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I

Let F{x) be a rational function having only real integral poles and such that

) lim | x2F(x)|<+o0.

X >t 00

We consider the numerical series
-]
) S F(),
X==p
where » is greater than the maximal pole of F(x). The sum of such a series
can be expressed in finite form by means of the Riemann {-function.
Indeed, let

3) Fag=-Su o Ge o G
X —oy (X -— o) (x—ag)"
R
. Ciy i Cra R +~_§_’“}c .
x—oy; (X0 )? (X — )k

be decomposition of F(x) into partial fractions. Summing over x from r to oo
we get

4) ZF(X):S:( Cu | G, Ca )
x=r x=p \X =0y X Oy X —oly
1 1
+C e - +C,( -
12;" (X’-—OL )2 l xgr X— 0"’1)‘1
See e
1
+C —f 4 Cpy
n2 ) k"fzroc x)ie

It foliows from (1) that Cy, + Cy+ - - - +Cp; =0 so that the first sum on the
right-hand side of (4) reduces to a finite sum. By adding a finite number of
terms each of the remaining sums of the right-hand member of (4) can be
replaced by { (a) where a is some integer >2.
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If only even numbers appear as arguments of the {-function, then the sam
(2) can be expressed in finite form by means of = since

225—1 2
(5 L@ S)‘:"z*;;"“ | By |-

In last formula B, are Bernoullian numbers defined by the expansion

A special case of such a sum we shall consider in the next paragraph. in the
sequel we shall sum also some related series.

11
Let
(6) FxX)y=[xx-1) ... (x—k)]" (k,n>1).
If n=1 we have (see [1], p. 392)
1 i
7 F(x)= = .
() x?—}—l () VZIVV“FI)...(\J*I-/() k' k
If n=2 we have (see [l], p. 394)
1
8 S F
® 3. 792 e o
_@k—nn2 [_3 S
(k1)? 6 = v- 2 2v—-1!

If k=1 wec have (see [2], [3]

© 1 2 2p-2s5s—1) (2r) 2n—1
9 — ={(—1) | B! D
O 2o T 2w niemagen 2 C D)

We consider the case n(k—1)==0 (mod 2). The decomposition of F(x)
into partial fractions is

n—1 V] 1 ik
10 A4; A .
(10) F=-2 ? [x"“’ T +(xwk)n_,.].

The coefficients A} depend also on n and k but we go on with simplified
notations. We shall prove that

(1) Aj=(—1ymk+i g5,

Let

(12) F(x)=x—j)"F(x)=3 ai(x—j),
i=0

(13) Fey(¥) =[x — (kvf)]"F(X)»—ia [e— (k)]
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From (10), (12) and (13) we get
(14) a’= A} (i=0,1,...,n—1),
(15) af7— 4t (i=0,1,...,n—1).

Since F;(x)=(— 1) F,_;(k—x) we find that ah=(~ 1)"k+"af-c ~ Using (14) and
(15) we establish the validity of (11). By assumption n(k—1)=0 (mod 2), so
that instead of (11) we can write

(16) Al=(=1y-"4{".

Summing over x from k+1 to o« we get

w0 -]

S F@=3 Db+ ... ¢h]

x=k+1 v=1

n—2
-5 (A2 (—i)+ A1 C(n—i)+ - - - + A L(n—1D)]
i=0

n-2 ko k 1 Lk 1
—Sl4l S —+al S Al Y
; xS x—- ) (x—k+ 1y~

i=0 X= X" x=k
2 [4%, 4. A%
+ > Anmt Aa-t o A0l
| o x x—1 x—k
But A%+ AL 4+ ...+ A% =0 so tha

SRerD . Rl =S @Al Al
v=1 i=0

i=0 x

‘ ko1 k=1 1 L]
149 — Al =+ AL S &

[ 1 ;—:1 X N 1 xzzl x 1 xzz'l X

If n—i is odd then A%+ A}+ ... +A4Y=0 by (16). Hence, we have

1n/2]
O . GTRIT =S (At Apait - -+ An2) LQ21)
1 i=1

n—1 k 1 k-1 1 1 1
-5 |47 S H . i #—,].
igo [ =1 x" xz=l xn—i xz=:1 xn=!
Making use of (5) and introducing the following notations
iom]
(17) Zn=3
x=1 x!

we can write the last equality in the form

o [n/2] 0 1 k 22i-1 ; \
(18) 5 BO+D . 0HRI"=> (it dyart -+ 41) o % | By |
v=1 : 1)!

i=1

n—1 ) . .
—S A DA DR AT 2T,
i=0
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We remember that n(k—1)=0 (mod 2) and that A’ (j=0,1, ..., n—1) are
the first n coefficients in the expansion in powers of (x—j) of (x—j) F(x).

I

Now we take n=2 in (18) and we compare this result with (8). In this
way we obtain an interesting identity.
We have from (18)
) 1 2
(19) S A+ bt al)
i+ D R 6

(A DR A D E AT DD
(A DAL Dk e+ AT D).

The coefficients A{) and A’i we determine from
1
x(x—1D ... x—j+DE—j—1)...(x—k)?

xX2x—12 xR (x— k)z[A0+A x—pN+---1=1,

= A+ AL (x =)+ - - -

or equivalently
+jPE+j—12 @+ 1P2E—1). (t—k+j)2(A F A+ ) =1,
It follows that
GO Ik—) 1P 46=1,

2 ’ R 1 , _. _.L_..; i
UG k- [ 1 2(]+/-~-_1 SEI .| 5 k_j)Ao] 0.
Hence ,
i 1 1 k
20 A= = ,
0 ’ (.i!)2[(k—j)!]2 K1y (%)
J_ J r 1y
@ =245 (Zh-2D- S = (Ff -2,
From (20) we obtain . |
S Y SN SRR O N S ) 4
22) A A2+ s 4t B !)21_:0(],) T (k)
QR 26@k—1N!
(k kys
Substituting (20), (21) and (22) into (19) we get
® 1 2. k=Dt = 1
2 - ~_
@3 Z, PO+ . GHER k13 6 (k) Z( ) 2

25 (krE-st 3

k|}2’ 1
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The comparison of (8) and (23) furnishes the following iden'tity

e (i ez o) 5y e

j=1 =12 @j—-nh
where
1 1 1 1
Shalb—tooob—,  Di=ld—t . f—.
2 ] 22 j2
1v
We shall give an example. Let n=3, k=odd. Then (18) gives
z 1 0, 41 K, T
25 —(A5+ A+ - -+ A —
23) 2 060D TP i+ 4 R

— (A DR+ A DRt -+ AT D)
— (4} Zi+A' Shoat 44T 2D
——(Az ko As Zk R L Z})

If k==1 (25) reduces to a special case of formula (9).
If k=3 we have

oo 1 o
Zl VO+DE+2)(v+3)P

(26)

(AT + A1+ Al)*

41 >As<l+%>+A{
—A( -+ )+A1<1 411)+A%_
(s

Jaofr & >+A2(1 ;)+A§.

The coefficients A? and A} i=0,1, 2) we determine from identities’
(x— 1P (x—2)* (x— 3 (Ao + AT x + A3+ - - ) =1,
(et 13 (x— 1) (x—2)° (do+ A1 x + Aax2+ - - -) =1,

We find in this way

o_ 1 Mg 103
216 : 432 1296
@7 1 3 9
T s S
8 16 16
Making use of (16) we determine the remaining coefficients
1 2 3 2 9
Ag=——, Al——, -—,
T8 T 16
@) 1 11 103
T L L,
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Putting the values (27) and (28) into (26) we obtain
i 1 35, 6217

ki ———

\Z] Ee+DE+2)@-+3)P 648 11664
The series on the left-hand side of (29) converges very rapidly. If we

take only the first term of this series into account, we get

{30) nzww—l =09,869593 ...
20160 :

29

which is very close to exact value
€2)) n2=9,869604 ...

In the case when k is an arbitrary odd positive integer the coefficients

A} in formula (25) can be expressed by means of Stirling numbres of the first
kind. Indeed, we have

(32) +pE+ji—D...¢+D)e—-DE—2)...
(—k+)PAs+Alt+ 432+ .- )=1.
By definition of Stirling numbers S,:
L
x(x—1D...(x—p+1)= Z‘ Shx'.

v=1

Using this, (32) becomes

j4-1 N 3 sk—ji+t 3 . N : .
(33) [ Sf+1(~r)“”‘]( > S?wmf“"l) (A + Aft+ ajet - )=(—1).
v=1

= v=1
Since (a+bt+ct2+ - - - P=a3+3abt+3a(B2+ac)?+ - - - (33) gives
3 2 2
(S} —38)s1 8711438 ST+ S Sjp) e+ - -]
3 2 2
x [Sk_jr1+ 38k Skojr1t+3Sk_jin (S3 i1+ Skojrt Shojs) B+ -+ 1)
x(dh+ Al e+ bt Ly=(—1y
where S;m:(S;)m. Multiplying two square brackets, we get
3 3 2 2
()41 Skoyr1 3841 Skojy1 (8 T Shojei— ST Skt +
2 2 2 2
3841 Sk 18141 Shy 1+ Skt Skog) + Skt (ST41+ S Sii)—
38 S Sk SE ] Y x(Ab Al Abr )= (=1
Comparing the coefficients of powers of 7, we find
3 3 ; .
Si+1 Skt Ag=(=1Y,
3 3 i 2 2 .
St Sk A5+ 38047 Skojat (S1it Skoja1—Sii1 Skya1) 40=0,
3 3 ; 2 2 ;
Shot Shojer A4+ 38141 Skyst (8] 41 Skoyr1—S] 11 Shojrr) AT+
2 2 2 2 .
+3S}+1Sllc~—j+1[S}+1(Si—iusllc—jﬂ+Sl3<~j+1)+511<—j+1(S,2~+1+S}+1S?+1)~—

—38741 5741 Skej1 Sij1] 45=0.
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Finally, from this system we obtain
A= (—1)/(Sj+1 Sk 1),
(34) AL =(—1Y 3(8741 Sky1—S741 Sk )N(S) 1 Sk 1)t
A= (= 1Y 3M/(S] 11 Sks.1)°,

I

where
B 1 o2 2 o1 s ol ol 1 o3
M;=2(Sj+18k—jr1- Sie1 Skjr1)P— 81 Sejr1(Sj 1 Sy
+ 87 1 Sk 1—ST a1 Shoji1) -
We notify that Sp=(—1)""'(p—1)!
\Y%

Let # and k be even. We shall write 2n and 2k instead of »n and k
respectively:

(35) F) =[x (=1 ... (x—2Kk)]
2;:51 A? Al N AZk
B R I T A e y o

Instead of (16) we have _ _

(36) A= (— 1y 4.

Multiplying both sides of (35) by (—1)*~! and summing over x from 2k + 1
to «© we get

(CDF@= 3 (CDTBEHD o 21

x=2k-41
2n—2 ok .
= z (A — Al A} — o+ A7 ) (1212000 (2n—1)
—21121 Z ( )x -1 AI % (__1))6—-2 o ___A?k—j 2k (wl}x—Zk
= x2n— i 1x=2 (x 1)2n i he (x——2k—|— 1)2n—i

since

o (___.1)”1‘—1 s
37 > ¥ =({1—2-%L(s).

v=1
If i is odd then A%—A}+A7—. .. +4%=0 by (36) so that
o fyv-1 »n
3 (=b =S (s A -+ AR ) (1220

(O+HD L 2R S
2n—1 (_1)9( -1 2k 1 1)x--1 T 1 (___ l)x_1
— s A L
Z { Z x2n i le x2n —i XZI x2n~i

Using (5) and putting
1 1 1

38 T o ) L N
(38) o YRy (=D ~
we obtain
at (—1)1 & 40 1
(39) Z = > (Aam—2i—A2i+ -+ +
O+ L (2R S
1 —1 X
A 2,)77)‘—%2*(1324— S (4lF T AloBT . AF ),
=0
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For instance, if n=1 we get

0 __1 v—1 2
40) 3 =1 —(Ay—Ab+ AR~ Aty
S+ D - (vH2K)P 12
ﬁ(A86§k~~A(l)6%k—1+ .- -—Agk_lcf)
(A oy—Aloa+ - —AT T61).

The coefficients 4§ and A4{ we can find from (20) and (21) putting 2k instead
of k. Hence,

j_ b ok
“h 4o [(2k)z]2(j)’
' j 2k
(42) Ai= [(2k)']2( ) (sz 1—2,)

From the well known identity

- 3

we conclude that

1)k
(43) Al ad oy ad - S ( )

e2oMh
Putting (41), (42) and (43) into (40) we get

- (—1- (=D (2ky =
) _ Ll
D s S ey A VIRE

IR S <UPIVE ) A L
[(2k)']2 2 (=D (/) e

Z (—1)’( ) (Zkj—23) 02k -

[(2k)'
Thus for k=1 we obtain

s =bhr 7=
) Zlv2(v+l)2(v+2)2 16 24
VI

A new type of series we shall consider in this paragraph. We assume
that n(k—1)=0 (mod 2). Changing x to x4% in (10) we get

1y A Al Af
46 F( _A):v d 4 ! . A
(46) X 35 2:0 ( 1 ),,-; ( 3 )n~—i ( 2% + 1)n—i
X —— X —— X —
Co2 2 2

Summing over x from k+1 to « and taking into account that

@© ] 1
— =2 =25 (1—279) () =(2*— 1) T
(47) le (x_i)s XZ:1 a1y ( )E()=(2°—1)T(s)
2
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we obtain

=]

F (x—*) 2nlk+1)
Xk 1 2 v=o [Cv+1DQ2v+3). - -Q2v+2k+ D"

nCa 1 k i
:Z A +4;+ - +A4DHQT -1 (—)
n—1 k 1
_ A? L
=0 xgl (x__i)n*l
2
k
A S o pakts 1
=2 (x_i)"” =k (x 2k—1\n—i
2 2
Using (16) we get
2n(k+1) Z 1 —_—
o [Cyv+1D@2v+3)- - - (2v+2k+ D))"
{n/2]
= s‘ (An 21+An 2+ - - 'J”An 2,)—— 22— 17‘52‘132,!
2!
n—1 k
-3 2n~i[A? S L
=0 S Qx—1y
1k 1__,%_,1 /'c~l 21: 1_-“_
& (2x— )n—‘ LA @x—1)yi
Finaily, with the notations
1 1
(48) Op= 14— o - -
3 2m—1y
the last formula becomes .
(49) 2n(k+1) Z !
Lo v+ 1)(2v+3)- - - (2v+ 2k + 1]
(/2] 22-1(2% ] ;
=Y AL Al =D i) gy |
i 2!
S oialer Al 0T 4l 01
where n(k-—1)=0 (mod 2).
If n=2 we find
22k+2 Z 1
[Qv+1)(2v+3) ... Qv+2k+ D]
2
:(A8+A(‘)+ Ce A %
—4(A30% + A4OF 1+ - - - Ch
20O AT CATTTON .

}.
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We can substitute 4} from (20) and (21) in the last formula. Hence

22k+2 z 1
o[@v+ 1)@y +3) ... 2v+2k+DP

(kl')2 (Zk) 2 Ei'j—w);z ( f )2 Ol

LS (F) Gr-shel.

NI

For k=1 we obtain a known result (see [3])

(50)

i 1 ot 1

S =S
Fo v+ 1R (2v+ 3) 1(4\»2——1)2 16 2

(5D

For k=2 we get (see [5}, p. 271)

© 1 In? 1
(52) Zo [(2v+)(2v+3) Qv+ 5 256 9

vl

We shall consider yet another type of series. We suppose that (r-+ 1) (k+ 1)
is even i.e. at least one of numbers n, k is odd. We start from identity (46).
Multiplying this identity by (— 1)*~! and summing over x from k+ 1 to o we get

(53) §j (—l)x”‘F(X—%)=n§[A?«—A§+A?-- (AR 2 g (1)
x=k-1 i=0
n1 » k _1)5\‘»1 lk-._l (—1)’"‘1
S aifals STy D
20 [ g;(Zx——l)"—f x;(zx_l)n—*
. .__1k—1Al’F1 Lo (=D ],
+(—1 le(Zx Ty
where
1 1
54 S S A
(54) 7 (5) 3S+53

Using (11) and the fact that (n+1)(k+1) is even and assuming that n—i is
even, we obtain

(— 1) At (= 1Y AT = (1) A7 [(= D 4 (= 1)F]
= (— 1Y AT [ 4 (= Dy}
= (_1)k+fAlf<*i [1 + (—1)rk-+k+n)

=(—1)+ 4 =1 4 (=)o D GedD-1]
=0
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so that A?-—A,!J.— . +(—1)kAf‘=0 for n—i even. Hence, we have

- 1 1y
x-1 S Ve (1Y 2 kED)
x=%:+1( D F(x 2 ) =D 20[(2v+ DE@v+3)---Q2v+2k+D]”
5

> [An i1 —An-2it+ -« - F(— Dk Ay ] 28+ (2i+ 1)

i=0

n—1 . . .
— S 2 A0 — A O - (1R AT 0T
with !
(55) 6;=1—%+%—---+(—1)"’—15m1_—1)i.
Since (see [4])

@5+ 1) =" | Byl
s+ 1)y=—r | Ey
K ) ie

where E; are Eulerian numbers defined by

(cht)—1= Z E, ',
v=0
we can write

(=1
o n(k+1)
(56) ( 1)"2 ke Zo[(2v+1) (2v+3)- - -Q2v+ 2k+ D"

'] 0

2
= Zo [AS g i— A4 -+ (=1 Ay 5 (2 o Ey|
n—1 . . .
S 2 AT A 0T (— DR AT
i=0
We remember that in the last formula n or k must be odd.
If n=1 we obtain from (56)
- v
(12 S ) A b (1A T
o (2v+ 1D (2v+3)- - -2v+2k+1) : 2

_2[Agellc—A(l)6,1(_1—{— e +(—1)k_1A§—1ei] )
From identity

X(x—1)- - - (x—j+ D) (x—j= D) - (x—K) [ A+ Al (x—)+ - - -]=1
we find

A{;:(:JL_i(k)? i 1)’A’--—1)" z

Using this our formula becomes

& (=1 _m 1 E ket
&7 Zo(zv+1)(2v+3). @v+2k+1) k'[ 2k,=1(j>6’]'
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This formula holds for k=0, 1, 2, ... For k=0 and k=1 we obtain respectively
e (=1 @ 1y T I

(58) S L_)_:E, > ey = b
So2vil 47 Spd4v—1 4 2

If n=2, k must be odd. From (56} we obtain that in this case

1Yk N2k+2 (=0 e
(%9) (=Df 25 VZ(, (2v+1)(2v+3) “2v+2k+ D)3

- . k—1 o
—(Ai—dit - AD) Dd Sy 0i -2 (1 Abo .
j—1

J=0

Using (20) and (21) formula (59) becomes

(60) ° )
SolRv+1)Qv+3) - @Qv+2k+ P

z<— }f( J(Zi=24)

22k+2(k')2
2 1 St !
_Eg(wz (—1y/ ( ) 07+(2 7 —2 k)01,

where k is odd and Z’, and 0/ are defined by (17) and (55). For k=1 and
k=3 we find from (60)

61 - =D L=
©h ?1 @v—1p 2 8

(62) S . =D o= T
S l@vrD@vH@yES) Qv+ P 1728 4050

If we put k=1 in general formula (56), we obtain the result of Kesava
P. Menon [3]. Indeed, from

I afn+v—1)
1)"*wz( b (H )¥

X (x— x* o

xﬂl)n z (— I)v(ii*‘l“:—"1>(x_1)v

we get
A?=(—1)n(”+§“l), Air::.(wl)f(“'if‘).
Formula (56) gives

n--1]

= (—1p N N T
—22n S = {1\ R Ezi
2oy A ) e

n—1 l ——l
—(=1y2 S (I’H i )
i=0 21
Finaly, using the identity (see {3])

zl 1 Jrl-—l) = n-1
21 i

i=0
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we obtain

n-1
® (=1t »(Mi)n—-l[ 2 J

63 _ n i1 ﬂzHl?E‘-' (—1y
(63) ;;1(4v2~u])" 2m 5 ( i )(2i)!§ It

which is equivalent to Menon’s result.

Remark 1. The series considered in this paper can be summed, in
analogous way, without any restriction on parity of » and k, but in general
case the sum is expressed in terms of { and v functions. Our formulas include
all cases of those series in which the values of ¥ and % functions can be
expressed, in finite form, by =.

Remark 2. Consider the series > (—1)"/(2v+ 1) whose sum is =/4.

Vo=
The n-th partial sum of this series is denoted by HL. Since the series con-
verges, it is also (£, 1) — summable, ie.

(64) lim U :i‘—

k—>c0
where
1 k k 1
U=v3‘<,)9~.
k 2 4\ i

Using formula (57) we can express the difference g——Uk in explicite form

(65) T U—kS - =n
4 Sy DRvi3) - 2v2k+ 1)

Formula (64) follows immediately from (65). Moreover, formula (65) can be

used to obtain an upper bound of —Z«» U,.
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