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UNSTEADY LAMINAR BOUNDARY LAYER ON A ROTATIONAL BODY
WHICH IS PUT TO SPIRAL MOTION

Milan Burié
(Communicated April 10, 1963)

In this paper we shall observe the case of a rotational body which is defined
with radius of the transversal crossection r, = 7, (x) and put to §p1ra1 motion.
Namely, if we turn upon some rotational body in the plane, which is transversal
on the axis, with an angular velocity wg, which is changeable in time by law
wy tB, and if we at the same time add into direction of the axis a velocity U,,
which one changes in time by degree law U, =, then will the resulting motion
be spiral, with a walk of the spiral which will be changeable in time.

That means, that we ought to solve the problem of a three-dimensional un-
steady laminar boundary layer when

o{f) = wyth,
and if increment of the velocity on the outer edge of the boundary layer along the
contour of a rotational body is given by law
U(x, ) = U(x) Uyt

For a coordinate system which the x-axis is directed along the generatrix
of the contour of a body, and the z-axis on direction of the arc of a transversal
crossection, differential equations of the boundary layer for this motion will have
the following form

du_L ou ou  wdry oU olU 52u

M o Thox TP Tmdax —or T Vox TVape
ow ow dw  u-wor 0w
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with boundary conditions

@ u=0v=0, w=rol), y=0,
u=U(x,1), = () s ¥ = oo,

With u(x, v, 1), (vx,yr) and w(x,v,¢) in the upper equations we have
denoted components of the velocity in direction of x, y, respectively z.
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If one substitutes the stream function into the upper equations with the
expression
o o 1dn

=5 YT Tk max ¥

then the equation 3 will be identically satisfied, and the equations 1and 2 and
the boundary conditions 4 reduced to the new form

s 1dr o
(1) KEﬁvt + ‘Ly \L'xy - "Px 4’}’:}’— ,;;};ig(‘?tpyy"*_w‘): Uz -+ UUx + V‘I‘y:vy:
, \ 1 dr,
(2) wz"i‘(i"ywx-‘;’xwy%'“WP(%w_t‘I"w}*):ways
ro dx
(@) b=9=0, w=rnro(), y=0,
nyr-U(x,z), w =0, Y o= 00,

where, with indeces are denoted the partial derivatives by respective coordinates.
If one substitutes the new variable with the expression
Y
Yo
2yy L
and if one supposes the form of the stream function and of the function w

Y@y, 8) = 2Vve Uy U(x) ta F(x,9,7),

w(x, ¥,8) = 79 (x) o tB P (x, 9, 1) s
then the equations 'and 2’ will be transformed to the new form

Fomn+ 20 Fy+4a(l — Fp)— 4t Fpt+ 4 Uyto+i U'[I“F‘qg*{" FFyn] +

" ot
+ U[F Faqq— FyFq] + — U F Fyny, -{-4—9*“**—('"32{3—05-&-1@220’

To Ug U
Oy + 29 Py—4B0 — 42 D,—4 Uomﬂ{U?- [2Fn®—F®dy] +

(2!;) [

+ U[Fq®, - F, Dyl — U’F(I)n} = 0,
with boundary conditions
F=Fy=0 o=1 , =0
(4" F _;2 ’ ®—0 ’ v}ﬂ ..
= s = s N

Now, we can suppose the solution of the upper two-equations in the form
of series

) F(ry11) = Fofn) + Up 2+ { UG+ U™ Fuln) ]+

we? g7y

U, ANMARS SINC P
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() 0Con 00+ U [ U7 o s v |+
0

and get the system of the usual differential equations for determining unknown
functions. These systems have the following forms:

Fy"+20F)' +4a(1-F/)=0 , ]
F/" +20F" — 4+ 1)Fy = —4(1 —Fy2 + F, Fy") , ;
F+2qF, —4Qu+ ) F,= —4F, F," , [ A
Fy) +2qF— 428+ ) F, = —402 , J

(I);'+27;<I);~4F3(Do'=0 s
O+ 2@ —4@+at+ 1) By =4Q2F O —Fd;) .. B
O +2n®), — 4B +at 1) D= —4F 0, ,

with boundary conditions

Fy(0)=F (0)=0 , F(0)=1
Fi(©)=F/ (0)=0 , F/(0)=0 , ]
Fia(0)=F, (0)=0 , F (0)=0 , I} ce A
Fo@-Fy@=0 ,  F(=)=0 , |

0 (0)=1 ®y(0)=0 ,

®,(0)=0 > Fi(0)=0 |, -
Dis(0)=0 Fia(0)=0 .

All equations of both upper systems are the same type, i.e. the linear
differential equations of the second order, which can be reduced to Weber’s one
[2]. The solutions of these differential equations are the functions of the parabolic-
cylinder (2], and it can be reduced to Gauss’s function of the error, which is
introduced with the expression

2 o0
MO i p—— P
ga (M) I/T:F(ZoH—l)f(Y n e Vdy .

The first two equations of the system A have been solved by Watson [1] for
the case when (Ux,¢) is givenas a degree function in time, and the problem is
two-dimensional and non-spiral. The axisymmetric and non-spiral case has been
solved by R. Askovi¢ [4] so that the first three equations of the system A are covered
with his.

The first differential equation of system A4
F/"4+20F)' —4aF/=—4a ,

satisfying boundary conditions, has the following solution



48 Milan Buri¢

Fy(n)=1=2221(2+ 1) g5 (1)
from where

1 I'(z+1
Fol) =0+ 2T D @ 5 poats
12

The second differential equation of the same system

F" v 20 F) 420+ ) Fy = =2 Tla+ D (1 —w) golp) +27° 7" .

}:2((:(731/2) Eo-1 () — 2% C(a+ Dgy—r () +

f2mare g n[g o) = a4 g2 |

satisfying the second boundary condition of A4’, has the following solution

M2+ 1)

220!.—1 F( +5/) gOC—l/z (7}) +

F 11(”0) =27

P(z+1 ‘
et T s+ 2% T 1] s () ) -
3—4a 20 e+ 1)
. N s 2
gaﬂ(’ﬁ] 2 F(2m+2)|:2+21+m+2 Do +1/5) - T2 +5/2) +

LI+ 1)
2 T*a+t3y)

]g2m+1 (n) .

The third equation of the system A, which is reduced to the form
F +2nF ~4Q2u+1F = 2230 T (4 1) ga(m) — 2221 T (o 1).
© 8y (M) =282 (1) gy (1) -
Bt (n)+22°‘+1£(@—;,/1§ga Yo (),
has the following solution
P at+1)
INCELA

Ba—y (1) + 2% .

, N o
F = _22“'10(* I T(a+1) gyln) — 220—1

TGt Dgany ()= 24% +1 D (a 1) g, (1) gy (1) —24%2,

2a do+1 2o+ 1)

PR >[ 27 2w r(w1/2>r<a+5/>]g2°‘“(”)

As to solve the forth equation of system A4 we must solve the first equa-
tion of the system B. The solution of this equation for the first of the boundary
conditions B’ is

D) =2% T (B+1) g, (n).

Now, we can solve the last equation of the system A4 .
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F{ +2nF —4Q2f + DF = — 222 +1) g% () .
The solution of this equation which satisfies the last of the boundary con-
ditions A’ is
Fy (q)=2"%"1 F2<s+1>p2(7§+—3,§ 8241 ()—2%FIT@+1)
i ’ 823+1/2('f1) ’
The second equation of the system B can be reduced to the form

O+ 200 —4@iarn®=2"P 1+ TEingg()+2°F 7' TE+1)

I'(«
' fﬁaisl/igs-w FE+1) gg—1(n) ~

22@ 0 F3T@+ DB+ D) galn)gp () —
~ 2 @Hat DT+ DTG+ 1Dgg 1,801, ),

2;3+1

with the solution

i T r N(a+ 1
O () = 27 et D F(B+a+2)[; +;i - 2f+ i rgzj:‘/s F(@i—;g/zg

Me+1)TE+1) ( 229+11}—{3

I‘<a+3/2>r<@+3/2>] 8o (0 I+

—iTE+DIE+D)
T2 +5/y)

“r+1)gg )+

— 1
# 2 7 T @ D i) - 27 gy, ()~

22{3+2u+1

Plas DI+ 1)[gg('n)ga.v_1(n) n

+ 28,1, &g, (n)]-
The last equati.on of the system B can be reduced to the form
@ 1) gy () -270 7
ST B 1) gy (1) - 22B DT (B DTt 1) gy, () oy ()

5 reg+1 Foc+1
2 B+1 (BF (a)+§/) ) B_l/z(n),

1

O +270 —4@+a+ )0, =2

with the solution which satisfies the last of the boundary conditions B,

5448 B Fr@+1 ) (e )J.

24+2x 20(4—4% re+t Z)F(V‘

<Dm(n)=22@'*°‘“F(B+a+2)[
1
e () — 22 1 :ar(ﬁ-rl)go(’l)ﬂ' ZB_IOT+EF(5’:1

2B—1 F(B+1)F(oc+1)

gﬂ-l("))_z F(oc+5/) 51_/2(’7])——22(B+Oﬁ>71'

4 Publications de P’Institut Mathématique



50 Milan Durié¢

P+ DT (1) gg(n) g osr ()

For the components of the skin friction on the surface of a rotational body
in direction of x respectively y we have the following expressions

To=p Us Ux)e*] Fy (0) + Upta+1| U'F, (0) + U™ Fyi(0) | +
2Vvt To

O® To o'

I i AL OLERR

(6) T=p e Bl Dy (0) + U™ +! UZ'LQD’I(O)+U’CD’M(0) +.-e b
zl/vt To

The position of the curve on the surface of a rotational body along which
will arise the separation of the boundary layer from the contour one find from
condition t,=o0. It follows

2 r
Wo" 7o 7o

AT 2B—at1 Fipo) +-=0.
0

(7)  Fy(o)+ Ug**! [U’ Fi(o)+U :i F,, (0)] ¥
0

The first moment of separation will be denoted with ¢, and the way which
the body covers during this time

ts
U,
— o — o+l
(8 s—ont dt — it
V]

For the case a=p it follows that

(7 prH = Fo(0)

ol 1o Ty

U U

UO[U'F'Q () + U;‘l F{'a(o)] + Fi5(0)
0

and from here

(8) s= Yo . Fo©)

ot

0?79’ 7y

S — L ot -
UO[U Fi(o) + UEFla(O) + U, U Flb(o)]

2. In this part we shall observe the case of a rotational body which is put to
spiral motion by law

Ux,)=U(x) ',
ﬁt

o(f)=o0ye

If one substititutes the new variable

B P
=y |~
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and supposes the forms of functions as
T: wl
‘L’(JC,_}’, t) = V";’ U(x)e F(xs’% t) »

w(x,y, ) =1y (x) & @ (*sn,8)

then the equations 1 and, are reduced to the shape

Fopg—Fn+ 1~ i‘F‘ﬂI“{‘ é e“‘{U’(I-—-F; + FFn) + U(F, F vy~ Fn Fyx) +

. o 0’707 (3B—a)t g _
2,1 +Ur0 FF')Q?}}+ LU ¢ P2=0
22y opm-‘fo-lo .- ie«t{f—“w UQR®Fy — Fy) + U (Fydx —
o [+ 4 o ?'0

— Fx ) — U'F(Dv;} =0.

If we suppose the solution in the following form

I O L R LEXORUAC ] +

0 o0 (GBI Fy(r) + - -

@5)  Dln0=0mt e TR U OL ]y

then the upper equations will be partitioned on a system of the usual differential
equations

anf"‘“ Fg' + 1 had 0,
F"—2F/+ (1-F2+FF/)= 0,

F1;'~2Fia'+FgFo" == 0, AI
Fg},”‘”zgpzi‘i‘ (I)‘;ez 0;
o Be
e
a+fp

o, — e O, - (20 Fy) ~F 0)=0,
I
la

r o+ .
® —-;%MF(,@O =0,

with boundary conditions 4" and B'.

The first two equations of the system Aj are also in this case covered with tho-
se that have been solved by Watson [1] and the third one with that in the paper [4].

4%
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The solution of equations of both systems is found very simply so tha
it will be only induced here

Fy(g) =1-¢M>

’ -/4' -
F/)y=eV2 m 4+ (q — 1),
F () = —““’J+(y—3)en—%e2n,

Fy(n) = 2@ PR 2 VBT

%@=JW”

D, (1) = [3kk 2+k(2le)} R [(2k+1)k 2—kn} kny

— (1 +k)y

LRz,
2k ’

Qy,(n) = — [% +kRQ2kF+ 1)]e_V’T/;71 + [k(2k+l— 77)}e—k‘n .

1
+ Ee—(1+k)n.

For the components of the skin friction in this case we have the following
expressions

} o o
o R 2R PO
0
2

o 1o —0t
+‘LO._0(_JQN_8<25 WEE(0) 4 . } , -

o

_ ’ 1 o '
:HV%romoeBt{(m(o) + - e“[U;icDx(O) + U’(I)la(o)]+--- } ,
% 0

For the position of the curve along which will arise the separation of the
boundary layer from the contour we will have the following expression

" 1 ’ v 2 ’ _ '
e LR A O S P OB
0 .

Let us solve now an example: Let the sphere of the radius R put into spiral
motion by a sudden jerk. For this case

. X 3 "
a=p=0; ro(x)=R sin 3 R U(x,;)=7U0 sin & o@®)=w, .
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For the time of separation one obtains the following expression

- Fy (0) .
3 UO > 0 ﬁ 2
[Ef <F1 (o) + Fl,,(o) R cos =3 Fu,(o)
The first moment of separation is obtained at cos % = 1 ie. in the last

R
stagnation point

) Fy (0)
%[%(F}'(OHF;;@) i‘”"uz Fi (0 )]

If one calculates the functions which are to be found in the upper expres-
sion for the value of =0 and if one puts the sign

Ls

4_ Uols 6 _ﬁwoR
- R > 0 U0 b

then the upper expression for the first moment of separation is reduced to
the form

—_ 1

* 2,363055+0,48407 o2

From where it follows, when the angular velocity is greater, then the sepa-
ration of the boundary layer from the contour happens more earlier.
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