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SUMMARY

It is well known that F, has three curvature tensors: R;hk, P}hk
and S’u [1], which are formed by means of connection coefficients I'jx and

tensor Aj;. On each hypersurface of Finsler space there exist two kinds of
connections corresponding to the induced and intrinsic differentiations respec-
tively. In the present paper we give six relations between six tensors of hyper-
surface formed by means of the induced conrection coefficients and tensors
R, P and S (indices suppressed). Two of these relations are known as the
equations of Gauss and Codazzi for hypersurface of F,; four others are new.

§ 1. Introdaction

Consider a Finsler space F,, where the metric function is given by
F(x, ). The hypersurface of F, is determined by the equations

(1.1) xi=xt @ gk, ... =12 ...,0 0B ..., =1,2,..,n—1),

. i .
where the Jacobian Matrix (X ;)=((—;f—) is of rank n—1. Vectors X, (u,) con-
ua

sidered as vectors of imbedding sp._ce are tangent vectors of hypersurface at
point u=u,. The metric function L (u, #) of hypersurface (1.1) is determined by

(1.2) L zi):j(x(u), 3—xi4),
u

because of

(1.3) %= X5 u.

The normal vector Ni(u.u) of (1.1) is defined by the equations [2]:

(1.4 N, Xi=0, Ni—gi(x, )N, g,(x%)NINI=I,

where g; (x, X) is the metric tensor of F,.
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If we express the absolute differentials of X, and N ¢ linearly in terms
of X, and NZ we get [3]

(1.5) DXL —wlXi+00N
(1.6) DNi=—03x%,
where wl and 8" are Pfaffs forms with respect to du® and DI®:
(1.7) wy =T up dut + 05 DI
(1.8) 07 —~ 0,7 duf + 0,5 DI®.
1 2
Here D denotes the induced differentiation ([4] p. 159), and IE:L( 5 It is
U, u
known ([5], [6]), that
(1.9 Tave =8, X7 (Xoo + Tk Xaf + Ajs X O NE),
(1.10) eayﬁonwﬁ’
(1.11) 0uf =2, N" (X + Tk X + A X i NE),
(112) Qag—gnN’A,kag,
where

=§;31“=g,-,Nf (Xap+ Tk X556 I

§ 2. The exterior differential of vector X

Let d and 3 be two commuting symbols of differentiation and D and A
the corresponding absolute differentials. Because of (1.5) and (1.6) we have [7]

ADXi=3wl(d) X5+wl(d)[ws(3) X +0%(3) N1+
+867%(d) Ne—07% (d) 05 (8) X,

and so
(2.1 (AD—DA) X, =A%Xx: 1+ B2 N,
where !
(2.2) Az =wa (d) ws (3)—wq (3) wh (d)—
—[dw; (3)—8 w, (d)]—05 (d) 05 () + 0. (3) 0} (d)
and
(2.3) By =805 (d)—d 85 (8) +w; (d) 05 (8)—w3 () 05 (d).

Theorem 1. The necessary and sufficient conditions that the exterior

differential of tangent vector X% of hypersurface of Finsler space has the direc-

tion of the normal vector Nt are:
n

(2.4) Ry = 00 g% §;'4 — 0.7 03,
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(2:5) Pioy= 0558% O5y— 0.52% 055,
1 2 2 1
(2-6) Siov= 04582057 — 0.7 g2 055
2 2 2 2
where
2.7 Ripy=2Tap s+ 20 Tiaj—2 00 Tafp Ty -+

+2Cos (O Tor—0x Tpg T,

_ orey . : olup .
(2.8) Pig = a;f —AaﬂaJrAaaW}uﬂ,
(2.9) Sty =AS, Asg —Alp A3y,

[§ =T,
and Azyg denotes the covariant differential of Agy formed by means of in-
duced connection coefficients (1.9).

Proof. The vector (4 D—DA) X, has the direction of the normal
vector N®(u, %) if and only if

(2.10) AL =0,
where A is given by (2.2). Therefore:

2.11 A = (Tod dub -+ A% DI°) (Tos dut + Az, A7) —
( Y Y

(T2 Suv+ A3 A1) (Tsg dub + A5 D1°) +

+(a;;°“3 S it duP + aar“ﬁ S ut duf + Tof S duf +

0 4,
,‘_. — B

a
8 Azs B 8y
Sl i DIB 4 — 22 5 Suv DI+ A58 DIP)

/arayd BSuY-{—()qu duBSMY-[—qudSuY-{-
\()u oud

v aaAng EAIY+ ‘)a @y duBA1v+AwdAlv)--

— (048 dub -+ 050 DIP) g% (057 8 ut + 055 AI7) +
1 2 1 2

(021 8wy + 0,0 A v) g%8 (035 dub + 055 DI).
1 2 1 2
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We need to calculate 3 DI® and d A /8. Because of

(2.12) 5lﬁ=dlﬁ+%f;5qu
and
(2.13) dif = Lbzuuﬁd—LL——r*‘*dv
we have
1 oTs® 1 oTs" — —
B=8dlf+— 5 L 8 —T.Y S ue) —
SDIP=§dl LAY Su¥ du AT dd (LAY +IYAL—T."3us)

—LSLF;B qu+if;68du8.
L2 L

Since I3° is positively homogeneous of degree one in #, and since AL=3L,
we get for 3 DI®:

pusg

1 oT:? s <
§DIP=8dl°+ 4 ——~ Al Al —
(2.14)
) R [
TL o L dwdlt IS

Notice that 1—";?3 and A5p are positively homogeneous of degree zero in u:

()Fag v—o, 04

]Y =
our ouY

(2.15)

If we substitute (2.13), (2.14), (2.15) and the similar expression for 34* and

dA [P into (2.11), taking into account that d and 8 are commuting differen-
tial symbols we obtain:

(2.16) AL =[2Tapljs+20u Tl —20@ T T +
+2 C;s (a[y fg]S—Z 0 i‘u —1:;;38 f;]u)___ 6;8 g'58 6;7{ -+ 6;{; g'58 6;";] duP 8 uv -+
1 1 1 1

OTah 0 Auy O duy
0w oW | 0id

+(f;SA%Y—f§§A2Y+L 5%+

-
+4zs —e 3862;%eéﬁgsse;:‘()[dua,mm
c)u 2 1 2
045, oA
(AagAaY——AMAaerL 5oL Ma*—

025 031 + 03¢ 03 DISA 1.
2 2 2 2
Further, because of

(2.17) IoDIf=0, 1,Alv=0
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and
£8
og = _2g%8 CiYa
our
we get
€ €
(2.18) (L ‘)a’i.;ﬁ L a;:.;*)&:% Alv=—2 A% A+ 2 A, Al

The coefficients of duSur and DIPAI* in (2.16) are skew-symmetric in P
and y. In virtue of (2.18) and the last remark, the equation (2.16) becomes:

1

2.19 e _ L
(2.19) A 5

[Rosy —(?:'é g% ?;’; —?;'; g% ?23)] [du®, du*] +
+[Plpr— (0.3 g2 857 — 058 g 0.)] [, DI+
1 (= ~T =k, ¥ gy — -
+ [ Siey—(0ap %3 057— 055 g2 053)] [DI®, DIY],
2 2 2 2 2

where Rigy, Popy and S gy are defined by (2.7), (2.8) and (2.9) respectively.

Since the bivectors [duf, du*], [du®, DI¥], [DI®, DI¥] are chosen arbitrarily, from
(2.10) and (2.19) follows (2.4), (2.5) and (2.6), which proves the theorem.
We next prove:

Theorem 2. The necessary and sufficient conditions that the exterior

differential of the tangent vector Xt of hypersurface of a Finsler space belongs
to its tangent hyperplane are:

(220) E:BY = 09
(2.21) P oapy— Agy esa =
(222) S'—O(BY = 09

where we put:
(2.23) Rag=2Top 9181 T+ 20y Olrx a—20u Oa[e Tf+
a5
+2 27L*' (O rﬂla" o ue FFSS 1"*f]‘s)’
06*"

(2.24) Popy=1 fﬁ— ewﬁ *9“8

orLg .
Ylep e ,
() Y
0 6:43 0655
r 2
(225) SO‘BY Aaﬁ GSY“AOLY 688+L 0uY —*L‘—W*.
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Proof. The exterior differential of X. lies completely in tangent hyper-
plane of F,_,, if and only if
(2.26) By=0,
where B, is given by (2.3).

Taking into account (2.3), (2.13), (2.14) and (2.15) we get:

00,4 00,4 o'é* aeaa
n 1 1 X
By= Y duP 8 u¥ +- o lY(AL)du9+
06;'; ' 06;g ()6;'; aé’
+ = 0 — =5 3uPDI" +- Y7 — L AI*DIF— T5° 8uf DIv 1 a —IY(AL)DI® +
1 oIp° S .3 L oTE°
+eu8 L our 8 S uY duP — 9 e L 3 B | duBBuY—i-B ,3——()—B—duﬁAlY—
00,7 aE;g ae 00,3
— IY 3 uP dur— S %8 uf duv —
(2.27)
00,5 00.3 002 LM
2 Y v X 2 =*§ e 2 N IE N
—5a AP Tg duf Alv——2— [¥ N6 DL—
—o L aFESdYSuMG*”I ()r" T3° 8 ul dux e 1905”5 i+
2a8L ouY “ ZaST ou e ouY ‘

+ (Cag duP + A3, DI%) (0378 uv+ 037 A 1v)—
1 2

~(CaySur + 43, A 1) (854 duP + 855 DIP).
1 2
Because of

0T’ =g 0TS .
(228) —01.7— YB+T[¢Yu7

taking into account that 6;';; and 6;3 are positively homogeneous of degree
1 2

zero in u¥, (2.27) takes the form:

(2.29) B:=|:2 f:?ﬁ?raTY] +2 ()[‘Y Omm —201u8 eu[g I"Y] +

7 (a[Y Fﬁ] —0w F[B ¥l )J duP & u -+
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00,4 SE'S
1 n*n a{:}_ ~E_7*n 4—7*n 8 8 ~
+(L TR A A L ?‘”‘A”> (e, DI +

00,5 00,7
, 8§ p[¥n 8 Qp*n 2 _ 2 NIGE A
T(Auﬂgsy—Aaygsﬁ +Lm@iﬂ L 0t )DIBA[Y

In view of (2.7), (2.8), (2.9) and because of

(2.30) E:QY = _KZYL% Egﬁv = ”"7:*{8
(2.29) takes the form:
n 1 N Y [ n
(2.31) By R [dith, du) + (Prsy—035p 45,) [du®, DIV} +
1

+ % Saay [DI®, DIY].

Since the bivectors [du®, du”], [du®, DI¥), [DI®, DI*] are chosen arbitrarily, from
(2.26) and (2.31) follow (2.20), (2.21) and (2.22) which proves the theorem.

§ 3. Generalisations of Gauss-Codazzi equations in a Finsler hypersurface.

If we take X’ as a vector of F,, then

(3.1 (AD—DA) X} = % Rin XL 1dx®, dx®) + P X%, [dx*, DI+

41 S} XLIDIF, DIF,

Because of dxk—Xfdu® and

DIt — Dl X! + (025 du + 0.5 DIP) I* Nt = DI* X + O duf N
1 2 n n

we get:

(3.2) [dxk, dx®] = X 5% [du®, du?],

(3.3) [dx¥, DI") = X§ [du®, DIY X + O% dur N%)

(3.4) [DI*, DI¥]=[DI® X§ + Of du® N¥, DI* X%+ O du* N").

Substituting (3.2), (3.3) and (3.4) into (3.1) we obtain
i 1 i j i i n n
(AD—-AD)X, :?[Rjkh XL5% 4+ Pl X5 (X5 O Nt— X% Of NP) +
+ Siwn X, Op N* O N [du®, du] +
(3.5) _ . ." . " B
+ (P X565+ Siin XL 204 N¥) [du, DIY] +

b5 Shia XLELTDI9, DI

4 Publications de 1'Institut Mathématique
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Substituting the valuc of (AD—DA)X., A5 and B" respectively from
(3.5), (2.19) and (2.31) into (2.1) ‘and by equating the corresponding coeffi-
cients of bivectors [du®, du¥), [du®, DI¥], [DI®, DIY] we get the equations:

R Xog s+ Pl X5 (X5 OL NP — X% O N?) + 8% XL O N¥ O° NP =

(3.6) B o B _
= [Ri{w”—(?ag gsd ?Sz - ?a:gss ?Sg)] X; + RZBY Ni,
Pin Xabr+ Sian Xoy Op NE =
(3.7)
=[P — (824 % 83— 034 22 D)1 XL 4 (Pl a3 AZ) VY
GH i Xil =[S (02522 037 — 027 82 1)) XL+ St N1

We next prove the formulas of Gauss for hypersurface of Finsler space,

giving relations between tensors Rggy, Pogy and Sgpy defined by (2.7), (2.8), (2.9)
and corresponding tensors R, P and S (indices suppressed) of the imbedding
space F,. Namely we prove.

Theorem 3:

= “¥n R*n SEn wtn ir ’
RaSBY—(e«xB GSY‘—OaY OSB):RjrthJO‘SgI‘;+
(3 9) 1 1 1 1

+ Py X5 (X5 OF —XEOR) N 1S, X15 Of Nk O N*,

(3.10) Fasaw(?;aﬁz;';—g;i?;s)=1>j,k,,XiS’s’;+S,-,k,,Xé;§’;0§Nk,
n

(3.11) Eassy—(gl'é §§:—§:';§§S)ISW X560

Proof. The above equations follow directly from (3.6), (3.7) and (3.8)
if they are multiplied by g, Xs.

If the imbedding space is reduced to an »n dimensional Riemann space,
and the hypersurface of _Ifinsler space to an n—1 dimensional Riemann space,
then P, ., =0, S;.,,=0, 0.5 =0 and equations (3.9), (3.10) and (3 11) reduce
to the form: 2
(3.12) Rusgr— (023 037027 058) = R, 0, X3567
(3.13) Pasgy—o

(3.14) Sasay -0
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Equation (3.12) is that of [8] p. 242 (formula (4. 5)) which is the Gauss
equation for hypersurface of Riemann space, since ema corresponds to A,
from [8].

The equations of Codazzi for hypersurface of Finsler space give the rela-

tions between tensors RagY, v, Sapy defined by (2.23), (2.24). (2.25) and
corresponding tensors R, P, S of imbedding space F, and have the form, as it
is shown in the following.

Teorem 4:

ocBY Rjrth{xgﬁN +Prth] ’(X'éO'\'(N”——Xf,OEN") -+
(3.15)
+Sj,th{,N’0§N’COZN”
(3.16) P07 =Py, Xuby N7+ )1 Xu N7 ORNE X
(3.17) Snay =S, Xo54 NT

Proof The above equations follow directly from (3.6), (3.7) and (3.8)
if they are multiplied by g, N".

If the imbedding space F, is reduced to an » dimensional Riemann space
in which P, =0, S;,,=0, and hypersurface of F, is reduced to an n—1

dimension Riemann space in which OuB—O Als=0, then equations (3.15)
(3.16) and (3.17) are reduced to the form:

(3.18) Rigy =Ry 1 Xagy N7
(3.19) Pl =0
(3.20) §%5 =0

Equation (3.18) is equivalent to Codazzi’s formula (4. 6) in [8] \p- 242)
2V, h,= ZfﬁKvuxxn) for hypersurface od Riemann space, since 6“;5 corres-

ponds to temsor h, ard in Riemann space Gagzo, 0 0,5=0, so that R,
2 1

defined by (2.23) corresponds to 2 'V hgy.
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