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Let E, be the n-dimensional Euclidean space of points or vectors (¢,, &,
., 1) t, real. Let C be any set in E, and let T denote any general linear
transformation of the form:

n

’

Xi= Zaijxj+a,-, n+ye l=1,...,n.
=1

We shall denote by T(C) the set of points of E, which are the transformed
points of C under T.

In a previous paper [4], among other results, the author has proved the
following theorem: Let 4 and B be two closed bounded sets in E, having
positive measures. Let p be any positive integer. Then there exists a sphere S
in E, such that if A, %,,..., A, are any vectors in S, then the set of points £
such that £< A4 and £+2. & B, (r=1, 2,...,p) is closed and is of positive
measure.

If T,(r=1, 2,...,p) denote the transformations of translation, viz.,
Xi=Xx;4aj, (i=1,...,n), then it is clear that the conclusion of the above
theorem depends on showing that the set such as X=ANT;(B)":T,(B)N...
M T,(B) is a bounded closed set of positive measure.

It is now natural to enquire whether the set X as defined above, still
remains a closed set of positive measure if one replaces T, by a suitable
general linear transformation of the form:

n

‘ z r r . i—1

Xi= aij Xj+Qijsntqy 1=1,0.., 0
i=1

In this paper we have been guided throughout with this consideration
and we prove here some theorems which generalise some of the results of [1],
[21, [31, [4], [5], [6], [7]- It may be noted, however, that the methods of
proofs adopted here differ considerably from the proofs of the corresponding
theorems in the particular cases.

In this connection we mention here a well-known result [8, p. 162] viz.,
if C is a2 Lebesgue measurable set in E, and T any nonsingular linear trans-
formation in E, then T(C) is also Lebesgue measurable and m {T(C)}=|D|m (C),
where |D| is the absolute value of the determinant of the transformation and
m (X) denotes the Lebesgue measure of X. Throughout the paper we shall
understand by sets, the sets of points or vectors in E,.
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Notations: (i) Lebesgue measure of any measurable set X will be denoted by
|X|; (i) by K(c,p) we shall understad a sphere in E, with centre ¢ and radius.
p; (iti) if 4 and B are two sets, then A/B is the set of points of 4 which
are not in B; (iv) if SCE,, then S'=E,/S; (v) the distance set of two sets 4
and B is the set of all nonnegative numbers |[x—y|, x€ 4, y€ B; (vi) A—B
denotes the difference set of 4 and B, i.e., the set of all vectors a—b with
ac A and beB.

Theorem 1. Let 4 and B be two closed bounded sets having positive measures
and p be any positive integer. Then we can find a positive number M >0,

3 (>0) and p vectors y.k=(oclf, ks oc'{, g o e v oc’,ﬁ, n+;) such that if Tj, k=1,
2,...,p) be any linear transformations given by

u

’ k k R

Xi= Zaiin+ai,n+l, l=1,...,n
j=1

where
1 k_q,_ 8
¢y l<a”<1+(M+1)n" il
s L j=1;...,1m
2 0<“”<(M+1)n’ I]

then the points & such that £ € 4 and T;:1 E€B, (k=1,..., p)form a closed
set of positive measure.
Proof. Since A and B are of positive measures, there exist two closed spheres.
1

5
K,=K(a, ) and K, =K (b, 5), where s=( 4 1) r such that |K,/A| <¢ K, and
p+

|K,/B|<c¢|k,|, where

1
———[8, p. 156].
2p2+2p+1[ ]

O<e<<

Since 4 and B are bounded, there exists a sphere K (0, M) which contains
both 4 and B. We choose § such that

Ty SO su .
' 201l p2(r+1)
Let TX and T be the transformations given by
Tll(:}izxi'*‘b;'ca n+1
, _ i=1,...,n k=1,...,p
TS :x;= Zlaf-‘,-x,-+a§‘, n+1
i

and satisfying (1), (2).
and the vectors (blf, st s w0 bﬁ,,,ﬂ) EK(C, ?) where a—b=c. Also, let

C.=TE T (K,NB) and C=K,NA. We shall show that |X|>0, where X—
=CNC,NCN-..NCp.

If x' be the corresponding point of x under T% then from the condi-
tions imposed on the elements a¥ it follows that |x—x'|<d. So, C,CK,,
(k=1, 2,..., p). We suppose that TS T Ty, then Cp=T, (K, B).
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If D, be the determinant of T, then Dk>1—z i, j, Aigjs. . Biips where the
. .1
summation contains ?n! terms.

Again, it can be verified that any term of the above summation satisfies
the relation

3 n-2 3 3
Aipjp+ » « ai,j,<(1 + ) . . .
(M+1Dn M+Dn (M+Dn
! n—2 2
So, Dk>1—’i<1+ 2 ) 9
2 (M+Dn (M +1)*n?
>1-2%n!d
r—s
2p%(r+1)
292

Now, |X|>|K,|—[|C} |+|C2+ -« 4|Cy+1{C’|, complements being taken
w.r.t.K,. But |C’'|=|K,/4| and

(Chl =KD+ D Kool <K (1 5 U1 = Kol

So, (X1 =D K, [=pIKa] 5 1Kl (p— L) Kl Kl =
K|~ 1|K, |+—lK2f+(p—7) Kofal + 1Ko/ a1l
>mr—mw-;m+ LA NPSINTS
2p

>0, since O0<e<

2p?2+2p+1

If £<X, then £ €K, 4 and £ T, (K,NB), i. e., £ dand T:'tcB,
(k=1,...,p). Thus the set of £ such that £ € 4 and T;:lﬁeB is a closed
set of positive measure.

Corollary 1. If aﬁzl, i=j and a;‘,-:O, i#j for k=1,...,p then we
obtain theoreml of [4].

Corollary 2. If A=B,a=b andbf-‘,,,ﬂ:O, i=1,...,n;k=1,...p then we
obtain theorem 1 of [3].

Corollary 3. If af-‘j:l, i-=j and af-‘j:O, i#jfork=1,...,p and A=B,
a=>b then we obtain theorem 1 of [1].

If a=1, i=j and a%=0, i#j for k=1,..,p and A—B but a#b, we
obtain the following

Corollary 4. Let A be a closed bounded set having positive measure.
Let p be any positive integer. Then there exists a sphere S (with centre diffe-
rent from the origin) with the following property: if A, A,,...2, are any
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vectors in S, then the set of £ such that £ 4 and £+M &4, r=1,...,p, is
closed and is of positive measure.

Corollary 5. If n=p=1 and a§= 1, i=j and a,, 0, i#j then we obtain
a result of [5] which is an extension of a theorem of Steinhaus [7] that the
set of distances of two sets with positive measures contains at least one whole
interval.

Corollary 6. If 4 and B are two bounded sets of positive measures,
then the difference set 4—B contains a sphere [2, 6].

Theorem 2. Let 4 and B be two closed bounded sets of positive measures.
There exist a positive number M and linear transformations

n
Tgk:x;~= ‘Zlaff;x,-juaﬁ‘, s i=1,00,m k=1,2,...
=

where the elements af-‘j satisfy the relations (1), (2) replacing § by 3, such that
if {\), 2>0 be any null sequence, there exists a subsequence {A.} of {i}
and a point £ < A4 such that TA;;EEB, k—t1>2....

The proof of the theorem follows in the same lines as the proof of
Theorem 2 of [4].

Theorem 3. Let 4 and B be two closed bounded sets of positive measures.
There exist a positive number M, a null sequence {u,} and vectors (b1, iy, ---
bn, a+,) such that if {5,} be any null sequence satisfying

. 1
0<3,<“min [;L,, —m—]
PASRERS |
and Ts, is the linear transformation
Z a;x;+b; nis d=1,000,n
=
where
3
1 < 1+ r i=j
G G e T
5, i, j=1, ,
0 i
S Ty

then the set of points x such that x &€ 4 and Tg_rl xXEB, (r=1, 2,...) forms
a closed set of positive measure.

Proof: Since A and B are of positive measures, there exist two closed
1

spheres K, — K (a, r) and K, == K (b, s) where s - <—£—>nr such that |K/,i<¢|K,|

p=1

! ‘ ‘ 1
and K/p|<e|K,!, where 0o —— Let 4,-K NA and B =
2 p? +2p+1

=T, (K, B), where T is the translation given by 7,: x,—x,+>\, =

,,,,,

A= M, )& K(c, —Z—S) and ¢=a—»b. Then, as in theorem 1, it follows

that 4, N B, is a closed set of positive measure. Let ¥ — A,N B, be contained
in an open sphere K(0, M).



On Measurable Sets Under Certain Transformations 59

We first show that there exists a positive null sequence {u,} such that

and Ts, is the

if {3,} be any null sequence satisfying 0 <3, < min {p,, ET]
nrril gl

linear transformation

n
oL r r .
TS,--XI': zlaiixi+ai,n+p i=1,...,1
]:

r 8’ ) .
where l<aj<l+————, i=]
(M+1)n
r 3,
and O<aj<———, i#
(M+1Dn

then the set of points x such that x& Y and T;r x&cY,(r=12,...) forms
a closed set of positive measure.

As shown by Kestelman [1], we may define a sequence of open sets
{U,} such that U, DU, D U; D ...

) I~ ‘ » Y
YZI:I]U, and Zl{{ U,;—{Y{}<L2_',.

If 1, (>0) be the distance between Y and U, (Complement of U,), then
obviously {g,} is a null sequence of positive numbers. We choose the number

3, (>0) such that §,< min [p,,, Fl‘“_"'] so that {3,} is also a positive null
n4-r n'

sequence. Let C, = Tér (Y). If X’ of C, be the transform of a point x of Y under
T;r, then it follows from the condiiions on the elements aj; that X —x <8,
<. So, C, — U, for every r.

Let Z=C,NGC, ... C T

T -

If £ < Z, then £ < C,, for every r. 1. €., T; E< Y for every r and 1£—T;ri‘
—1

<3,. So, It Tér £=%. Since Y is closed, so £ Y. Hence Z is the set of

r—w
{

points £ of Y such that T;;r 2.2 Y for evcry r. Also since each C; is closed,
Z is closed.
Now Z-C, ~C, Cy

U, =S U, ~U,+U,~C)
r=1

~v—35 W, -C.

r=1

Therefore, |Z|> Y, — S (U —IC )
2 |

r=1
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We can show, as in theorem 1, that if Ds, denotes the determinant of
the transformation T’s,, then

D5, > 1—3, (2" n!)

1

r=1, 2,...
2r+1’ b L

>1—

So, |C,|=Ds, | Y| >|Y|— R4 and therefore,

2t
U j—[C,| <0, —| Y]+ 4 1L
| | St
o3 § ;
Therefore, §Z§>§Y§__ 2 {;Uri__%yHii_r_)_}l}:
r=1
Y a
=L§i— > AlU—|¥]}>o0.
ret

Now, £c Z implies £€ Yand £ C,, i. e, €4 and E€ T; (¥). But

~1 —1
Ec Ts, (V) implies Ty Ec ¥, i. ., Ts, £< B =T, (K,N\B.

Hence, (Téy Ty *EcB
—1
Therefore, Ts, E€ B, where T s T = Ts,.

Thus the set of points £ < A and T; £ & B forms a closed set of positive
measure. This completes the proof.

Corollary If A=B and a=b we obtain theorem 3 of [3].

Theorem 4. Let A4, A4, 4,,..., A, (m>1} be closed bounded sets
having positive measures. Then we can find a positive number M, a number

3(>0) and vectors (alf, niq s ..,a’,ﬁ,nﬂ) such that if T§ be any linear trans-
formation given by

n
T{;‘:x',-= Zaijxj +af~c,,,+1; k=1,...,m—1 and satisfying (1), (2),
j=1 :

—1
then the set of points £ such that £ < 4 and T§ Ecdy, k=1,...,m—1)
is a closed set of positive measure.

Proof: Since 4 is a set of positive measure, there exists a closed sphere

I'=K(a,rysuch ['N4 [> (1 — ¥, where |I'l=vy. Similarly, there exist

i

=

closed spheres I', = K (a;, s) such that kaﬂAk§>(} — )yk where [T

4(m—1)

—ve» (k=1,..., m—1) and s=<1_2i>"r.
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Since the sets are bounded, there exists a sphere K (0, M) which contains
all the sets 4 and A4;, (i=1,...,m—1). We choose -such that

< r—s
27nl(r+ D (@m—5Q2m—1)

Let c,=a—ay, k=1,...,m—1. Let the transformations T} and T, be
given by

0< 3

Tf:;iz‘xi—kck, k=1,..., m—1
n i—l, [
s _
T,:x;= Zla,-,-x,-
]:

3 N
where 1 <aij<1 +‘WT)"’ 1=]
_ N i i, j=1,...,n
M+Dn "7

Let X=T'NA4 and X, =T, T, T,NA4), k=1,..., m—1. Weput T, T)*=
= T% so that X,=TE (N4, k=1,..., m—1. We show that |¥|>0, where
Y=XNX,NX,N. . N Xy

If x’ be the corresponding point of x under T, then-from the conditions
imposed on the elements a;;, it follows that |x—x'|<3. So, X;CI, k=
=1,..., m—1.

If Dy be the determinant of 73 then, as in theorem 1, we see that

D8>1—2"n!8
>1— ! .
(4m—5Q2m—1)

0<aij

Now, |Y|>y—[|X’| FX A+ ]X:,,_ll], where the dashes denote comple-
ments . y.t. I

1 1
4(m—1))Y_4(m—1)Y

But 1X'|<Y—(l—
and X; D (1-——1#—> k=1 1
I k|<Y— 8 4(m_1) Yk =1,...,m—

vzl

B [1_D8(4m—5)(2m——1)].

4(m—1)-2m
“Therefore, X3+ - -+ [ Xomei]
<y[(m——l)—D8(4m_5)(2m_l):|
8m

<Y[(m—-1)—(4 m—5) (2m—-1)+i]-

8m 8m
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Hence, IY|>Y|:1———l%—(m-—1)+(4m_5)(2m_1)__1_]
‘ 4(m—1) 8m 8m

If E€Y, then E€I'NA and & € T (T4, k=1,...,m—1.S0, Ec 4
-1

and T’a‘ Ec 4y, k=1,...., m—1. This proves the theorem.

In conclusion, I offer my sincere gratitude to Dr. B. K. Lahiri for his
kind help and suggestions in the preparation of the paper.

Hooghly Institute of Technology, West Bengal.
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