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ON THE CONVERGENCE OF CERTAIN SEQUENCES

Jovan D. Keckié

{(Communicated March 29, 1968)

In {I] and [2] some theorems on the convergence of certain sequences in
a complete metric space were proved. In this paper we prove a somewhat
more general theorem on the convergence of sequences and we give a number
of examples and corollaries.

Let E be a complete metric space and let f,: E¥*—FE be a sequence of
functions such that

(i) d(fn (R; sUys oo s 5”16)3 f;a~1 (“2,“39 s uk+1>)<‘11 d(ui, H2)+ QQd(u?, u3)+ e
+ qr d (U, Ypesr) + py
for every uy,u,,...,uz, & E, where q,,4,,...,q; are fixed nonnegative num-

bers such that ¢, +g,+ + - - +4gr<g<1, whereas the series Zav converges{a, > 0).
PEY

Theorem. Ler

Xnik zfn (xn, Xptgs v vy x*n+lc-1‘)> (n= 1, 2,.. )

where the elements x, x,, ..., x; are arbitrarily chosen. If the condition (1) is
satisfied, then:

(i) the sequence of functions f, (. u,...,u) converges uniformly to a fune-
tion fQu,u,...,u);

(i) the sequence (x,) converges in E;

(iii) the equation

x=f{x%, ... ,X)
has a unigue solution x=1lim x,.
Rroo
Proof.
(i) Putting w;=u,= -+« « =g, =u in (1) we get
d{fo @ty .o ) fum (1t L, u) <Ay

from which it can easily be seen that the sequence of functions f, (w4, ..., u)
converges uniformly to a function f(wu, ..., u).
(it Denote d(x, x,.) by A, We then obtain the following system of
inequalities
Bpiiers <Apoi+ G Bpui + G B+ -+ -+ By (=0, 1,1, 9).
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158 Jovan D, Ketki¢

Adding together the above inequalities we get

n-s

5 5
> Buskry < > atq P N (A T T
v==0Q y=n v=0

1e.

& q n+s q
(2) Z Bpapry < —— > @yt —=—(Dp + By + - - -+ Apipy)

e l—q v=n 1“‘q
Since

lim sup Ap.p<gq lim sup Ay + - -+ +¢g; lim sup A,y

>0 n—»oo n—o0
ie. Hm sup A,<g lim sup A,
H—>00 H—>00
we conclude that
lim A, =0

Letting n—>o0 in (2) we obtain:
§
d(xn+ic, xn+k+s) < z An+k+v -0
VEST))

which means that (x,) is a Cauchy’s sequence. Since E is complete, (x,) con-
verges, i.e. lim x,=x.

(iii)
dXpig, [ %, 0o, XN =d (fn (Xn, Xpirs -+ o> Xnar— ) S (X, X, 0.0, X))
< d(fn (x’n,xnﬂ’ D 4 xn‘rk—l)’fnﬂ (X, Xpareoos xn+k~2))
+ d(fnﬂ (xs Xpswnos xﬂ+k~2)’fn+2 (xs Xsenns xﬂ+k—3))
e e

+d (S 5 X, o X))y fpan (X, X, L, X))
+d(fn+k(x*x9' ..,)C), f(xax: O .,X))

n+k—1
< Z ay+q(d(x, xp) +d(Xp, Xgi1)+ + -+ +d (Xnaky, Xneg—2))

+d(fpan (%, ..., %), f(x,%,...,x)—>0

when n—» oo,
Therefore,
x=hm x,=f(x, %, ..., %)
n—oo
Furthermore,

d{f(uu,...,u0), f(r,v,...,v)
<d{(f@u,u,...,u), fu(u,...,u)
+d{(fu@u, .. w0, g (Vou,, .., 0)
+d(far1 0 thy W), frrg 0V, 1))
G
+d(frix v, W), fv, ..., 0)

<{g1+q+ - +aduVy+d(fuu, ..., u, Wy ...u4)
ntk-—1

Fd(fux v, o9 Sy, o+ D g,

y=n



On the convergence of certain sequences 159

Letting n—>o0, we get

d(f@u, ..., w, fhy, ... ,)<{g+g,+ -+ +q)du,v).

The uniqueness of the solution follows then from the Banach fixed-point theo-
rem applied to Fu)=f(u,u, ..., u).

Examples and corollaries.
Example 1.

Let the sequence (x,) be defined by the equality
Xy + Xpey + bxy =0 (1) n=1, 2,..)
where x; x, are arbitrarily chosen, and let

(a) la]+|bl<g<1

(b the series 3 |@(n)—9(n—1)| be convergent.

n=1
It can easily be seen that the sequence of functions f, (x,y)= —ax—by -+ (n)
satisfies the condition of the theorem, and therefore the sequence (x,) converges.

Proposition 1. (d"Alembert)

A sufficient condition for the convergence of the series

S b, (,>0) s 2 <g<l.
v==0

w1
n—1
Let Sp= 2 by
=0
Then Spiy=Sp+ by,
ie. Sper=Jpu (55), Where f, (Wy=u+b,.

The sequence {s,) will converge if the functions £, (¥) satisfy {1). We choose
a,=0,

(1) then becomes:
180+ by —Spy—bny | < q|Sp—5a— ]|, O0<g<l
1.e. bn <g<l.

L Yn—1
Proposition 2.

Let E be the set of real numbers and let A (v, v,, ..., ¥4, be a function
whose partial derivatives exist and satisfy the following conditions:

k 2 oh |
— | < g1
i=1|0¥
S ~~?~é-\ converges,
(=0 |0Veay | v =i
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Put fo (uy uy, oo, ) =h(u u,, ..., ug n
Then according to the mean value theorem
]fn (s oo s Up)— Sy (wy, us, ..., uk+l).
=1h(uy, ..., uy W —h @y, ..., upy, n—1)]
Oh | ' | oh
<) — | Juyy—uy |+ -0+ |ty — gy | +
()vl‘ Vi | Viesq
and therefore the sequence of functions f, (u, u,, ..., u) satisfies the condition
(1) which means that f, (u,u, ..., u) converges uniformly to f(u,u, ..., u) and
that every sequence (x,) defined by
Xnit =Jn Kn, Xnsts o s Xpak—) =h (Xp, Xpars oo oy Xpagey, 1) (n=1,2,..)
is convergent and its limit is the unique solution of the equation
x=f(x,x,...,x).

Proposition 3. (Marjanovicé-Presic) [2].

Let E be a complete metric space and let f,:E¥—~FE be a sequence of
functions such that:

(3) Ad(fo (g tys oo s ug)y fo (s, oo s uge))) < g d (1)
+ o d Uy, uy)+ - - -+ g d (U, ugs)
4 d(fpi (uy g, oo, ug), fo (g tty, ..., wp))<a, (n=1, 2,..)
where ¢q, q,, ..., q; are fixed non-negative numbers such that gq,+q,+ - - -

+qr<q<1 and the series > a, (a,>0) is convergent.
v=0
Clearly, conditions (3), (4) imply the condition (1) and therefore every
sequence defined by

Xpik=In (Xn, Xpi1s oo s Xpig—) (n=1,2,..))

where the functions f, satisfy (3) and (4) is convergent and lim x, is the

unique solution of the equation x=f(x,x,...,x) where f(x,x, ..., x) is
the function to which the sequence of functions f,(x,x, ..., x) uniformly
converges.

Proposition 4.

Let R be the set of real numbers and let f:R¥1—>R be a function
such that

(%) ]f(ul,uz’ o U, X)—f (U Uz, o Uk Y) |

<G luy—ty |+ o Qg up—upsy |+ x—Y|
where ¢, q,, ..., q; are non-negative fixed numbers such that g, +¢g,+ - - -
+qr<g<l.

Let the sequence (x,) satisfy the condition

Xn+k =f(xn,xn+1, oo Xpip—y, by) n=1, 2,..)
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(elements x; x,, ..., x; are arbitrarily chosen), where
{a) f satisfies (5)
(b) the sequence (b,) is monotonic and limb, =4 (A is a finite number).

f -
Then: (i) the sequence (x,) converges in R
(i) the equation x=f(x,x,..., x,4) has the unique solution
x=Jim x,.

Putting g, (w15, ..., ) =f(uy, 4y, ..., 4y, b,) it can easily be seen that
the sequence of functions g, satisfies the condition (1) and that, therefore,
ga (4, ... , u) converges uniformly to g(u,u, ..., w)=f(uu, ..., u, A), which
means that the sequence (x,) has properties (i) and (ii).

Example 2.

The sequence (x,) given by

1
xn+2=*‘xn+'l”xn+1+1+”“1” (n=1, 2"“)
3 2 n

converges to 6.

Clearly, the function f(x,y,2)= -éwx + ;« y+z satisfies the condition (5)

1. . .
whereas the sequence b,=1+-— is monotonic and lim b,=1.

n e 00

Proposition 5.

Let E be a complete metric space and let g,: E¥1—FE be a sequence of
functions such that

6) d(gn(uy, ty, Uy« oo 5 Up)y Gy (o, 1y Uss o Upyy))
<qd (@ w)+ g d W us)+ - -+ qp d (g, Uge) + apy
where ¢, ¢,, ..., q; are fixed non-negative numbers such that g,+g,+ - - -

+qp<g<l and the series > a, (a,>0) is convergent.

v=0
Furthermore, let f,: E»—>E be a sequence of functions defined by:
(7) fn+k(“1,u23 ere s Upaunn 9u?3+lc)
= &n (Un+ke, frsk—1 U1 « o s Upag—1) s o oo s Sn Uy o0 o s Un))

(n=1, 2,...) where the functions f{(u), f,(u ), ..., fu(uy, iy, ... ,up) are
arbitrarily chosen.
Let the sequence (x,) be defined by the following equality:

Xpak = Susr—r (X1, %25 < 5 Xpsr—y) (n=1, 2,..)
(the element x; is arbitrarily chosen).

11 Publications de I'Institut Mathématique



162 Jovan D. Kegkié¢

If the conditions (6) and (7) hold, then:

(i) the sequence of functions g, (u,u, ..., u) converges uniformly to a
function g(u,u, ..., u)

(if) the sequence (x,) converges in E

(iii) the equation x=g(x,x, ..., x) has the unique solution x=Ilim x,.
n—oe
Denote g, (u, uy 4, ..., ux) by Gp(u;, u,, uy). Then the functions G,

satisfy (1) and the sequence (x,) is defined by the relation:

Xpik = Gp (Xpsk—1, Xnk—2> - -+ 5 Xn)s

and, therefore, according to the Theorem, the above proposition is true.

Example 3.
Let
_ 1 o A S
X1 = X 2(x2+x3+ +xn)+2!+3!+ +n!
Then:
Six)=x,
Juer (X1, %5 ooy Xpar) = 8nor Ky, Jo (51, %25 -+ Xg))
and Xpe1=Jn (61, %55 ooy Xp)
where gn (X, ¥) =y—<i—i)x
2 n!
The sequence (x,) converges to 0, since
| 8n (x,%)—g (yy)l<ilx R Loy
S P " (a—1)!

and O is the only solution of the equation x——-ix.

I wish to thank S. B. Pre§ié, who guided me during the preparation of
this article — first by drawing my attention to the problem in question, and
then by reading the article in manuscript and giving me a number of valuable
suggestions.
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