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1. In a recent paper [1] Carlitz has considered a set of polynomials
A® (x) such that

(1.1) 2 AM x) PG ()= 0, (n>1)
r=0
AP (%) =1,

where P(:) (x) is the ultraspherical polynomial of degree s, defined dy
(1.2) A=2xt+™ = > ¢ PP @),
n=0

Following the same plan, R. P. Singh [2] has considered a set of polynomials
A™(x, r, p) such that

(1.3) 2 AP n ) Lo v p) =0, 0> 1)
A(g} (xr r, P) = l’

where 1/% (x, r, p) is the generalized Laguerre polynomials defined by
—aepx’

(o X
(1.4) LY (x, r, p) = ~—

D" (xa + ne—pxr)

For the polynomials A/® (x, r, p) we mention the following properties

r

(1.5) S AT p) = (140) = explp XA HD ~1)

—a—n—1

(1-6) A(:) (x,r,p)=L" (x’r’—p)
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~px" yatntl

(1.7) A(x,r,p) =" T Drreter )
=, (n+k) "

s C0 a2t
n=0 - -

= (L4 gy ok or s (AHD1 5 AP (14Q) x, 1, p) .

Here we like to point out that LY (x,r,p) will be a polynomial of degree
rn, provided r is a natural number. For this reason, one of the authors [3]

of the present paper had already used the notation T (x, p) defined by
(1.9) T (x, p) = L' s ook pon (b gorst ),
n!

and generated by
(1.10) S TR p =1ty exp[pxk{1—(1-1)*}]

Throughout this paper, we shall use the notation T 2",‘,’ (x,p) instead of
L™ (x,k,p). Also in the definition (1.3) of 4 (x k, p) we shall use the

notation Ak,,)(x p)-
The object of this paper is to point ont that a simple comparison of
the result [4]

(1.11) S T ey =1+ Drexplp {1 —(1 + 14
n=0

with (1.5) implies

(1.12) AR (x,p)=Tix""""" (x,~p)

which can be considered as the definition of A%a(x,p)

Using this definition, we shall deduce properties of 4 §v(x,p) some of which
are not mentioned in [2]. It is interesting to note that (1.3) i.e. (2.1) is a
consequence of the two generating functions (1.10) and (1.11).

2. In terms of our notation, (1.3) is stated as follows

2.1 AQxD) TG (x,p)=0, (n=1)

r=0
® (x.p) =1
we shall first show that 4% (x,p) =TG5, satisfies (2.1). For this, we men-

tion two generating functions of Chatterjee [3], [4].

(2.2) S TQ@p) =1 -~ texp[px*{1—(1-1)~*)]
n=0
(2.3) S TE @ pr= (1 + rexplpx {1- (1 + 0]

n=0
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Now we shall prove that

1= 5 © Z Tir ™7 (%, = p) TR (%, D).

n=0 r=

For, the right member is equal to

2rTET =9 3 T ()
=S T T —p) (=D === 1=rexp[pxk {1 (1 — 1) )]
r=0

=(—elexplpt (1=(1=04] 5 (5) 76" —p)
which stands thus
(I=n=*lexp[px*{l1—(1 —t)"‘}](”é)_a_lexpl—z’x"{"(”1’?) }
=(1—f)-a-terx® (1-0-07F} (1 _pya+1 ok {0k} _
Moreover a simple comparison of (1.5) and (2.3) implies at once
@49 A8 6 p)=Tix" ™" (x,—p).

Again for the generating function of A% (x,p), we may notice that

S A2 - S TE (x—p)en

n=0 n=0

%0 n b

_ Le—Apxk x*+1+n pn (x—a—l epxk)

iy H!
t
_xa+1exp[ ka] z (x ) Dr (x—a -1 epxk)
n=0 n!

Now by Taylor’s formula we know

S (x P b ) =1 x (14 0).

n=0

It follows therefore

(2.5) > AR (x, p) 1= xo+1 e (x(1+1)}-o1 ep =* (pk

n=0
=(L+tyeters [(14rf—1),

which is evidently (1.5).
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In this connection, we may prove the following generating functions:

(2.6) S AE (x, p) (k1) = (1 =ty ers {0=0" 1)
n=0
2.7 “2 AS2" (x, p)(x1) =
VT e\ ! (1= ViTaEr |k
—(l—4x1)T (l V;ﬂ”’) e”{(l )

It may be noted that (2.6) follows easily from (2.4) and (2.2). Next to
prove (2.7) we require Lagrange’s expansion:

_FQ < pe "
(2.8) e ®) > —~ D {(® (x)- F(x)}
where C=x+t® (%)
Now
(2.9) S 4G (% p) o
n=0

:xa+1 e—pxk i _t_n_' Dn {x2n ,x—a—l _epxk }
n=0 1

In (2.8), let ®(x)=x2, F(x)=x"2"1e?*, thus we have

L=x+102 ({t1<i)

4x

so that {=(1— [/1—4xt)/21, because this root tends to x as ¢t — co. It therefore
follows from (2.8) and (2.9)

S AG=2n (x, p)(x 1)
=0

n

e e I

2xt

(1r|<f;)

In [3], we notice that
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(2.10) [] D—pkx*+a—j)¥

Jj=1
—n! z — TG (e p) DT Y

where Y is any sufficiently differentiable function of x. Changing « to
—a—1—~n and p to —p, we derive

H (xD+pkxt—a—1—-n+j)Y

j=1

—n! z -—T( ST (4—p) DY

n xr (q)
=n! Z —Ak(n—n (X, p) D" Y.
=or!
In other words,

n—1
(2.11) ] (xD+pkxk—a—1—i)Y
i=0

—n! S‘ sl A}f(’,,_,, (x,p) DY

r-—O

In particular we have

n—1
(2.12) nt AR (x. p) = H(xD+pkxk—oc—1—i)~l
i=0

Now we note some consequences of (2.12). We observe

n—1
(n+ D) ALy 1) (x.p) = (x D + pk x* — ot — l—n)n (xD+pkxk—a—1-—i)1
=0

—(xD+pkxk—a—1-nyn! A2 (x, p)
whence we obtain
(2.13) M+ 1) A5y (X, p)=(xD +pkxt—a—1—n) A2 (x, p),
a formula which Singh [2] has derived in a different manner.

Next we consider
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(m+m)! A n (x, p)
m—1 n—1
= (xD—l—pkxk—oc—n-—l—j)H(xD+pkx"—oc—l—i)-1
j=0 i=0

m—1

=[] &D+pkxk—a—n—1—jn! A% (x, p)
j=0

m xr .

=nlml Y = ALGD, (x, p) DT AR, p)
r=0 F:

which implies that

min (m, n) x’

m+n (o) a—n r g (0
m ) Ak(mim (X, p) = ZO 1 Ak %, ) D" Al (x, p)
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