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The purpose of the woik is to research the continuity in the point A=2,
of operational function R(A) which is defined by the relation:

I
RO N.
Y T
In that sense we shall write:
ROY=—
(M) s+ )"

where «(2) and B(}) are numerical, continuous functions on the interval [A;, 2,]
and a(ky)=0; s is the differential operator and I is the unit element. Multi-
plication R*(3)=R(A) R(})- - -R(A) is in sense of multiplication of operators

which are defined by Mikusinski’s Operational Calculus [1].

This work partly extends the results obtained in [2]; they can be deduced
from our theorem 1 for n=1.

In the proof of theorem 1, I shall use Mikusinski’s theorem on bounded
moments [3] i.e.

Theorem A; If B,,B,,... is a sequence of positive numbers such that:
1

ngl Bn

in [0, T, such that:

=0 and Bpu—PB,>e>0, for n=12,... and g(t) is a function, integrable

T
‘feﬁn’g(t)dt <M
0

then g (t)=0 almost everywhere in [0, T).

Theorem 1. Suppose that:

1. «(X) and B()) are numerical, real, continuous functions on interval [\, A}
2. &[N, 2] and ) is an isolated zero of the function «(}), namely o (),)=0.
3. B(2,)#0.
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Necessary and sufficient condition for the operational function
I

1
(xM)s+BON"

to be continuous in h=DX,, in the sense of continuity in Operational Calculus,

ncEN

(1) R(O)=

is the

existence of a neighbourhod V, of the point A, in which B—%—))—>O while AE Vy/{)}.
o

Proof: The condition is sufficient

For pc&N is
1
——1
Lo — Ak
(@) T (—)
RO = “
1
T I A=2,
Iy
t
1 E 1
i i e *M yr{t—wyrdu AR,
()" T (*)p!
= 5P+ S

t?

s —
PR
Supposing that there is a neighbourhood ¥, of the point 1, in

A=12

which

BOY =y(M)>0 while A&V, \ {3}, then by substitution y(2)u=x" we obtain

()
the numerical function:
¢
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If we denote with:

% n

Vvt Vioot
I,= f e~*"dx, and with I* = f Xk g=x1 gl
0 0

then integrating by parts, we obtain
k<1

B=2 ] v - =1y () 1y croyner+

e G|

v
for k=1,2,...,p
Therefore
1

(2 P(xt)= i

1 [(P—Q M), +T (N 1))
(@ )7 p! P(l +;)

where it is written down as:
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The operational function (1) has the following form:

B (P—Q (0 )L+ T 0] A
B2 T'(1+1/m)p!
R(})=sP+1 |
t?
- A=2,
L pIB" ()

where Q (A, t) and T(A,r) are defined by the equalities (3).
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When A—2, independent from ¢, then:

Q()\3 Z)—>' Q(kOat)EO
T, t)—> T (A, 1)=0

1n+fe—x" dx—-L P(L)J(l +i>
n n n
0

and the numerical function
1

T (P—Q0u ) T+ TG D] Al
p!B"(M(l +;)

tp
A="2

1
B ()

is continuous for A=2,, 0<f<<o and by the definition of continuity of the
operational function, R () is continuous in A=2,. Thus the condition is sufficient.

The condition is necessary. Supposing now that there is not a neighbour-

hood of the point 2, in which %>0; then there will exist a closed neigh-
oL
bourhood ¥ (3,) of the point A, in which B(A) does not change its sign and

reaches the maximum and minimum. The characteristic of a continuous function

8(7\)=—% is that: for each neighbourhood V), (%,) of the point A, there is
24

a point A, &V, (%,) such that 3(»,)>0. Let the neighbourhood ¥V, (A,) make a
monotonous basis; the sequence {)A,} converges to %, and bzginning from one #,
V() C 17(7\0) for every n>=n,. According to the supposition that 8 (A) on 7()\0)
(has the minimum on V¥ different from zero and maximum) and knowing that
o (X)) =0, it follows that §(X,;)—>o0 when n—oo.

Because of continuity of 8(A) there is a subset of ¥ (2,) which is mapped

onto a halfline x>>38 (An,). There is, also a subset in each V), (};) which is mapped
onto a halifline x>8(2,). Let 8 (An,) be such that:

m<3(d)y<m-+1
Let us form a sequence ;" in the following way:
d(\Y=m+1i; k=maxn, for which A SV, (%), &'C Vi (A).

As 3(») is a continuous function it will also assume all the values between
3(x,,) and 3(%), while A’<A<X/ , and the sequence 3;=3(};) satisfies the
conditons of the Theorem A. If in this cas the operational function would be
continuous too, there would exist f&C, f#£0, such that R()) f is a numerous
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function of two varisbles A and ¢, continuous for A=, and #>0. Namely, for
each fixed number T R+ there would exist a fixed numbsr M such that:

T
‘fe*”’i" wlin=1 f(T—u) du | < M.
0

Function g (u)=ul/"1 f(T—u) is integrable in the interval [0, T], therefore the
conditions of Theorem A are satisfied, and according to the same theorem, it
would follow that g(u)=0, almos everywhere, while u—[0, T]; namely f(u)=0,
almost everywhere, while u&[0, T]. It is contradictory to the supposition that
f == 0, therefore the supposition from which we started does not hold, namely
R() is not continuous at the point A=2,.

Theorem 2. Let a(d) and B(X) have the first derivate as numerical
Sunctions in the interval [\, X,] and satisfy the conditions of the preceding theorem.
Necessary and sufficient condition that operational function (1) - has the first
derivate continuous at the point h=1,, that there exists a neighbourhood V; of

the point X, in which B%;\;—>0 while A&V {o}-
[+4

P roof. The condition is sufficient:
If there exists a neighbourhood V,(},) such that Bg\\; >0 while A& V\ {A,} the
o

operational function (1) is, according to the preceding theorem, continuous at
point A=3%,, and can be written as:

P\ Y AR, PO Y AR,
o= gP+1 . » i i
R(A)=s f A=2 3 tl y is a continuous
pem pE" ()
function for A=23,, 0<<t<C . Therefore:
IP(M D)
_— AsEN
oN °
R (3) =Pt o
_ff_él(ﬂ A=1y
1 4
pinf ()
OP (A1)
00 A
oX ° _
It should be shown that —B () l is continuous fo-r
1 N
14—
nplf ")

A=k, O<I< 00,
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(—17 (Z=p) TT (v 1)
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When A — 2, indenpendent of ¢, then for p—1>1

I

oP  —t*f )T (1+1/n) Ptp“F(l+1/n)°t(7~o)

oA 144
nplBoy" D +1n)  plB" )T (1+1/n)

Namely

R ()) - —spit [p4 B (7\0) —s “—;—(7‘0) ﬂ (7:(:) =R\
B(M) B" () B G

The condition is necessary.
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B0
o (A
while ACV,/{},}, then according to the preceeding theorem, the function (1) is
not continuous at A=2,, and cannot have the first derivate continuous at the
point A=1%,. So the condition of necessity of the theorem is proved.

If does not exist a neighbourhood ¥V, of the point A, in which
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