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COMPLETION OF THE SPACE C,

B. Stankovié
(Communicated December 3, 1971)

In an earlier paper [8] we constructed two subspaces C, and C, of the
field K of Mikusinski’s operators [5]. C, is a space of B; type [4] and C, of
B, type, C,CC,. Now we constructed the least space of B, type containing C,.

In the field K of Mikusinski’s operators we have the definition of the
limit of a sequence. For the definition of sequence convergence in K it is not
always true that (4)=A [9]. Morever, for every k > 2 there exists a subset BC K
such that B®z£ B&—1 [2] (we profit by the notation (B)=B®). For this reason
it is impossible to make good use of the known theory of topological spaces.
T. Boehme [1] constructed a topology which has special properties in connec-
tion with the defined limit in K. Some authors such as D. O. Norris [7] and
G. Krabbe [3] defined a topology for subsets of K. Our subspaces C, and C,
were constructed to make easier a theory of differential equations in K.

First some notations.

We shall let f={f(¢)} denote the represetation of f(t) in C (C is the
algebra of continuous complex valued functions defined on R*) and s the diffe-
rential operator. The elements of K are ,,convolution quotients* L, where f

4
and g belong to C, g+40. Furthermore, we denote by F,()=t71®(-p, —oc;
~179), t>0 and F,(0)=0, p>0, 0<s<1, where ® is the known function of
E. M. Wright [10]:
-] Zn

D (v, p; Z):"ZOI‘(IH-I)F(V'FP;)

This function F,(¢) has the following properties used here:
1. F,,€C, p>0; 2. s#F,=F,g4, p>0, B>0.

By C, we denoted the set of all members of K of the form 5%, f€ C,
f>0. C, forms a commutative algebra where the product, sum and scalar
product are defined in the usual way, making use of those in X.

The consequence of the second property of F » is that the convolution
by F, maps C, into C. So we can define a sequence of seminorms YV, in Cg

t

Y (%) = Max { f Fpup (=) () du

0
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condensed to:
Vip (Sﬁf) = Max l Fp+l3fl'
0<t<k

This is a monotone and saturated sequence of seminorms.

It is easy to see that for a fixed p>0 C, is a space of By type. The
topology =, defined in this way is finer than by Mikusifiski, but not so fine
as by Norris.

The space C, is not isomorphic with a normed space and is not complete
for any p>0

We will now introduce the space C; which is the least space of B, type
which contains C

5

Y P —p v .
Definition. Cy is the set of all elements —, where vE C,, C, is

the subalgebra of C of those elements f for which f (O)AV= 0.

The sequence of seminorms v, , for fixed p is defined in C? in like man-
ner as in C,,

Vk'p(FL>= Max |v ()|

0<t<k
The space C? is homeomorphic with C and complete.

Proposition. For a fixed p C? is the least space of B, type con-
taining C..

Proof. — We know that for every p>0, >0

SB:M and sﬁf:F_PtBI:E.

p FP FP G
By supposition that f€ C, it follows that G(0)=0 and sf =F—be]ongs to

14
C?. Consequently C, C C?.
We shall show that C, is also dense in CZ?, p>0. This fact follows from
Mikusinski’s theorem [6]:
Theorem. For a fixed g€ C[0, T), which does not vanish identically
in the right neighbourhood of 0 the set of convolutions gk with k € C5[0, T]
is dense in Cy[0, T}

C,[0, T], is the subclass of functions belonging to C[0, T] which
vanish at O.

We shall let — € C?. In view of Mikusifiski’s theorem just mentioned

p
for a fixed p and every n natural number there exists an element w, € Cg [0, 7]
such that:
1
Max |w, F,g—v|<—.
0<<t<n n

This implies that:

6 y v 1
Vk»p(s wn—_)<vnsp sﬂwn__)<—
E, F, n
for all n>k.
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A neighbourhood of 2 contains a ball of the form Vap x—FL)<L.
m

We will show that sfw, blélongs to this neighbourhood for n> Max (m, q):

8 v 5 14 1 1
Vo [P Wyp——— | <Vppl W, ——|<—<—.
g o F, n m
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