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ON AN INEQUALITY OF N. LEVINSON
Petar M. Vasi¢ and Radovan R. Jani¢
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N. Levinson [1] (see also [2]) has obtained the following result:
If f is three times differentiable on (0, 2b) sothat f''>0 for x&(0,2b)
and if x,c(0, &) (i=1,..., n), p,>0 (i=1,..., n) then
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If f'>0 on (0,2b) equality holds if and only if x;=-..=x,.

T. Popoviciu [3] has generalized the inequality (1) of N. Levinson giving
other conditions under which it holds.

In this paper we shall give the lower bound for the expression

> nif(x)— > pif(2b—xy).
i=1 i=1 .
Theorem. If the following conditions are fulfilled:
1° Inequality (1) holds for x;={0, b);
2° pi>1 (i=1,..., n);
3° 2 pixcl0, Bl
i=1
then we have
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Proof. For n=2, (1) yields

(3) @) +af () —pf Qb—x)—qf (2b—y)<
<(p+ @[f(ﬁfi.@’.)ﬂf(gb._ w”
pP+yq p+q
where x, y[0, b] and p, ¢>0.
Putting in (3)
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where x,, x,<[0, ] and p,x,+p,x,C[0, ], we get
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If we permute in (4) p, and p, as well as x, and x,, and add the ob-
tained inequality to (4), we get

3) F(p1 x40, %) —f(2b—p; x,—p, X)) —(1—p—p) (f(0)—f(2 D))
<P f(x) +Pof (%) —p f(2b—x))~p, f (2 b—x,).

Therefore, theorem 1 holds for n=2. Suppose now that theorem 1 holds
for some n (n>2). Then, according to (5), we have
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Using the inductive hypothesis, we obtain

f(:gpi xi>—f< 25*"%11’1 xt)
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Therefore, if (2) holds for #n, it also holds for n+ 1, which completes the
inductive proof.
From (1) and (2) for p;=1 (i=1,..., n) we get the following result:

Theorem 2. If f is three times differentiable on [0, 2b] and f'''>0
for x€[0, 28] and if %[0, Bl, S x,E[0, B], then
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Remark. It can be seen from the proof that if f">0 for x&[0, 25],
than equality holds in (2) if and only if

N Xy= =X, =0,
Therefore, in the first inequality of (6) we have equality if and only
if (7) holds, while in the second if and only if x;=.--=x,.
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