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ON COMPLETE ELLIPTIC INTEGRALS

S. K. Chatterjea*
(Received 18. 1 1963)
1. It is well-known that the complete elliptic integrals of the first and

second kind viz.,
n/2

K= f Vl —KEsin?0

72

E(k)=f VT—KZsin?b db
0

(1.1) and

are alternative notations for hypergeometric function of Gauss:
1
K =T F(5s 53 1 8
2 2

(1.2) and

E(hy== (—-1—, L kz).
2 )

Also the complementary integrals K’ and E’ have the same form as in (1.2)
only instead of the module k<= [0,1] there is the complementaly module k'
connected with k by the equation k®+k'2=1. In a previous paper [1] we
have shown that

. 1
(1.3) K(k)=£/—27—tf e=*x"2 L, (k* x) dx
2
V7 [ e ot
(1.4) E(k)=——2—f e=*x TLY (k2x)dx
2

where L@ (x) is the Laguerre function of degree n.
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In symbolic calculus, (1.3) and (1.4) can be wriiten as follows

K (k) :l/—; Ll:x_% L (k2 x); 1]

:
(1.5) e
:—V—EM[e‘“"L(O)l (k2 x); —1—:|
2 Y 2
E(k):V—z-“L[x‘%Lg” (k2 x); 1]
(1.6)

=L/—7EM A (k% x); L
2 0 2

where L[f(x); s] and M [f(x); s] stand for the Laplace and Mellin transforms
respectively of f(x).

The object of this note is to add some results on the complete elliptic
integrals.

2. Recently Gonzalez [2] has shown that

k()5 e e(F)F[r s 00erio]

2.1 .
K=Zp 1= £=T [p (=N Py (—m]
2 2 4 -7 3

where P,(x) is the Legendre function of degree n of the first kind. Here we
like to point out that such representation of the complete elliptic integrals is
not new. For we know [3]

P_1 (cos 0)= (% ‘n:)_l K (sin 6/2).

We also know that [3, p.173]

—1
P_1 (coshy) = (é— = cosh 1 /2) K (tanh 1/2)
2

2.2) Q 1 (coshn)= 2e~ M2 K(e—™)
2

1 1
Py (coshn)=<7) eﬂ/2E[(1—e‘2ﬂ)?].

Kl

From (2.2) we easily derive

P 1(_3_.-;)\)
“FA\1+2

P 1(3+7\)
—2\1—A

i

L)

2 1=,
’7?2K

I
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Q——(2V2V1—x (l—l (\/1?)
[ e R e At
P (3 Vi}lx)ﬂ/"(f:;)w(\/l—?)

)4 E’.

(2.3)

1

P7 (2 1/21/1—— ) 2/T<

Next we have from (1.3) and (1.4)

=) _J= © (1—% L
(2.4) K( /—“”"):-—fe""L 1 (———~— x) x 2dx
V72 2, -1\
1—7\ //—T_C (0) 1_)\ __L
2.5) E( _q):_fe_xLl (_ _x)x .
2 2 ‘ 5 p)
— R .
(2.6) K - g s (1 4 x) ot
[} ——2_ 2
[ 1+ 1
@.7) P Ly ( - x) X7 dx,
2 5\ 2

We thus easily derive that

]

ROV B -
2.8) fe—xx 2L_7< . x) dx = | = P_L ()
0
¥ 1O
(2.9) fe"‘x"?L_%(%-;—\x)d =‘/7:P_L( )
1]
" 1 O /1— g
(2.10 fe”‘x‘? L, (l—lx dxr:K— Py W+P
T\ 2 21 2 37

2.11) fe"‘x‘% Ly (l_?x) dx=£2— [P__;_ (—7\)+P%(—>\)] .

Further we notice [4] that

-]

1, 1
2.12) K(k)_;zzzr_fe_ﬁ;k . (é__kz x) x°F ax

0

6*
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e 1, 3
(2.13) Ek) = —~VTﬂfe—x+7k 7, (% k2 x) x"2 dx
0

where I, (x) is the modified Bessel function of the first kind of order zero.
We therefore readily obtain

1—2° = [ nx o (1—2 _1
(2.14) K( —2-—)=12—fe 7 O Io<——4——x) x72 dx
0
1—2\ Y= [ Larms s (12 ) _3
(2.15) E( T)———Tfe 4 Io(—4—-x X 2 dx
0
=~ 1 1
(2.16) K'=K;1 [e‘?“‘“" I, (1_:_xx) x772 dx
0
- 1 3
2.17) E’=——K;-fe_7(3_7‘)x 1, (l#x) X7 dx.

Comparing these results with those of GonZalez, we derive

Aol — 1 .
(2.18) f eTONx [ (-14—A x) X7 dx=}= P_1 ()
g 2
coL 1 _
@.19) ¢"T O-Nx [ %H) X7 dx=Yr P_i(—1)
2
g 1—n \ 3 T
(2.20) fe FOx | (Tx) X7 dx=—|x |P_1 )+ PL (x)]
2 2
y |
P I+ _3 —[
2.21) fe F6-Nx [ (Tx) X7 dx = —|/m P_i(—x)+Pi(—)\)J.
, 2 2
J !

3. Recently Fempl [5] has made use of GonZalez results to derive the

following connection between Legendre functions of the index % and ——iz

G.1) PLOYP_t (=2 +P_t ) PL(—N)=—
2 2 2 2 K
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We remark here that from (2.1) we easily observe
4 1 2
PiL)) =— (E——K}; P 1()=—K
10y = (B k) Py =

3.2)
Pi(—n=—2 (E’—LK’); P i(—N=2K
2 kd 2 2 T

Putting these values we at once obtain

PL()P_1 (—)+P_1. () PL(—X):-g— (EK' + E'K—KK").
2 2 2 2 w2

We further notice that
8 ? ’
(3.3 Pi (WP 1 (—N—P_1 (M) Py (—N=—(EK'—E'K)
2 T2 T2 2 T
I—x
where the module k=\/——2—-
Again we note from (2.4) to (2.7) that Legendre’s relation
EK' + F'K—KK' =mx/2

is the analogue of the symbolic formula

-0 ] 1
Lix™ 7L, (Lz_]lx); 1:|.L|:x*7L(0)1(1+)\x>; 1]
7 2

L

- 1 -
(3.4) +L x”?L(?)(-l—-;r—)\ x); 1]-L[x‘2L(°’1 (12x x): 1]

2

r 1 _ i A
—L x*EL(o)l (1 A x); 1]-L x'?L(O)l (1—+—~ x); 1|=2.
| 2\ 2 —3\ 2

Also from (2.3) we notice that Legendre’s relation is the analogue of the
following formula:

o o sy s layay) e ayayi=) 2 s

7 PN 3—x
2 2% p ,(3T )P 1(_—)
Y1—R  ~z\1—r/) —3\1+2
4. We shall now find some expansions of the complete elliptic integrals in
terms of Legendre polynomials. To this end, we observe [6]

sip

nvni(_l)n[ 1 . 1
n=0

4.1 P, (cos 0) = _—
’ v—n v+n+1

] P, (cos0)

~#0, £1, £2,...; 0<b<n)

cosvr P, (x)— Py (—x)
2sinvr

(4.2) 0, (x)== for v£0, +1, £2,...
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Thus we derive

Py =25 (—ipn—B2ED 5

0 2n—1) 2n+3)

7 (=1
C_Loy=5P_L(-=N= go s P

It follows therefore from (2.3) that

“3 K2\ 2 )

< (—1)" 342
44) 2\/1—7\ 2 o1k (1_x)
1—2 2 VL (=1t 3—2
4.5 K ] —=)={—— =
*3) (\/ 2 ) (1—7\)4,20 2n+1 P"<2V2V1~)\)
(4.6) Klz(_z_)%‘” (=D p( 212 )
' 1+ % 2n+1  "\2)2)T+x
1—2 1+ L =2 (=D 2n+1) 342
4.7 E =2 P —
@7 (\/ 2 ) ( 2 )4n=o(2n—1)(2n+3) "(21/21/1+x)
o (I=N L (=Dmen+ D), 3—2
4.8 E'=2(—=
(*:5) ( 2 )4,20 2n—1)(2n+3) <2V21/1—)
Putting A=1, in (4.3) and (4.7) we derive in particular
1-__ o (___l)n
4 no 2n+1

m_o (=D ERntl)
4 S @n—1)Q2n+3)

Putting A= —1, in (4.4) and (4.8) we obtain the same two summation of series.

REFERENCES

[11 S. XK. Chatterjea: Some formulae of symbolic calculus for the complete elliptic
jntegrals of the first and second kind. Boll. Un. Mat. Ital. Vol. 15, 471-478 (1960).

[2) M. O. GonzZalez: Elliptic integrals in terms of Legendre polynomials. Proc.
Glasgow Math. Assoc. Vol. II, 97-99 (1954).

[31 A. Erdelyi: Higher Transcendental Functions. Vol. 1, p. 174,

[4] L. Toscano: Gli integrali ellittici completi di prima e seconda specie nel calcolo
simliyico. Boll. Un. Mat. Ital., Vol. 5, 236-238 (1950).

[5] S. Fempl: On a connexion between Legendre's functions. Publications de L’Institut
Math. (Nouvelle serie) Beograd, Vol. 1 (15), 81-82 (1961).

[6]. W. Magnus & F. Oberhettinger: Formulas and theorems for the func-
tions of mathematical physics, p. 56-57 (1954).



	081.tif
	082.tif
	083.tif
	084.tif
	085.tif
	086.tif

