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1. Introductory

In the present note we evaluate three Eulerian integrals of the first kind
that involve a generalized Kampé de Fériet function in two arguments. The
first one s intended to unify the two main integral formulas (1) and (la)
proved recently in the Mathematische Zeitschrift (cf. [13], pp. 119, 121) which,
in turn, reduce to the earlier results of Buschman [4], while the others provide
us with elegant extensions of scores of hitherto scattered results in the theory
of gene- ralized hypergeometric functions.

2. The definite integrals

Making use of the familiar abbreviation introduced by one of us in [8]
and [9], let (@) denote the sequence of A parameters a,, a,, ..., a4; i.e. unless
otherwise stated, it is understood that there are A of the a parameters, B of
the & purameters, B’ of the 5’ parameters, and so on.

Also let

@.1) SA:B; B (x)%SA:B; B ({(a): 6, D1:[(b): 4} [&): V') N y)
C:D; D \y C:D; D'\[(c): 8, 5]: [d)m): [(d): );

A B B
- vl j=1 J=1 >

Mme=Q ne=Q < o 2 ’ ’ m! n! ’
S J= Je=

D B

4
i 2, 9= 2 4;>0,
4

where, for convergence,
je= J=1 =1

C
T+ 38+
Je=1
b B

[ A
i+ z Sj + z 7}}"‘ Z (I)J"‘“ Z \{3'§>0;
=i = ;

i1



200 H. M. Srivastava and Martha C. Daoust

so that when y—0, S( x) reduces to the generalized hypergeometric series

y
introduced by Wright (cf. [14] and [15]), and when the positive real constants

6, ..., 04 @i,'...‘, Dy Yy ooy U U, e B s s s
are all taken as unity it equals
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where Fix, y} denotes the Kampé de Fériet function [1, p. 150] in the contrac-
ted notation of Burchnall and Chaundy 3, p. 112}

Then, as an immediate consequence of the well-known formula {6, Vol. |,
p- 311 (3D}
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we obtain our first result in the form
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provided x>0, Re(x)>0, Re(B)>>0, and the series on the right converges.
Next we make use of the definition (2.1) together with a generalization
of (2.2), viz.
i
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2>0, Re(o)>0, Re(®)>0, n=0, 1, 2, .

which follows readily from the known integral (2), p. 284 in [6, Vol. II], and
we find that
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valid within the domain of convergence of the resulting series when A>0,
Re(5)>0, Re($)>0, and n is a non-negative integer.

The third result, which involves the associated Legendre function of the
first kind, follows similarly from Barnes’s integral [5, p. 172(24)]
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provided the double series on the right-hand side converges, Re(x)>0, and
Re (w)< 1.
3. Particular cases

When n—0, (2.5) evidently reduces to the special case p=06=0 of (2.3).
Moreover, if in (2.3) we set the positive real constants
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equal to unity each, in addition to letting either
() p=06=0, pw=v=nk or
(i) v=p=0, prl=g=n,

we shall readily obtain the main formulas (1) and (la) of [13] which, in turn,
specialize into scores of hitherto scattered resujts (see, for instance, [13],
§§ 4, 5, and 6; and [6], Vol. 11, pp. 398—400(1) fo (12)) including those of
Buschman [4] proved earlier in the same Zeitschrift.

It may be of interest to conclude with the remark that several particular
forms of our formulas (2.5) and (2.7) occur also in [2], {7], [10], [11], and [12].
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