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EXPONENTIALLY COMPLET E SPACES II
. M M Marjanovzc

1. Intreductm n. Let ‘3{“ {K, M} “be the cdegory whose objects X
are all compact Hausdorff spaces and morphisms M all continuous mappirgs
-of these spaces, For X& K, let exp(X) dencte the set of all non-empty closed
subsets of X taken with the finite topology and for f:X—Y in M, let
exp(f): exp (X) —> exp (¥) be the mapping defined by exp (f) (F)=f (F) Then
exp: K — K becomes a covariant functor. ,

Let {X, ~, A} be an inverse system over the directed set 4. Since exp
is. covariant, {exp (X) exp (n) A} will also be an inverse. system.

The. fact that two spaces Iim {exp (X) exp (n)} and exp (hm {X, =} are

homeomorphic was proved by S Sirota [3]. Let {Y, p, B} be another inverse
system in %K over the directed set B. If @: {X, ’n;}~—>{Y o} is a mapping of
these two systems, then -it obviously defines' a mapping exp (D) : {fexp (X),
exp, (rc)}—e-{exp (Y), exp(p)} So we have. two = induced mappmgs exp (hm D)

and Iimexp (®) and we wﬂl prove hele that they are the same up to the
e

" composition with homeomorphisms (see 2. 3). ThlS completes the above men-
tioned result of S. Sirota. o

For X&K, denote exp (X) by X(” and for n=2,3, ..., let

X —exp (X0=D).
For F(”EX@) let '
U(FDy = U{xixEFEFO},

so we have a continuous mapping u: X®P - XD, Let
u@ == exp (;g("’“‘l)) X(n+1) — X(n) n=2,3 ...,
whete u<1)——u For fiX -+Y et ‘

f‘">~cxp (f"’“”) =23, ..., fO=exp(f).

So we get .
X0 u® X(m) C o X < Tim {X®, u)}
f(n)l | fe : jf(m)m lim (f®) -

. 1 Y ‘), )
. ke Yy o y’(&) A Y= W_,j:in{y(n,‘“{n} o



78 ‘M. M. Marjanovié -

A topologzcal space is called exponentially complete if xmsexp (X). In[2],
we have shown that X® is exponentnally complete.  Here we will  prove that
S s also exponentially complete in the sense that f© is equal to exp (fln:
up to the composition with homeomorphisms.

2. If E is any subset of X, then we write
SE ={xEX{X,: a4} x () EE}.

Now we will state a result in a form which is convenient to us and we will
glve a proof. We suppose that all spaces and all mappings that we consider
in this paper belong to K.

2.1. Let X, —hm {X,n}. Then, a non-empty closed set FC X@c can be

written as F= N\ {)m, (F)(}QXOO, where all 7, (F) are closed and for a>o,
T (7o (F)) = 70 (F). If F= m{>7;<}mxm, where all T, are closed and such that
o (L) =Ty, then m (F)=T,.

Proof. It is easily scen that =, (F) are closed, muy ('«:«(F)) 7w (F)
and FC N OmE)XYF N Xo. So suppose x &N HmF)} N Xo. and let
>Um1<ﬂ -ﬂ)Uan< be a typical basic neighborhood of x. Take o>«

i=1,...,n. Choose y&F such that y(«)=x(x). Then y(x)=x(x) and

. }’E>U e - NOUs (- Therefore, xCF=F.

To prove the second part, let us note that T., ‘hm{T 7| To} C Xo and
Toe (T} = T ([1]).. Obviously

7 (F) 27 (NOT DN T) =0 (Te) = T,
and this together with =, (F) C T, concludes the proof.

Now let I1, be the natural prOJectxon of X {exp (X,): ocEA} onto exp (X)-
; Consider the mapping

; H:exp (lim {X, =}) - lim {exp (X), exp ()}
defined by <= < ‘
o H(F) =1, (F)=-exp (my) (F).

H is obviously contmuous and by the fist part of 2.1 His 1~1 and by the
second onto. So H is a homeomorphism and we have ,

2.2. H:exp (lim X, n})~lim {exp (X), exp (n)} ([3D.

Now we can prove. . ;
2.3. Given a mapping of inverse systems.
®:{X, =, A} —~{Y, p, B}

Then, there exist two homeomorphisms H and K such that the diagram

exp (lim {X, =}) B tim {exp (X), exp (m)}
o - |
exp (lim @)‘{ ' % lim exp (®)
exp(lm (¥, ¢}) > lim {exp (V). exp (0}

commytes.
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Proof. Let H and K be homeomorphisms from 2.2, related to {X, n}
and {Y, p} respectively and I, o H(F)=m,(F), oS4, for Fcexp (lim{X, =}).
o

So, we have, according to the definition of a limit mapping,
| Poolimexp (@) (B (F)) =9 (7 (F)).  BEB,

where Py is the natural projection of X {exp(¥g):BE B} onto exp(¥y). On the
‘other hand, let us prove first that

ppoexp (1im @) (F) = gg (7o ) (F)),
where gg is the natural projection of X{Y,:B< B} onto Y. Indeed,
' Pgoexp (lim @) (F)=pp (U {lim ® (x): xS F})
-~ < )

= U{peolim @ (x): xEF}=U{psomo@ (%) xCF}

=0p (U {mo@ (x): xE F} =05 (T, 3 (F)).
Hence

PgoKoexp (Lim ®) (F) = pg (exp (Hm @) (£)) =95 (o ) (F)-

_Thus the commutativity of the diagram has been proved.

Note that 2.2 and 2.3, when taken together, mean that two functors exp
and inverse limit commute. '

2.4. For any f: X —Y in K, the mapping [ : X —» Y©) js exponentially
complere. ‘

Proof. Applying 2.3 to the mapping of the inverse systems
{ f(n)};{X(n)’ a(n)}___) {Y(n)’ u(rz)} we get

exp (X)) ._M{i__.;. lim {X(n-ﬂ)’ YD1 h e X0
; ‘e
exp (f©) im {f(m»l}} !f(w)
€

exp (Y@) —5 lim {y oD, o1} — Y©
[P,

4 and k being the obvious hdméomorphisms. Since the rectangles are commu-
tative we obtain ,
exp (f @) =(koK)™to f@o(ho H).
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