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In this Note R = {x, y,...} denotes the set of all real numbers and R,
=(x|xeR, x#0]. A function f : R— R is said to satisfy the Cauchy func-
tional equation if

1 flx+y) =f® +750)

holds for all x, y, € R. A function f : R—~Ris termed a derivative on R if f satisfies
the functional equation (1) and

) fly) =xf(y) + yfx)
holds for all x,y € R.2

In [1] we have proved the following theorem:
Theorem I. Suppose that f and g = 0 are two solutions of (1) and that

€) g(x) = P(x) f(1/%)

holds for all x € R, where P is a continuous function on R subject to the unessential
condition P(1)=1.
Then

C) f(x) +glx)=2f(1) x (x€R)
and the function

F(x)=f(x) —x f(1)
is a derivative on R.

This theorem in the case f = g implies that a function f which satisfies (1)
and f(x) = x% f(1/x) for x € R, is a continuous function. This solves the problem
Ne 638 in The New Scottish book given by Prof. Israel Halperin in 1963. (See. Coll.
Math. XTI, (1963) p. 140), by which this work was also motivated. It is the object
of this Note to generalize Theorem I. We get also another proof for this Theorem.
We have

! For the existence of a nontrivial derivatives on R see [2] pp. 120—131.
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Theorem 1. Suppose that f and g # 0 are two solutions of the Cauchy
functional equation (1) and that there is an integer n+ 0,—1 and a continuouos
function P : Ry — R, subject to an unessential condition P(1)=1, such that

(5 &(x) = P(x) f (1/x")
holds for all x € R,.
Then
(6) Px)=x""" n f(x)+g(x)=m~+1) f(1) x

holds for all x € R and the function
F(x) = f(x) —xf(D)
is a derivative on R.

Conwversely: If F is a derivative on R, f(x) = ax + F (x) with a constant a a € R, g(x) =
=an+1)x—nf(x) and P(x)=x"", then f and g are solutions of the Cauchy
functional equation (1) and (5) holds for every x € R,.

Corollary 1. Suppose that a function f: R— R satisfies the Cauchy
functional equation (1) and that

a f(x) = ="+ f(1/x")
holds for all x € Ry, where n+ 0, —1 is an integer and a # n a constant. Then
f)=xf(1) holds for all xc R.

Proof of Theorem 1. We devide the proof in several steps.

1. The function P is of the form: P(x)=x"" (x € Ry). In order to prove this
we replace x by r x (r+#0) in (5) where from now an r denotes a rational number.

We get
reC) = P9y /()

which together with (5) leads to:

m 20 - pe >]f( ) -o
If we multiply (7) with P(x) and use (5) we get
® L) P |eco=0.

Now g # 0 implies the existence of x, s 0 such that g (x,) 0. But then (8) implies:
P (rxy) = rt1 P (x),

for all rational numbers r # 0. Using the continuity of P we find

©)l P (x xo) = 2" P (x)

for any x € R,. Replacing x with x/x, in (9) we get

P = G0,
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which because of P(1)=1 implies:

(10) P (x)=xnt1

for any x € Ry. Hence (10) and (5) imply:

(1n g)=x""1f(1/x) . (x&Ry).

If we set

(12) Gx)=gx)—xg(l) and F(x)=f(x)—xf(I)
then (11) implies f{1)=g (1) so that (12) and (11) lead to
a7 G(x)=x"+1 F(1/x") (x € Ry).

The functions F and G are solutions of the Cauchy functional equation (1),
they satisfy (13) and F(r)=G({r) =0 for every rational number r.

II In order to prove Theorem 1 it is sufficient to prove that F is a derivative,
Indeed if F is a derivative then F(x)= —x% F(1/x) and F (3*) = k y*1 F(y) for
any natural number % together with (13) leads to

(14) G(x)= —n F(x).

This is obvious if 7 < 0. In the case m= —n <1 from (13) we get x”! G(x) =
= F(x™)=m x"* F(x), i.e. G(x)=m F{x) which implies (14).

From (14) Theorem 1 immediately follows. Now to prove that F is a deri-
vative it is sufficient to prove that
(15) F(x%) = 2x F(x)
holds on R. Indeed if in (15) we replace x by x+3 we get:

Fx® + 2xy + y)=20x+y) F(x +y)

which because of F(x?) =2x F(x)and F(y?) =2y F(y) implies F(xy) = x F(y) +
+ 3y F(x). Thus we have to prove the relation (15) only. In order to do this the
case of positive # and of negative » are to be distinguished.

IIT Suppose that m= —n =2 is a natural number.
Then (13) becomes:
F(My=x"1 G(x).
Replacing ¥ with x+r in this relation, using the fact that F(*")=0 and m >2
we get

F[m Pl x4 71(”12:—}) P2 xR ] =[Pt (m—1)r"2tx+ - 1Gx), el

(16) mr™1F(x)+ 331(912:_1) PR () 4 - = [ (= 1) 2 - -] Gx).

The equation (16) is an equation between two polinomials of order m—1 in ». From
here by comparing cocfficients of ™! and »"? we get:

m(m —

m F(x)=G(x) and 3 1>F(.x9)=(m— ) x G{x)
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which implies F(x*)=2x F(x). Thus in the case of ne{ —2,-3,.--4] (15) is
proved.

IV Suppose that n is a natural number. For an irrational number x we
apply the function G on the identity:

1 1 1
an i A g

! -G L = 27rG _
X —r x + 7 x2 — 72

which because of (13) becomes:

We get:
G

(xl i Fl(x—"] - (—}-;3;:1 Fl{x+n"]= f;fﬁsﬁ F(®—7)]

We have therefore:
(18)  (etnrt FLGr=rr) = (s=ry " Fl(e+r0]=2 r F{( =191,
i e.

[+ (m+1) r"x+--] F [n(-—r)"‘lx + 71(’;;9 (=r)2xt . ]

— [(—=)"" a+D (=) x+ -] F[n ™l ox + ”—{%:—i—)- R . ]

= 2r Fln(—rt a2+ .. 1

Since this equation is an equation of two polinomials in », we may compare
the corresponding coefficients. Comparing coefficients of ! we get

[(»— 12 _7_1_92;_1) F¥ + (-1t (n+1) nx F(x):]

B e 8 FU)(wWMHMwa]wJPDMnHﬁ

from which follows F(x?) = 2 x F(x).
Q.E.D.
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