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SOME INEQUALITIES WITH CONVEX FUNCTIONS
M. Marjanovié, Beograd
(Communicated September 4, 1966)

Starting with an elementary inequality in 1., an integral inequality is
proved in 2. and can be considered as a special case of inequalities treated
in [3]. This inequality is used as lemma in proving Karamata’s inequality
in 3. ([2] and [1]) as well as a somewhat sharpened form of Steffensen’s
inequality ([3] and [1]). Note that our proofs are not only much shorter but
show that these two inequalities are related being both the easy consequences
of the inequality from 2.

1. Let {a,} and {b,} be two finite sequences of non-negative numbers
such that

a+a,+---+a,=b +b,+ - +b,, v=1,2, ..., n—1
a+a,+--+a,=b+b,+---+b,
what is usually written as {a,}>-{b,}.

increasing
Let {a,}>-{b,} and let {a,} be a [

7 sequence of numbers, than
decreasing

n

z <
S ocvav[ S a,b,.
v=1 > v=1
Proof. Let {«,} be increasing, then from
(al_b1)+ Tt +(an_bn)=0’
it follows that
%n (an_bn) + 0, Gp—y = 0,

where o,_,=(a,—b)+ - -+ +(a,—,—b,—,). Since ¢,_,>>0, we have
Oy (an_bn) + Kp—1 (an—l_bn—l) + Op—y O-n—2< O,

where o,_,=(a;-b,)+ - - - +(@,—,—bs—,). Continuing in this way, we get the
above inequality. When {«,} is decreasing the proof goes similarly.

2. For two non-negative functions g, and g, defined on [0, a], we write
g>-8, to denote that

fgldt> fgzdt and fgldt= fgzdt, (x<€[0, a])
0 0 0 0

Now, we can prove the following:
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increasing

If f is integrable and { on the interval [0, a], then

decreasing
a < a

= dx.
0ffglarx[> 0ffgz x

Proof. Let us put G;(x)= fgr'(t)dt, x€[0, a] and ©=1, 2. If fis a
0

step function which takes the value «3 on the interval[x:, x:,1], then

of"fgl dv=3 516, (x120)— Gy ()]

and in virtue of 1., when f is increasing

[ fridx <>, ailG,(xi4)— G, (x:)1= [ fa, dx.
0 0

So, the above inequality is proved when f is a step function. Since the set
of step functions is dense in Ly, ., the inequality holds for arbitrary f.

3. Karamata’s inequality: Let {a,} and {b,} be monotonously decreasing
and such that {a}>-{b,}. Let f is a monotonously increasing function on
[0, a]. Let us put

A =3 m{l0, ANO, &}, BE)= 3 m{{0, N[0, 5]
v=:1

v=1
(mS is the measure of the set S). Then
AW<B(),  A@=-B@)
and 4’ (x) and B’(x) exist everywhere except in a finite set of points. So by

the inequality in 2,

*) [ fdAx)> [ fdB(x).
0 0

Putting F(x)= f fdx, where F(x) can be an arbitrary continuous convex func-
0
tion when f is arbitrary, we get

-1 ay

[fddx)y=n [ fax+@m—1) [fdx+---+1, [ fix
0 0 a,

az
=F(a)+F(a)+ -+ F(a,).
Now the inequality (¥) can be written as
F(a)+F(a)+---+F(a,)=F(b)+F(by)+ - +F(by),
what is known as Karamata’s inequality.
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4. Let 0<g(x)<<1 and f\ on [0, a]. Then
ffgdxéF(fgdx)
0 0

where F(x)= [ f(2)dt.
0

a

Proof. Let ¢c= fgdx, then 0<c<a and let

0
~ (1, x€[0, ]
8 () {0, xE€le, a]

Since g>-g, we have by 2.,
[fax= [ fedx> [ feax
0 0 0

what is Steffensen’s inequality.

Now we state and prove somewhat generalized form of Steffensen’s
inequality:

Let g(x)=0 and f on [0, a]. Then

a ely
[ fedx<x [ fix,
0 0
where v =sup{g(x); x<[0, a]}.
Proof. Let
Y, XE [0, —c—]
~ Y
8= s
0, xe[i, a]
5 Y
then g>-g.
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