PUBLICATION DE L'INSTITUT MATHEMATIQUE
Nouvelle série tome 11 (25), 1971, pp. 19—22

ON FRACTIONAL INTEGRATION

S. L. Bora and R. K. Saxena
(Received June 25, 1968)

§ 1. Introduction

The object of this paper is to investigate the relationship existing between
Riemann-Liouville (fractional), Weyl (fractional integrals, Hankel and Meijer’s
transforms. The results have been given in the form of some theorems. The
theorems have been illustrated by means of some suitable examples so as to
give the images of confluent hypergeometric functions =, and @, in Meijer
Transform.. The results established here are General and include as particular
cases well known results. We call ‘
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the Weyl (fractional) integral of order w of f(¢).
The transforms which will be required in investigations later on are as
follows: The classical Laplace transform
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was generalised by Meijer [3, p. 599] in the form
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When v= i—z—, (1.4) reduces to (1.3) by virtue of the well known identity.

? —Z
Kox 9= \/7 e



20 S. L. Bora and R. K. Saxena

The well known Hankel transform is represented by the integral equation
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We shall also use the following property of fractional integrals [2, p. 182]
(1.6) [ £ g @wydi=[ £, h (),
0 0
where

Wi @spt=h(p;p) and R, {f,(D);p}=2(p;w)

§ 2. In this section we have established connections between Riemann-
-Liouville (fractional) integral Hankel and Meijer transforms. This has been
done in the form of two theorems. By the application of a theorem the image
of E, in the Meijer transform has also been obtained.

Theorem 1. If

(2.1 RAS@®);p}=2g(p;w)

then

(2.2 Lig (@ p)pp=24p K 1 {enf (1) p},
2

1
provided that Riemann-Liouville integral of | f ()| exist and Re u>0, Re (ap?)>0.

Proof: We have [2, p. 203 (17)],
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where Re (w)>0 and Re(ap2)>0.

Using the relations (2.1) and (2.3) in (1.6) we obtain (2.2) after a little
simplification.

Example: If we start with
SO =12E, (a+p,B,v; a,b1)
then [4, p. 1007]
[ am
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for Rea>0, Re()>0 and |bp|<1.

Putting these values of f(7) and g(p;w) in (2.2) and using [1, p. 223]
we obtain
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for Rea>0, Re (w)>0, |bp|<1.
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When w=1, (2.5) gives a known result [1, p. 223].
Theorem IL If

(2.6) RAS@®);py=2(p; 1)
then
(2.7 Jy {t%"v gt pp=20puJ, {1 ‘H"L%f (t%); p}

provided that Riemann-Liowville integral of |f (¢)| exist

»>0 and 0<Rep.<% Rev+~i—.
Proof: We have [2, p. 205 (34)]
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(2.8) w,{t 27 J, (at2); pr=2¢ a‘”p?“*?"Jv_u (ap?),
where

a>0 and O<Re y.<%v+%.

Using (2.6) and (2.8) in (1.6) we obtain (2.7) after a little simplification.

§ 3. In this section we have established connections between Weyl (frac-
tional) integral, Hankel and Meijer transforms. This has been done in the
form of two theorems. By the application of a theorem the image of @, in
Meijer transform has also been obtained.

Theorem L If

(3.1) Wu{f<~i);p}=h(p; )
then
(32) L {ﬂu—z ’ (;ZL) ;p} =2 K (210 1)

provided that the Weyl integral of exist, Re u>0 and Re p>0.

()

Proof: Since we have [2, p. 188 (23)],
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Using the relations (3.1) and (3.3) in (1.6) we obtain (3.2) after little simpli-
fication.

Example: If we take

f(L)=t1—a q)3 (O(—-l, Ys —x_5 J’)
t
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then [5]
(3.4) W{f(%) ;p] =r(r“—(:j)ﬁpw—« o, (a—u— Ly )
=h(p; )

for Re (a—p—1)>0, Re(x)>0 and R(p)>0.
Putting these values of f(¢2) and A(+~%p) in relation (3.2) and using
[1, p. 223] we obtain

(3.5) K 1A, (a—1,y; X2, y); p}
2
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for Re (a—p—1)>0, Re(p)>0, and Rep>0.
When p=1, (3.5) reduces to a known result [I, p. 223].

Theorem IL If

[1]
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(3.6) W, {f () py=h(p;w)
then .
1
(3.7 JA T (e p); py=2¢p ey, (07T 2 £ (02); p)

provided that the Weyl integral of |f(t)| exist Re (u)>0 and Rev>—1.

Proof: Since we have [1, p. 194 (63)]
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(3.8) R, {t7J, (at?); p}=20p2 " 2 a ), (ap2),

where Rep>0 and Rev>—1.
Using (3.6) and (3.8) in relation (1.5) we obtain (3.7) after little sim-
plification.
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