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1. Let R be the additive group of real numbers with an additional
element —oo such that (—o)+a=a+(—®)=—o, —ow <a for any real

number a. Let 4= (ay), a; el/i, B=(by), bu Ef& be mxn and nXx p matrices
respectively. We define 4 « B=U=(uy) as m x p matrix such that
Uy = mjax (a;;+byu).

A
The operation « is associative. If C={(cy), ckxr ©R is p x g matrix then (i, r)-th
entry of 4 « B« C is

max (a;;+ b + Cxr).
ik

In the sequel 4=(a;), a,-jefi is a fixed n xn matrix. We set
AxsA=2 4+ A, Ax A+ A=3 +« A,

@ (4)=maxay;.
i

In [1] the problem of asymptotic behaviour of p(k » 4) as k-—+ o0 was
raised. We shall prove that w(k « A)=ak+b, where a is fixed and b, is
bounded.

2. A path P is a sequence P=(iy, i;, ..., I;) of integers taken among
1, 2, ..., n. For this path P we define

1(P)=a, c(P)=a,~0,,~l+a,~,,,-2+ cee +a,~a_1, iqe

A path P=(iy, iy, ..., iy) is simple if iy # i; for k#j. A simple cycle is a
path Z=(i,, i,, ..., i) such that ij=i,, ix #i; for k#j otherwise. For any
simple cycle Z we define

e (2) =5 (D)/1(2).
The number of all simple cycles Z is finite. Therefore there is a simple cycle
Z, such that
gg=¢(Z,) =maxe(Z).
V4
We shall write [,=1(Z,).
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If ¢,=—o0 then e(Z)=—o for all Z. If [(P)>n then P contains
some Z as a subsequence, which implies that o (P)=—o0. Hence, w(k « 4)=
=—oo for k=n.

Now we assume that e,>—oo. Any path P can be decomposed into
simple cycles and a simple path. For instance, let =35 and P=(3,2, 1, 4,5,
4,5,2,4). This path contains the simple cycle Z,=(5,4,5). After deleting
(5,4) from P we get the path (3,2, 1,4, 5,2,4). This path contains the simple
cycle (2,1,4,5,2)=2Z,. After deleting (2, 1,4, 5) we get the simple path
P,=(3,2,4). In this example we write P=Z,+Z,+P,. We notice that this
decomposition is not unique.

In the general case we have

P—kZ+ - +kZ+P,

where k,, ..., k, are positive integers and P, is a simple path. We must have
I(P)<n. For I(P)=k we get

k=k1(Z)+ - +k1(Z)+1(Py).
‘We obtain
c(P)=kio(Z)+ - +kos(Z)+a(P)

=k 1(Z)e(Z)+ - - +k1(Z)e(Z)+c(Py)
el 1(Z)+ - - -+ I(Z)]+0(Py)

=gy (k—I1(P))+0o(P)

<key+ M,

where M, is a constant independent of k. Since g (k » A)=maxc(P) where
max is taken over all P such that /[(P)=k we get

w(k « A)<keo+M,.

If k==ml,+p where m and p (<)) are non-negative integers we take
P=mZ,+ P, where P, is a part of Z, and [(P,)=p. Then

wk « 4) =0 (P)
=mo(Zy)+o(P,)
=mlyey+ 6 (P,)
=ke—peg+0(P,)
=ke—M,
where M, is a constant independent of k.
We have proved the following
Theorem. If cy= —oo then p(k » A)=—o0 for k=n. If ¢,>—o0o then
keg—M, <p(k «» A) < ke+M;, (k=1,2,3,..))

where M, and M, are constants independent of k.
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3. An example. Assume that 4 has the following form

i — oo 0 —o0 —o0 .- — 00 ]
— 0 —oo 0 —o — o0
— 00 —00 — oo 0 — o0
A=
— 0 —0 —0o — 00 0
L g a, as ay ap_|
If we set
Z,=(1,2,3,...,n—1,m1),
Z,=(2,3,...,n—1,n2),
Z,=(n,n),
then
c(Z)=—T— (r=1,2,...,n).
ntl—r
For all remaining simple cycles Z we have €(Z)= — oo. Hence,
ar
g, =max ——— .
r n+l—r
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