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§1. Let P™B(x) be the n® Jacobi polynomial. The following generating
function of the Jacobi polynomials is well known [1]
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This suggests the consideration of the class of polynomial sets {P, (x); n=
=0,1,...,}, P,(x) is of exact degree »n and
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holds where @ (1) has a formal power series expansion, ® (0):40.

It is obvious that the set of Jacobi polynomials is only one of many
possible sets in the above class. It is therefore of ample interest to find what
else is required in order to characterise the Jacobi polynomials by means of (1.2).
We give below two such characterisation. We show that either {F,(x)} be
orthogonal or a hypergeometric function of certain type in order that P, (x)
be essentially the nt® Jacobi polynomial.

§ 2. Differentiating (1.2) with respect to x and ¢ respectively, we get
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and
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Eliminating @’ from (1) and (2) we have on equalling like powers of 7
€)) (e+n) {(1+n) Ppyy (x)—(c—B+n) Py (x)}
=(x—1) {(c+n) Prp1 () +(c—B+n) P’ (x) .
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Now let
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Substituting, for P, (x) from (4) in (3) and equating the like powers of i—gi,

we have
(c—B+n) (¢c+2n—k)

%) cn+1, k+1)= cin 01h ¢ (n, k).
Tterating (5), n times, we get
©) ¢ (n, k)= (c—B+n—ky(c+2n—2k) ¢ (1—k, ).
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Now assume that the {P,(x)} is a simple set of orthogonal polynomials and
therefore it shall satisfy a relation of the type

O] Py (¥) = (A X + Bp) Py (x) + Cpy Py (%),
where 4, ¢,>0, which can be written as
(8 cn+Lk+ =24, c(nk+D+Ap+B)cn, k)+Cpe(n—1,k—1)

for —1<k<n.
But we have from (1.2)
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For x=1, (7) gives on using (9)
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But for K= --1 and 0, (8) gives
(1) Ap=

and
(12) cn+1,D)=24,¢(m, 1) +{d,+ B,) c(n, 0).

c(n+1,0)
2¢(n,0)



Characterisation of Some Orthogonal Polynomials 179

Substituting for ¢’s from (6) in (12) we have

(c—B+n) (c+2n) A, (c—B+n+1) (c+2n-2)
c+n Ay (c+n—1) .

(13) A, +B,=

Since 4,70 therefore (10) and (13) give
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Now (8) for k=1, with the help of (6) and (10), (12), gives
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Now set
(c+2n+)(c+2m 1
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p=
" so that (14) becomes
Dy=2Dyi—Dy,.
Herating it n times, we have
D, =(D—Dy)n+D,,

where D, and D; are constants independent of » and x, with D,50. Now
three cases arise.

Case I. If D,£0, D0, Dl%Do then D,=a(n+b), and we have
Py ()= A () (c—PB)n pe-t.c=b (x+a«-l)

()M a
where 4 is some constant.

Case IL If D,=D,#0, then D,=D, and we have
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where B is some constant and Y(,f‘)(x) is a Bessell polynomial defined as

Y® (x)=,F, [Mn; n+oatl; —%]

Case III. If D;=0 then D, =(1—n)D, and we have

P ok - pnoen (LeDex)
(1]

=2
where E is some constant.
Theorem 1. The simple set of polynomials {P, (x)} where deg P, (x)=n,

which is orthogonal and satisfies (1.2) is either the set of Jacobi or Bessel
polynomials.

§3. In this section we assume that the polynomial set {P,(x)} of (1.2)}
satisfies

_ @ (x=1\* o [—m l—a—e—n, (2 2
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where the parameters ¢, «, a; ,... 0y, By,... By are arbitrary complex
numbers with B, —m (a negative integer).

” . JAB-k
Setting P, ()= 5 c(n,k) (x—é—l) in (1.2) and then equating the co-
k=0

efficients of powers of (%) , we get

_(e—B+n) (c+2n—k) K
2 cn+1, k+1) cin A ¢(n, k).

Putting
¢ (k)= (—DF (©)yn (—m)p (1 + B—ec—n) [(ep—)lk
’ (D Dy (@ (1—c—2 1) [Ee-1)li

[(G'p'?) + k] - 1
[(Be-D +4]

and consequently we have proved

we have

Theorem 2. The only hypergeometric polynomials of the type (3.1} which
has a generating function (1.2) is the set of Jacobi polynomials.
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