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SOME REMARQUES ON HYPERGOUPS
R. Daci¢
(Communicated June 23, 1967)

The aim of this note is examination of hypergroup with operators and distributivity
and strong distributivity of outer operations, It is also shown that every semiring is strongly
distributive hypergroup. Other questions treated in this paper are: self-distributivity and
balanceness,

A hypergroup is an algebraxc system satisfying all the axioms of a group
except that the muliplication is multivalued.

Let us give the main definitions concerning hypergroup according to [3].

A hypergroup G is an algebraic system with one operation called multi-
plication. This operation satisfies the following axioms:

The product. If a and b are two elements of G then the product ¢-b is
subset of G

(1) a-b=(c, ¢, ...)

No assumptions on the number of elements in the product are made; it
may be arbitrary and vary from product to product. The definition of a pro-
duct is extended to arbitrary subsets in the following way. If

A=(a1, az, » e .)

B:"(bl, bz, .. .)
then
A'B-—'—-( e a"bj, ...)

is the set consisting of all elements of G contained in some product a;- b;.

The association law. For any three elements of G we have

(a-by-c=a-(b-¢c)=a-b-c

These products have a meaning according to the definition of products of
subsets.
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The quotient axiom. To any two elements ¢ and b there shall exist other
elements x and y such that

2) ba-x, bEy-a.

An element e such that a<e-q for all a€G is called a left unit, and a right
unit is defined analogously. A wumit is an element e such that

ate-qa, aca-e
for all a. If
e -a= (a-e=a)

for all a, then e is called a left (a right) scalar unit. If
are=e¢-a=a

for all @ then e is a scalar unit or absolute unit. We shall say that ¢! is a
left inverse of a when

e~al-a

where ¢ is some unit element. One defines right inverses in a similar manner.
A two-sided inverse g~! has the properties

eCa-al, eCal.g

where e is some two sided unit element.

The existence of a left (right) inverse corresponding to some left (right)
unit element follows from the quotient axiom. Two-sided inverses are not pos-
tulated by above axioms.

One finds easily that if every product in a hypergroup contains but one
element the hypergroup is a group.

An application f:Q x E—~P(E) (P(E) is the set of all nonempty subsets
of E) is said to be an outer multivalued operation in the set E(see [3]). The
set Q is said to be the domain of operators.

An outer multivalued operation 3 is said to be distributive with respect
to an inner multivalued operation o in E (4, bEE, aobCE) if
araob) C (araa)o{aad),

for all «&€Q and all ¢, bEE.
If for all «<Q and a, b€ E we have

ar1{acb)=(xr1a)o(ar1b),

the distributivity is said to be strong one.

A hypergroup (E, o) equipped with a distributive outer I)peration 3 with
operators {u}=Q is said to be a hypergroup with operators.

These definitions are given in [3] and some properties of hypergroups
with operators are examined.
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In [1] the following problem is treated. Given a group operation % on
the same set G, whether there exists a hypergroup operation o on G such
that axbEaob for all a, bEG. If the answer is yes the hypergroup operation o
is said to stretch the group operation . In the same way, a hypergroup ope-
ration can be given and a group operation asked for. In the case of its exis-
tence one says that the group operation balances the hypergroup operation o
(and hypergroup is said to be balanceable).

Among others the following two theorems are proved:
Theorem A. Every group operation can be stretched.
Therem B. Every hypergroup operation should not be balanced.

The manner of extension of a group operation * to a hypergroup ope-
ration o, which stretches # is not unique. One manner of extension of * to o
(in this paper * always denotes a group and o a hypergroup operation) is as
follows:

(R aob={axb, a,b}.

A hypergroup G is said to be homeomorphic [2] to another hypergroup G’
when there exists a correspondence g—a’ between the elements of the two
systems such that, when

cEaob
then
c<a'ob.
If G'=G, then this correspondence is called endomorphism.
Let Q be a set of operators for a hypergroup G.
Then, 8 (acb)C(3a)o(3b), for 3 Q.

Let ¢’ €3 (aob). Then there exists c S aob such that ¢'=8c. If we put
da=a and 3b=05', we have

C’Ea’obl

i.e. 8 is endomorphism of (G, o).
Conversely, let 3 be an endomorphism of (G, o). Then ¢ & aob implies

(€)) 3cc@a)o(db)
(1) can be written
ccaob
or
(aoh) Ca'ob'.

It means that Q={3} is a set of operators for hypergroup with ope-
rators G.

So we have proved the following

Proposition 1. If G is a hypergroup with operators Q={8}, then
every element of Q is an endomorphism of (G, o). Conversely, every set of endo-
morphism of (G, o) serves as a set of operators for a hypergroup with operators.



186 R. Dacié

(G, +, -) is a semiring if two binary operations are defined on the
set G, addition+and multiplication-, and if a twosided law of distributivity
of the multiplication with regard to the addition is satisfied:

a-(b+cy=a-b+a-c, (b+c)-a=b-a+c-a,

for every a.b,cC G.

The notion of a semiring seems to be first introduced by Vandiver in [4].

Proposition 2. Any semiring becomes a strongly distributive hyper-
group if the hypergroup operation o is defined in the manner (R) and the outer
operation is the multiplication o in the semiring.

Proof. Put aob={a+b, a, b}. The associativity of the operation o is easily
verified:

(acb)oc={a+b, ab}oc
=(@+b)ocUaocboc

={a+b+c, a+b, a+tc, bte, a, b, c},

and in the same way
ao(bocy={a+b+c, a+b, a+c, b+c, a, b, c}.
For given a, b€ G, the required elements x and y are x=y=»5, because of
aob={a+b, a, b}>b

boa={b+a, b, a}>b.

Since G is semiring, another inner operation o is defined in G, which
is distributive with respect to the operation+. So we have

a-(boc)y=a-{b+c, b, c}

={a-b+a-c, a-b, a-c}
on the other hand

(@-b)o(a-c)y={a-b+a-c, a-b, a-c}
and the strong distributivity holds.

Proposition 3. Let Q be some set of endomorphisms of the group (G, *).
Then outer operation O, aCJa=oa in the hypergroup (G, o) with o defined
by (R), is strongly distributive and (G, o) is a hypergroup with operators.
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The only thing to be proved is the distributivity law. Denote by &' the
image of a under the endomorphism « < . Then one has

ar3(acb) = {« (axb), aa, ab}
= {(x a)x(a ), wa, ab}
={a'xb’, a', b'}.
since o is an endorﬁorphism in (G, *); But . right hand ‘slide is just @’ ob’ and the

equality .
x{@ob)=(amago (a2 b)

holds.
Definition. A hypergroup operation o on G is said to be self distributive if
() {ach)oc=(aoc)o(boc), and
® as(boc)=(@ob)o(acc)

No group operation on a set with more than one element is self dis-
tributive.

Proposition 4 The hypergroup G defined in proposition 3 of [3] is
self distributive.

Proof. If at least one of a, b and ¢ is e, the both sides of («x) and (B)
equal G, according to the conditions 1° and 2° of the proposition 3 in [3],
and consequently («) and (B) hold. Suppose that a#e, b#es~c. Then, accor-
ding to the condition 1° of proposition 3 in [3], eCacbh and so (gob)c(aoc)=G
in virtue of the condition 2° in [3]. The same reason can be applied to the
left hand side of (8) and also for («), so that («) and (#) hold.

Proposition 5. Any partition of a set X implies a hypergroup ope-
ration on X.

Proof. Let /#={P} be a partition of X. Denote by [a] the equivalence
class to which a belongs. Define a multivalued operation on X in the follo-
wing way:

asb=[a]U[b].

Let us prove that the operation o is associative one. Consider
A=ao(boc).
According to the definition of o,
A=ao([B]UIc).

Since aom=[a]iJ[m] for all mc[b] and acn=I[a]lU]c] for all nC [c], one
concludes

A=[a]U[b]U[c], (operation |} being associative).

For the same reasons the expression B=(gch)oc obtains the same
value, and the associativity is proved.
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To finish the proof of theorem take an arbitrary pair (a, b)) G x G.
Then evidently aocb=3b and boa>b and the quotient law is fulfilled.

A hypergroup of this type we shall call partition type hypergroup. A
partition of X is said to be trivial if @ ={X}.

A hypergroup is trivial if aob=X for all a, bEX.

Proposition 6. No nontrivial partition type hypergroup is balanceable.

Proof. Suppose on the contrary that there exists a group operation =
on X, which balances the operation o. Then (X, *) has unity. Denote it by e.
Let a& X be arbitrary. With above supposition there exists a1 such that axa—!=e.
According to the definition of balanceness, it means that ec[a]lJ[a!], and
hence [e]= X, since a is arbitrary. This contradicts the hypothesis of the theo-
rem that partition is nontrivial.
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