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Definition 1. Let u={t|]0<t<1}, v={0,1} and let these sets be
ordered in the natural way. Put
P={[0,1]}@ ) ®{[1,0]},

where @ denotes Birkhoff’s ordinal sum and o Birkhoff’s ordinal product
([1]). The set P is a chain with respect to this ordering. The split interval is
P together with the interval topology with respect to this ordering.

Analogously as in [2] denote
P —{[E 1][0=E< 1],
P-={[E, 0] 0<E=1},
M(A)={x|[x,0] € 4, [x, 1] € 4},
Mt(A4)={x|[x, 0] €4, [x, 1] € 4},
M~(4)={x|[x, 01 € 4, [x, 1] & 4),
for ACP.

Furthermore, denote by It the system of all infinite sequences of natu-
ral numbers. By an open interval in an ordered set X with the smallest element
o and the greatest element i we understand a non-empty set {¢|? & X, a<t< b}
or{t|te X,ost<byor{t|tcX,a<t=sijyor{t|tc X, 0=st=<i}=X, whereac X,
b < X. The elements a,b or o0,b or a,i or o,i will be called the end-points of cor-
responding open intervals.

Definition 2. Let M4 o be any system of sets. Assign to every
finite sequence of natural numbers (1, ny,..., M) & set Myy, nppeeey me € M.
Put for any infinite sequence v=(n;, n,, ...) of natural numbers

Mv= Mn1 ﬂ M"l’ nzm Mnl, Ny nJm‘.., .

Then, the set Z=UM, (v A) is called a Suslin set upon the system M.

Prof. K. Koutsky showed in his lecture [2], at the conference on ordered
sets in November 1963 in Brno that sets P* and P~ are not Borel sets.
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D. Kurepa put then the question, whether these sets are Suslin sets. In this
paper, there is shown that the sets P+ and P~ are neither Suslin sets upon
the system of all open sets nor Suslin sets upon the system of all closed sets
of the split interval P.

Lemma. Aset 3#ACPis openif A= yl,, where I, are mutually disjoint
g 1sn?a

open intervals in P and I1<a=So.

Proof. The sufficiency of this condition is clear. Assume therefore
that @#4 S P is open. Clearly @ #M (A) is an open set in J={t|0=<t=1},

hence M (4d)= uJ,, where l1<a<w and J, are mutually disjoint open inter-
1<n<a
vals in J, hence J,= {t[a,,<(s) t<(<)b,), where 0<a,<b,<1. Denote

L=({E 01 |E € T} U{lE. 11| E€ J, }U{[a,,, 1], [b., 01}) N 4. I, are disjoint open
intervals in P for lSn/oc and I .

Let [a,1]€ 4. As A is open in P, there exists a real number b such
that a<b=1 and {t|a<t<b)}CJ,. Then there exists a natural number n,
such that {t|a<<t<b} C I, This 1mp11es [a, 1] € I,,. Dually it holds that for
[a, 0] € A there exists a natural number n such that [a, 0] € I Thus yl,=A4.

asn<l1
Theorem 1. Let A C P be a Suslin set upon the system of all open
sets in P. Then card M+ (A)+card M- (4) < N,.

Proof. Let AC P be a Suslin set upon the system of all open sets
in P. Then to every finite sequence of natural numbers (m, ..., n;) there
exists an open set M, . ., such that A=yM,(v&N) and for v=(ny,n,, ...)
we have M,=M, "My, n,N.... According to Lemma for every finite sequence
of natural numbers (ny, ..., n;) we have My, . =@ or My, .= ™™,

1<n<2wnmy, .., Bk

" are mutually disjoint open intervals for

where 1 <o,  n = and I,"
1§n<am,.... nk-

If My, . n#9, denote K,, . . the set of all end-points of intervals
Ieeork l<n<ap, nge If My, . o=@, put K, n=@. We have card
K, ,,k_xo Denote K=y K,, where » runs over all finite sequences of na-
tural numbers. Then card K< N,

Let a & M+ (A4). Then there exists v, € R, vo=(n], 3, ...) such that[a, 1]€ M,,.
As [a, 0] & A4, there exists a natural number k such that [a, 0] €& M,,t;m_’ "
If a=0, then [0,1] € K0 . If a#0, then [a, 0] € K, o . e Hence card M+

(4) £ card K £ §N,. Duaﬁ&r we have card M- (4) < xo
Theorem 2. Let A C P be a Suslin set upon the system of all closed
sets in P. Then card M+ (A)+card M~ (4) <N,

Proof. Let A C P be a Suslin set upon the system of all closed sets
in P. Then to every finite sequence of natural numbers (n,, ..., n;) there exists
a closed set M, such that A=yM (vEN) and for v=(n, n, ..) we

» Mk
have M =M mM'm m oo PUt My gy =P — M’ \my..m fOT every finite
sequence of natural numbers (n,, ..., ;). The sets M,,, .m are open and de-

fine the set K in the same way like in the proof of Theorem 1.
Let a € M+ (A). There exits v, € N, vo=(n}, nj,...) such that [a, 1] e Ml
As [a, 0] & A, there exists a natural number k such that [a, 0] ¢ M,,o, o no, If
1k

vees
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a#0, then [4,0] € Mo ,, [a,1] ¢ M, .. From this follows [a, 1] € K in
1.0k Ut T
the case that a#0. Hence card M+ (d)<card K+ 1<, Dually we have
card M~ (4) =N,
From Theorems 1 and 2 there follows

Theorem 3. The set P+ and P~ are neither Suslin sets upon the system
of all open sets nor Suslin sets upon the system of all closed sets of the split
interval P,

Note. Professor B. Kurepa (in his letter to me) has put the problem
whether the sets P+ and P~ are projective.
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