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1. Let {s,} denote the n-th partial sum of a series X a,. The sequence-
~to-sequence transformation

1 n
1.1 n =T vy
(.1 P, g n—y-1
where

P, = —«—~lo n,
vzo y+1 g

defines the familiar Harmonic mean of the sequence {s,} [9]. The series X a,,
or the sequence {s,}, is said to be summable by Harmonic means, or summable

(N, 1 )to the sum s, if
n+1

lim ¢, =3,

n~>00

to

and is said to be absolutely Harmonic summable or summable %N,

n+1
the sum s, if in addition the sequence {#,} is of bounded variation, that is to say,

Dltn—tgg| < oo.

n

It is known that the method is absolutely regular and implies absolute
Cesaro summability of every positive order [5].

Let f(¢) be a periodic function with period 2n and integrable (L) over
(—=, ).
The Fourier series of f(¢) is
f()~ 3 (ay cosnt + by sinnt)= i A, (D).
n=1 n=1

We write

<I>(t)=—12:{f(x+t)+f(x—t)}»

* An abstract of this paper was published in the Proceedings of the Indian Science
Congress Association pt. III, 1962,
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2. Regarding the absolute Harmonic summability of a Fourier series the
following theorems have been recently established.

Theorem A[7]. There exists a function f(t) of the class (L) such that
@(t)logL (r=2m), is of bounded variation in (0, =), but its Fourier series, at
t

N, L.

n+1

Theorem B [11). If ®(t) is of bounded variation in (0, w), then the
factored Fourier series 3 A, (t)/log(n+ 1) is absolutely Harmonic summable.

In Theorem 1 of the present paper which is one of a series of papers
(See Lal [3]&[4]) devoted to the study of absolute Harmonic summability
factors we determine suitable factors {¢,} in order that the associated Fourier
series X A,{(f)e, be absolutely Harmonic summable under the hypothesis of
Theorem A. Theorem 2 is a generalisation of Theorem B. More precisely, we
establish the following theorems:

t=x, & Ay (x) is not summable

Theorem 1. If ®(t)log L (r>e2n) is of bounded variation in (0, =),
t

then the factored Fourier series Zlog(n-+ 1), A, (¢), where {A,} is a convex
sequence such that X n-1X, is convergent, is absolutely Harmonic summable, at
the point t=Xx.

18
Theorem 2. If@(z‘)(log --) (0<3<K1) (r>e*8%m) is of bounded

variation in {0, =), then the factored Fourier series X A, (1)f{log(n+1} is
absolutely Harmonic summable, at the point t=x

It is interesting to note that our hypothesis in Theorem 2 makes it
possible to bridge the gulf between the hypotheses of Theorem 1 and Theorem B
and provides us the suitable summability factor for the entire range of
<31,

3. We require the following lemmas for the proof of our theorems.

Lemma 1. If r>eXn, the integral
f (k’ ) SIRY Gy 0 [(log r 2] (0<t<7).
u

Proof. Firstly we prove the lemma for the case w¢>1. Let us write [
in the form

-t

t .
2 o
G.1) Ix(f + f) (log -2-) SINUY gu=1,+1,, say.
0 —1

124

-2
Since (Iog L) is increasing in (0, u~1), we have
U

gt
(.2) I,=(log r )2 f

n

sinpu

du=O0[(logrup)y?]. (0<n<g-l).
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. —
. r . .
Also, since u-t (iog m) is decreasing in {(u—3, 1), we have
#

3

{3.3) ‘ L=u(logruy2 j singudu=0[logruy?, (upi<s<t).

W

The lemma for the case pt2>1, follows from (3.1), (3.2) and (3.3). Now
we proceed to prove it for pe<<i.
Here let us write I in the form

t

-3 ol
(3.4) 1= f (1og ll) snpu L
0

U H

k14 :t 2 .
:(f wj) (Iag -L) Hw—ﬁ-du=l3-—f4, say.
u u
0 '

Proceeding on the same lines as in the previous case we can establish that

(3.5) ;=0 [(logr w2
Again
w1 ki 2
(3.6) 1,,g( f + f ) (Iog%) «S"“u*‘” du =I,,+1,,, say.
' [T

By arguments similar to those as in the cases of I, and I, it can be
proved that

3.7) f" }w[(logm>~21.

4,2

The lemma for the case wr<1 follows from (3.4), (3.5), (3.6) and (3.7).
Thus the lemma is completely established.

Lemma 2. If 0<3<1 and r>e*%x, the integral

{
~248 g
[ (s )
u u
[

Proof. The proof of this lemma is similar to that of Lemma 1.

du=0[(logrp)-?+8.

Lemma 3 ({{10] p. 440). Uniformly for 0<:t<m,

I ”sinve
2=

m

=0(D),

Jfor any positive integers m and m'.
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Lemma 4 [2]. If O<t<m, then

Z cosv? nO[Iog »i], r>m.
t

m v

for all positive integers m and m'.

With the help of Lemmas 3 and 4 it is easy to deduce the following
lemma.

Lemma 5. If O<t<<m, then for all positive integers m and w'

g sin (m—v) ¢

m v

=0 [Iog }, (r>m).

Lemma 6 ({I] Lemmas 3 and 4). If {A,} is a convex sequence such
that Zin—1), is convergent, then X, is non-negative and decreasing, n A, =0 (1),
and M logn=0(1), as n— 0.

Lemma 7 ([6; 8], Lemma 3). If {\,} is a convex sequence such that
E w12, is convergent, then

S Tog (n+ 1) Ar, =0 (1),
=1
as ni-—> oo,

Lemma 8. If {a,} is a convex sequence such that Zn-1}, is conver-
gent, then

& e )

-0 [log2 (n+1) xb[i]ﬂ] :
2

Proof. We observe that

i)

A{(:H D) Py—(k+1) Py log (n—k + I)?‘m—k}

=0 (n—k)
(27 b tog ket 12
_:_'0(1) k+1 Og(n + ) -k
#=0 (n—k)
+ou) [?%2 {(n+1) Py—(k + 1) P} log (n—Fk + 1) Ay
=0 (n——k)2
Il
+0<1)[2 DI CLD P tog (1t 1) Opess—Pas)

K=o (n—k)
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5=

]+2 S, n—k

=0 Llog2 (n+1) 7\"_[

I 3EY

+Oflog2(n+1) )\n—[l]“
2

=0 Pog2 (n+1) x”"[ﬂ“] ,

. . . o 3] 1
since {A,} is non-negative and non-increasing and Z —I;=O(l)'
k=0 N—

4. Proof of Theorem 1. Since from (1.1)

n

tp= Z Pyu, /P,

v=0
where
u,=log(n+1)r, 4,()
we have
n=1/p P
ty—lyy= k. B 8 Y
" w v§=:0<Pn Pn-—1) "
1 "—1< P, P, )
= Z _ Up—y-
P”Pn.—lv:() V+1 n+1

For the Fourier series of f(¢), at t=x,

Ay (x) =%f @ (¢) cosnt dt
]

T

2 ®m)log [ 4
™ r
0 IOgT
™ t
-3fd[cp ® 1ogi}f B &
T o o log—

1 5w
=—-2—(I>(n)logLf<logL) Snnt g
nw T t 1
0
. 1 g ¢

——z—j d{CD(t)logL} {(log -L) smnu}
T t u n Jo
0
T t .
+2 d[d)(t)log—r—} f (10g -’—) smni g,
nTw t u u
0 0

2 Publications de I'Institut Mathématique
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and therefore

2 r 1 ==/ P P,
ty—tpy=—— ®(m)log— z ( = )
e Py Py ivZo\v+]l n+1

— . -2 g .
y log(n—v+ 1) Ayey f(log L) sin (n—v) ¢ dr
(n—v) t t

n —1 1 n—1
-2 fofs o
T t t P,P, =o\v+1l n+1
0
o Jog(r—v+ D) Ay

(n—)

n n—1
+—2—fd{CI>(t)log—r—} ! z( Pu P )
b1 t )P, Py v=o\v+1 n+1
0
t
— -2 g —
, log(n v+1)xn—vf(logL) sin(n—vyu .

(n—v) u u

sin(n—v) ¢

Thus for establishing the theorem we have to establish that

® 1 azl/ p P, \ log(n—v+ 1A,
1Py Pyt v+1 n+1l (n—v)

v=0
E

-2 : _
y f (log L) sin(n—v)t
t t
0

<< o0

0 1 n—1 P Pv
(4.2) S z( n__ )
n=IPnPn—1 v=0 V+1 n+1
x log(n=v+ 1) Ay sin(n—v)¢t|=0 logL ;
(n—v) t
) n—1 —_—
(4.3) S 1 ( Pn _ P, ) log (n—v+ 1) Apey
PN R O (n—v)
t
—2 o _
xf(logL) Md"l<°°’
u u

0
since P (r) logL is of bounded variation, @ (r)log LA, (1), and
t T

™

/

0

d{(b (t)log %}'<oo.
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We write

4.4) =
ZI ,gi PP, 1vb\v+1 m+1l (n—v)

s 1 ’”"‘( P, P, ) log(n—y+ DAy

I

[zt

0

Hs (n+1)P,—(+ D P,
Ve O n—v+ 1)

2% Unel

S
n=1 P%P%“!

log(n—v+ 1) Ay

¢

% f <1og~i—)”2 53—’33’-1}‘315 du[

0
s 1

n—1 s
v 3 S log(n—v+ )Xy
ESY | (n"l" 1)P7l--1

o F’] v+ 1)

2

7

xf(iog%)*zwdui

)
g Im+1] nd
"’”‘IP”P”“ii‘;:[ﬁ] (P~ Wlog(n—v+ 1,
2 (n—v)

4
X f (log L)mz sin(n—v)u dur
u u

0

wzg,;+§3,,z+21,3, say.

Now applying Abel’s transformation to the inner sum in X, ; and making use
of Lemmas 1 and 6 we have

{n+ D Pp—(+HP}log(r—v+ 1) Any
(=) (v+1)

t
-2 o -
xf(}@g r) ﬂwdu
]

58
(4.5) %

U u

L
0{[2] P log(n—v+ Dhyy & 1
r—v)(v+1) o {log(n—p+1}2

2%
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n

vo s {(n+ ) Py—(v+ 1) P} log(n—v+ DAy 2 1

+0 [;]—2 {(n + I)P’n_(v+ 1) Pv} IOg (n_v"' I)O\n——v—-l")\rh-v)
[ Vo (r—v)(v+1)

v 1
* 2 {log(n—ut 1)}2}

+ 0[[2]_2 O+ 1) Py—(v+ 1) Py log (n—v+ 1) My

v=0 (n—v)(v+1)y
Y 1
Ol\ Ta
§ u-go {log (n—p. + 1)}2 ] ¥ [ ""[?]“]
L S
=0(1)[2] Pv+17\1l~v
v=o (n—v){log(n—v+1)}
[—;1-]_2 7\,,_\, [%] . ()\n—v—l_ln— )
+0 (Py) o (m—v)log(n—v+1) O ) \Zo log (n—v+1)
% -2
FOB) S fay

v=o (v+1Dlog(n—v+1) +0|:7\n—[i2'-]+1:|
=0[A ra [3%_2 ! +O[log(n+ 1) 4
[ n—[z]+2] veo  (n—v) [ n—-[;]+1:|

=0[]og(n+ l)ln_[1]+1]'

2

Now we consider

5=l log(n—v+ 1), ' r\72 sin(n—v)u
“9 vfﬁ] Gr) J(loey) " HE
2

oo (n—v)r(v+1) u=o {log(n—p+1)}2
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1y ! (n—v) Ap—v
- O(“;) ,,z%i] log (:-—:+ 1) (n—v)
2

I LA VA 1
N
g(n+1) vz[l]" v log(n+1)
2

and also by Lemma 1,

@ nil (Pp—P)log(n—v+ 1) Agey ftlogi)—z sin(m—v)u du

\,z[i] (n—v) ‘ u u

- _
=0t % ](n-—v)log(n-»-v +1) oM
2

Putting the estimates (4.5), (4.6) and (4.7) respectively in X, ;, X, , and

Z;.; we have
S
i 1 P

S0 3

g nlog(n+ 1)

1
=y nlog2(n+1)

=0(1),

212=0) Z

and

& 1
=0(1 ez O (1),
21’3 ( ),Zl nlogz(n+1) M
which establishes that X,=0(1), and thus the truth of (4.3) is established-

Proof of (4.1) is similar to that of (4.3). Hence for establishing the
theorem we have only to demonstrate the truth of (4.2).

Now let us consider

® 1
(4.8) 225 Z PP

n=14n

sin (n

n—'< P, P ) log (n—v+1) A
v+l n+1 (n—yv)

v=0

[ﬂ} P, \log(n—v+1
Y v+ DA
vgg) (v +1 n+ 1) (n—v) sin (n—v)¢

0

<
nzl Pn Pn~1
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S RS =) 10g(n—v+1))\n_v' o
2
4 i 1/n+1 ﬂil Pylog(n—v-i-l)xn—vsin(n_v)t‘}

n=1 Py Pyy V=[l] (v-+1)
2

=Zz,1+22,z + D53 SAY

By Abel’s transformation and Lemmas 5 and 8 we have

E

% {m+ ) Pr—(v+1) Py} log(n—v+DAu_y sin(n—v)¢
v—0 (n—v) v+

49  >,.= Z

=0 Fi 1/n+1 log r ;]"2 A[{(n+1)Pn_(v+1)P"}10g(n_v+l)ln—v] ]
| n=1 PnPn_I [ 2 (n_v)
_ {(n+ l)Pn—[%]P[i]_l]log(n——[%}_z))\n_ l]H
L0 i 1/n+1 IOgL S i "
Y

1/n+1

b on=t £pliy 2

log2(n+1) )\"*[,,]H:l

nen (n+ 1)

ry 2 7\"“[1]“ r
=0<log—) > ———2—;0[log—:|.
t t
By making use of Lemmas 3 and 7 we have

' n=1 (P, —P)log(n—v+1)A,_, sin(n—v)¢
(4.10) E[l] ot =)

sin(n—u) ¢

U.ZO (n - P‘)

S A[(Pn—Pv) log(n—v-+ mw]
] v+ 1D

(Pn—P[ﬂ)‘log(n—[-;]H) HH o
([_'21_]+1) C 0 (r—p)
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+ (Pp—Py)-log2-n '5* sin(n—p) ¢

n pe=0 (I'l—*P«)

- 0[ 2 log (n“v+ I))\w—v]_{_ O[ ”;2 (P%NP\J) }"n—-v :]

v:lz_] v+ 1) vg[_;] v+ 1) (n—v)
N 0[ n=2  (P,—PYlog(n—v+ 1) peyey—Apey) }L O(——l—)
\,m[:&] v+ 1) n
2

n—2

—o(1) %i] s +11>2 +o(-—:;) z%z]éf;fo(é)

2 | 2

+0 (w};) ~0 (11:) ,

and therefore
1

(4.11) 2“20(1)21 nlog;?;:-i—)aou).

i

Since [sin(n—v)t|<nt

(4.12)

vm[,,‘] v+ 1) +1)

w1 (v
(3]
Again since Zsinnt=0{t1), we have

" P log(n—v v
“.13) %] Og(?zwgl))‘

2

sin(n—v) ¢

. i A{P\,log(x:-;v;‘)—l))mm\,} i sin(n—p)t
v 0

B

. Bl
+ Mﬁi Z sin (nmp‘)t

23

> log(n—v+1)Ax,,

et o | n—-1
Z Pvlog(n ‘)"{'I)}‘nwvsin(n__v)t[gf(ng z <-(~Pv xO(ﬂPnf),
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_0 [log (n+ 1)] =2 log(n—v-+ 1),
t . (v+1)2
v_[z]

L
t

2 P, 7\n—v

+o )E]m

n
y=] -
2

=2 Pilog(h—v+1)Ax,_,

“o(,) | vi] v+ 1)
2

_ log(n+1)] =22 1 log(n+1)1 "2 Ay
—0[ nt ]v=§[ ] v+1) +O[ nt ]v}[:f]n—v

n—2
S log(n—v+ 1) A, +0[£‘§(lill]
nt

+0[10g(n+_1)]

nt

N

+0|:log(n+_1)}

nt

nt

-0 [_log (”.._il_)] ,

by an application of Lemmas 6 and 7.
Taking ©=[r"1], let us write 2, ; in the form

(4.14) 22,3'_‘ Zl+ ZH =Zz,3,1+22,3,2, say.
n= n=<

Then by (4.12)

Llm+1
(4.15) =0(1)
Zz, 3,1 ngl Py P,

nP,t=0(1)=0/(1),

and from (4.13) we have

(4.16) 22,3,2=0(i)§ ! —0[ ! ]=0(1).

t [ pisyr n2log(n+1) - ttlogt

Combining the estimates (4.8), (4.9), (4.11) (4.14), (4.15) and (4.16)
we have
22=0|:10g—r—:|,
t

This completes the proof of Theorem 1.

which proves (4.2)
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5. Proof of Theorem 2. We have

Ap (x)———wi—f @ (rycosntdt
0

2 ; r =% cosnf
=——f<1>(t)(iogw—) Ot
7'50 t (logl)
t

T

B Gl e (iog ;)‘ "‘3 f (’,og :.)‘“““5 sinnt 4

nw H t
o

H 1-8 —1+8 o
2 f d{cpm <1og.3l> }<1og_"-) +8 sinnt
T t t n

0
H

—— ? 1-8 . S
+ 2049 [y {‘b ®) (iog i) } f (Iog «f«) rosmoau
t
¢ 0

n U u

Proceeding as in the proof of Theorem I, for establishing this theorem
we have to establish that

oo a1
(5.1 2 1 < Py P, ) 1
A Py Py 1S5 \v+ 1 a1 (n—v) {log(n—v+ 1)}®
" 248 in (A
xf(log t) sin(n—vju du‘< o0 (0<cd<1);
u u |
o
(5.2) N («,fﬁ_ﬁ_. ,__13&.,) sin (—v) ¢
' ami Py Py [ So\V+H L n+ 1) (n—v) {log(rn—v+ D |
AN
=0Klog ----- ) } 0<3<1);
{
o n—1
5.3) 1 Z( P, P ) 1
wt Py Py |VS0\VHL n+ 1) (n—v){log(n—v+1)}®
t
~248 gin (4 —
xf(logf-w) S =I¥ gl < o< <),
u u |
0

The proof of (5.1) and (5.3) follows in quite a similar fashion as those
of (4.1) and (4.3) by taking A, =1/{log(n+ 1)}*"1 and using Lemma 2 in place
of Lemma 1. The proof of (5.2) is a bit distinct from that of (4.2) and so
we give it here.
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Let us write

o0 | n-

D

n=T+1

=>1+>], say.

Ty P, P,
o(v+ 1 n+ I) (n—v){log(n—v+ 1)}®

B

Shiva Narain Lal

sin{n—v)t

sin(n—v) 1

v+1 n+1

n—1}v=0

Now
CO D YA L «‘( Py P ) il LY
' AP Pay o \v 1 1) (n—v) {log(n—v+ 1)}® |
T 1 n—1 P
<Kt S S I _grem0q1
Zp Pg&—1v§0"+1 -
Again let
56 )= z 1 ”“1( P, P, ) sin(n—v) ¢
. : n-»HP Py |vSo v+ 1 Cntl (n—v) {log(n—v+1)}®
53
- i ,l/fjl_! ZZ (n+1)P,—(+1D P, sin(n—v)t |
\nzT«MPnPnﬂ% voo  (n—v) {log (n—v+ 1)} ¢+1 i
. z bl PPy sin (n—v) ¢ |
2 00D () {log (—v+ D}’ |
2
" & ln+1 ”'}‘t:‘ P, sin{(n—v)t |
FaabaPaca| g 0D fog v D) |
2
=2a 1t 202 T a0 SAY.
Then
(5.7) z, § A/n+1 1[ % (n+ 1D P,—@+ 1P, sin(n—v)t
’ P S PaPuy | S0 (i) {log(n—v+ 1P (v+1)

I/’n+1 r

(n+1) Py—(v+1) P, };
{(n—-vmog(nﬂm}s 3}

(n—v) {log(n—v + 1)}* |
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T n
P s b1 N

=0 [log J;_] i ;l)i%—l-l {log(n+ H}—°=0 [(log {—)1”8} ,

n=TH1

by Lemma 5 and the estimate

i)

v=0

| A[ A+ DPa—GDP |0 s
| {(n—v){logm—wn}s}i Hlog Gr+ DI )

which is easily obtained by putting A, = 1/{log(n+ 1)}!*® in Lemma 8.
Again putting A, = 1/{log (n+ 1)}**! in (4.10) and (4.13) we get

"5:‘ (Pn—P) sin (1—v) 7 o “%)
v:[i] (V+ 1) (IZ*—-V) {1()g(n._.v+ 1)}5 ( n »
2

and

nil PV sin (n-—-v)t %10[{)&],
v:[_g} (v+1) {log(r—v+1)}° | it
2

and therefore

s 1
5.8 f =0 (1 e = O (1),
(5.8) 222700 3 TR

1 = | 1
5.9 T oo e O w._w_.__,_):o .
(3:9) 22’3 (z)ngﬂ n2log(n+1) (zrlogr M
Collecting our results in (5.4), (5.5), (5.6), (5.7), (5.8) and (5.9) we have

-0 {(Iog 1;1)1“6] (O<3<1),

which establishes (5.2). Hence the theorem.

The author takes this opportunity of expressing his warmest thanks to
Professor B. N. Prasad and Dr. S. N. Bhatt for their keen interest in the work.
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