc:cdzl;dz(),

) 7 c+ad=0. -

The only solutions of these eqﬁations are
g=b=c=d=0,
a=1,b=c=d=0,
b=1a=c=d=0,
a=c=d=1,b=0,
g=b=c= 0 d= I ~

giving respectwely the functions

0,1, x y—>x, xy

The first three functlons are trivial ones, the last, xy, does not have :
the property (ii) as one could see from the case x=z=1, y=0.

For the function xy the property (i) reduces merely to the assoc1at1v1ty
law for the conjuction. It remains only the forth function y —x or 1+y-+ xy,
or in the exponentlal form x”. 86 we have the

Theorem. The functional equation
(7yr=x7

over the field B, has the solutions 0, 1, x, 1+ y+ xy, xy. From these the only non-
trivial solution (that is, the solution depending essentially on both variables x, y)
satisfying also the functional equations (i), (i1) is the function 1--y -+ xy.

Definition 1. - From now on x¥ means only y—x (or eqmva— ’
lently 1+y+xp). ,

It follows that 0*=x' contrary to the notation x° adopted in the lite-

rature. (f e. [4] p. 10 — Yablonsky, Gawrlloff Kudryavceff).
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By defmmg this funcuon we have the” possibility to check out many of

the known tautologles For. example z—~>(y»~>x) yi—rx is just the relation
ey

The tautology (¥ —»x)(z = x)=(yVzZ)—>x is ohly the new way ‘tb. write
x¥ x7=x¥Vz, while (y-»x)(y~>z)=y-—»xz represent the fact

X7 7 ={xz)%.
It is easy to prove the following |
Co r ollary L ;
‘ (x+yy=xt+yz . (Binomial f‘drmula),
X, y*
ER |
(VI =X b Ly = (x4

(modus ponens)

x(?") =2z* 4y xyz.
- The tautology y — (xV y) is just the 1dent1ty (x vV y)’f' X7 b xvi 41 from our
comﬁary for y==z. ~

‘Similarly (x — y)——>x x -reduces to the identity xCY”>-~zx + ¥ —}- xyz for
x=z, and so on.

In order to illustrate the practzcal use of the funcuon xJ' we shall solve
- the problem of the: interpolation for Boolean functions.

Theorem. 2. — Every Boolegrz Sfunction  f{x,...,x,) can be re-
presented in the form '
) f(xl’ U xﬂ)mg)cylnsynx{h R 4A Yz‘(yi‘»‘ "“’yn)'
where ’ '

yﬂ:zf(zl,...,zﬂ), Z=(Zysenvs Zp)s
G \

- for each solution of the equation

‘y‘:%.y};ﬁ”‘z; )

in rhg unknowns z,, ..., z,&0.1. -

. 'Proof. — Let F be the vector whose coordinates are f (Piseoos V)
listed in the lexicographical order from f(0,. . 0) to f(1,...,1). Let C be
the vector of unknown quantities c¢,,...,, agam in the lexwographmal order
and let W be the matrix whose rows Wi, ...z, are ordered in the Iex1cograph1cal
order with respect to z and the vector Wz,...z, has the coordinates zi'- . . z}” in
the lexicographical order with respect to y. With these conventions the system

of linear algebraic equatxons (3) over the field B, is glven by. the condensed
expressmn

- F=wC
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In the article 1 have proved that W is a regular matrix and that
=W. Therefore

C=W-1F=WF.

From this we conclude that - ;
' 0 0 11
Cyivmn =Wy F=28 v 2y iy zie e 2] [F(0s0 0, 0)y ooy f(Leen, DY
m:zf(zi,...,zn), yiloa.yf:"r.:l ‘
@ ‘

as it was to be proved.

Thus for the free member of the polynomia} reperesenting the function
Sf(xs -5 x,) we have

cyw,y,,xce,,,ﬁg f(zl,u;, z}xf(o,‘..., 0), yit-..yin=1

because the equation 07+ ..0=m=1 has as the umque sohmon Zy==o v vz =0,
Similarly the coefficient ¢;...; of the member x,- 1S the . anﬁvaience of
all values of the function f because the equation lzx .“1m=1 has the solu-
tion Z free of any restriction.

Quzte an elegant way of finding the vector € could be obtained by starting
with the dxs;unctwe normal form but now in the correct use of exponenuai
function which gives :

f(xi,..f, xn)= (yz}f(yi’ ...,yn)x{h . ixi"yi“. . ay';?‘_g

The polynomial in x,..., x,

ﬂx Cooxlryd yn
for given choice of ‘yi, voes 7,0, 1 is a polynomial of the Lagrangean type:
it has the value 1 only once when x,=y,..., x,=y,. (Really, if for some
k=1,...,n we have xksu«éyk then in both cases X=0, yp=1 or x,=1,
y=0, we would have xk yik =0 and the correspondmg member disappears

from the formula. Denote this polynomial \mth Ly,...5,+ It holds
@ ; | Ly =1 4% 4+31) *(1~+x,,+yn)--

=3 Z xil‘ . ,xiﬂ;‘ Z{l* . . Zﬁﬂm 1.

@ K

It remains only to change the order of antivalences in the expression
(5) FGopseees X)= 2 Wpseens 7 2270 ity 210 e ozit=1
. 628 @
By doing this we get the desired result
(6) - fl, oo x)= g}x‘? “en xf,"(%f(yl‘; RS T B AR AT I

the’last idéntity‘ (6) being by no means as trivial as the former (5) one.
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As an example take a polynomial f(x,, x,) of two Boolean variables

Xgs Xpe By the theorem 2 we have. V .
f(xpxz)m( 2 SO 7 Qx 7)) (L4 3,4 ) =
F1s V2

=10, 0) (1 +2x; + x5+, %) + (0, 1) (x5 +x; %) +

+f(1, 0) (x; +x, x)+f(1, Dx, x,=

=£(0,0) 2> xPxF+fO0,1) 3 xPxp+
(21 =2=1) : (z‘,’ 2=1)

AT SVACRR VDR 2

(zg zS:i) ) ' (z2 2;51)

By rearranging the terms we get

For, x)=x2x) 3 fOL r)+x3x5 2 fOnL v+

(0¥1 0¥2=1). (0¥ 2=1)
wxlxd S SO v)ixixh 3 fOn )=
(121 072=1) (171 172:=1)

=f(0, 0)+(£(0, 0)+£(0, ) x,+(f(0, 0)+£(1, 0))x,+
+(f(0, 0)+£(0, +£(1, 0)+£(L, D)) x, x,.

In the theory of functions in manyvalued logics the same problem arises.
Which function should be considered to be the proper generalization of the
implication? This question is now easy to answer: The function which has
the properties of the exponential function should be denoted as the implication.
So we define: y—> x means x¥ where x°=1 for each x=0,1,...,%k—1 and
x?=x-x...x (p times) for z£0. The problem of the interpolation could be
solved in the way we have done it for the case of two valued logic. More
detailed description of these problems could be done in a separate article.
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