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1. The basic definition

Definition 1. Let g: I> — 1 be a given function such that g (x, y)>0 for
y>x(x, y&I). We shall say that a function f: [ —1 is convex on I with res-
pect to g(g-convex on I) if for all x , x,, x;I (x,<x,<x;) we have

Q) g (x5, X3) f(xl) +8 (%3, X)) f(x2)+g(x1: x,) f(x3)>0.

This definition contains the following special cases:
Case 1. If g(x, y)=y—x, inequality (1) can be written in the form

1ox f(x)
2) 1 ox, /) >0,
‘1 X3 f(xs)i

Inequality (2) is usually taken as the definition of convex functions (see,
for example, [1] and [2]).

Case 2. If

_|F® @]
FGo) GO

inequality (1) can be represented in the form

g(x )

F(x) G(x) f(x)
(2" F(x;) G(x) f(x;)|>0.
F(x;) G(xy) f(x5)

This definition of convexity was introduced by G. Valiron (see [3] and

[4]). A special case when F (x)=sinpx, G(x)=cospx was considered by E.
Phragmen and E. Lindelsf [5].

Case 3. If g(x, y)=v(y—x), where v is an odd function of the form
v(xX)=x+cxP+o(x3),

Definition 1 yields Ov&arenko’s definition of convexity (see [6]).
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2. Natural convexity

Definition 2. We shall say that the convexity defined by inequality (1) is
natural if for a given function g, one can find a function F(Z0) so that (1) redu-
ces to equality.

So, for instance, in Case 1 we obtain equality for S (x)=cx, where ¢ is
a real constant. In Case 2 convexity is natural if f x)=C,F(x) or f(x)=
=C, G (x), where C,, C, are real constants. In Case 3 convexity is natural
(see [6], [7], [8]) only if f(x)=cx, or f(x)=csinrx, or f(x)=cshrx, where
¢ and r are real constants.

The following theorem gives the necessary and sufficient conditions for
the g-convexity to be natural.

Theorem 1. In order that g-convexity is natural it is necessary and
sufficient that
F(x) F()l
G(x) G

where F, G: I —1I are arbitrary functions. Equality then occurs if and only
if fxX)=C F(x) or f(x)=C,G (x).

Proof. In order that g-convexity is natural it is necessary and sufficient

g(x, y)=

that
(3) g(xz’ x3) f(x1) +g(x3, xl) f(x2)+g(x15 xz) f(X3)=0

. for some functions g and f.

Since f(x)==0, there exists a real number a7 such that f(a)s0. Put-
ting x,=a in (3) we get

(4) g(x;, X)) =F,(xy) f(x)+G,(x,) f(x,),
where
F)=—8®a G ()= _E@ %)
(x) @ 1 (%) o

Substituting (4) in (3), we get
(F (x2) S () + G (X)) [(x5)) f(3)+ (Fy (X3) f(x)+ G (x) () f(x)+
+(FL () (55) 1 G (x) £(x) f(x) =0,
wherefrom, setting x, =x,=a, we obtain
Fi(x) = =G, (x)—a f(xy),
a=2G,(a)+2F (a).

Therefore, (4) becomes
(5) g%y %) =F, () £ (x)—f (x2) Fy () + 0. f (x,) 1 (x).

Since (5) has to satisfy (3), we crrive at the following condition

«f(x) f(x3) fx)=0
which for x,=x,=x,=a, t.kirg irto recount thit f(a)=0, yields
a=0.

where
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Therefore,
_ S(x) fix) 1
© 8O ) B |

Putting in (6) f(x)=C, F(x), F, (x)=—éTG(x), C,#0, we cbtain
F(x) F (x,) |
g (x,, x;)= IG(X) G(x,)!

with f(x)=C, F(x).

. I .
Similarly, setting f(x) =C, G (x), F,(x)= —C—F(x), we find

2
F(x) F(x)
|G (x) G(x)]
This completes the proof of Theorem 1.

8 (X1, X)) =

, with f(x)=C,G (x).

3. Contimuity

Theorem 2. If g is a continuous function such that g (x, y)--g (v, x)=0
(ie. g(x,»)=G(x,)—G (y, x), where G is an arbitrary function) for x,y¢cl,
than f is a continuous function on I.

Proof. The condition of antisymmetry for g implies g(x, x)=0. Let
x,—x, in (1). We obtain

R ZCAETACEN)
Let x,—x, in (1). We get
S () <f(x,+0).

Hence, f(x)=f (x+0) for all x&/I. Similarly f(x—0)=f(x) for all x&-I, which
completes the proof.

Remark. Notice that the condition of antisymmetry g (x, y) +g(y, x) =0 is fulfilled
by the functions given in Cases 1, 2, 3.

4. An inequality for g-convex functions

Theorem 3. Let 051, and let [ be g-convex on I. Then, if x,y>0,
we have

(N (g(x, x13)+g, x+¥) f(0)+g(x+¥, 0)(f(x) /()
+(g(0,x)+g(0,5) fx+y)=0.
Proof. Putting in (1) x,=0, x,=x, x;=x+y, we get
g, x+y) f(0)+g(x+y,0) /(x)+2g(0, %) f(x+y)=0.
Permutation of letters x and y gives
g x+y) f(0)+g(x+3,0) f(3)+£(0,)) f(x+y)=0,
and addition of the last two inequalities yields (7).
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Case 1. If g(x,y)=y—x, we obtain the following inequality

S+ <f(x+y)+f(0),

which was proved by M. Petrovié in [9].
Case 2. For Valiron’s convexity inequality (7) becomes

F@O)  G(0) ,
8 :
®) Fxi)) G(xsy) ](f(fo(y))
|F (0) G (0) ’f(x+y)+’G(x+y) Fxen o)

<
FM)+FG) 6(x)+G6()
Specially, if

G(X)+G(y) F(x)+F()

i logh(re™)  (+>0, f is an entire
©) f (x)_h:}lf:p e function of order p).

E. Lindelof and E. Phragmen [10] have proved that f satisfies inequality (2')

with F(x)=sinpx, G (x)=cospx, where x, <X, <X, and x3——x1<£. Therefore,
P

applying inequality (8) to the function f defined by (9), we obtain

i (x+y)
(sinpx+sinpy) (lim sup Eg_fu +lim sup log f'(r) )
e}

r—+00 re r—>+o0 r

. . ] retx
>sime(x+y) (llm sup Ml
a4

r—>+ o0

1Y
+ lim sup Bg_flz_)> .

r—>+4 o e

which holds for x,yE[O, i)
3
Case 3. Inequality (7) in Ovcarenko’s case becomes

X)) (FF) SO < @) +v () (f (x+ ) +£ (0)).
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