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1. The (0, 1, 3) — interpolation concerns the investigation of the poly-
nomials R, (x) if they exist and are unique, of degree atmost 3n—1 which
take at the n given points x,, (v=1,2, ... , n) the arbitrary values o,,,
whose first and third derivatives take at the same points the values 8,, and
.. respectively. We have solved in [4] the above interpolation problem for a
particular choice of the points x,, which are the n real zeros of the polynomial
(1—x3) P,,/_l(x) where P,_;(x) is the (n—1)th Legendre polynomial. For this
choice of the abscissas we have shown in the first part of our work [4] that
these polynomials exist and are unique only when n is even. In the other
part of our work [5] we have studied the polynomials R, (x, f) for their con-
vergence behavior when the numbers o, and B, are taken to be the values
of a function f(x) and its first derivative respeciively at the points x,,. There
we have shown that the sequence R, (x,f) converges uniformly to f(x) in
[—1, 1] if f(x) is continuously differentiable of order 2 in [—1, 1].

In this paper we shall be concerned with the convergence (which we
shall see, does not require the differentiability of the interpolatory function)
of the polynomials R, (x, f) satisfying the following requirements:

Rn (x\ln’ f) :f(xv’l)
N Ry (Xun, ) =0 v=1,2, ..., n

R;ll (XV,,, f) = Yun
2. For the form of the polynomials R, (x, f) we obviously have [4]

@ Ry (5 )= 5 F (oun) hn (3) 5 Yom Won ()

where [4, § 11] u,, (x), w,, (x) are the uniquely determined polynomials of de-
gree <3n—1.
We shall prove the following

Theorem. Let the continuous function f(x) satisfy the condition
3) [f(x+h)=2f()+f(x=h]=0() (x—h x+h[-1,1]
and the numbers ~,, of interpolatory polynomial (2) satisfy the condition unifor-
mly in v
Yow=0@) (1—x,H"1 (v=2,3, ..., n=1)

“)
Yyn=0 (1*), Ynn=0(n%).
Then the sequence R, (x.f) converges uniformly to f(x) in [—1, 1].
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3. The proof of this theorem mainly depends upon the following

Lemma. Let the continuous function f(x) (—1<x<1) satisfy the con=
dition (3). Then there is a polynomial ®,(x) of atmost degree n satisfying the
Sfollowing properties:

(5) Fx)=@, ()=0@ (/1—x*+n"Y)
and
(6) @, (x) = o (n?) Min [(1—x)~1%, »?]

uniformly in x & [—1, 1].

Proof. Part (5) of the above lemma is the particular case of the theorem
of G. Freud [2] while (6) follows as a consequence of (5). We follow the
same method of proof as given by G. Freud [3].

We define the numbers n;(j=0,1,2, ..., r) by

n "
Ny =1, niz{a—], s nj+1=[—zi], e, n= 1
e logn L1
log 2
We now have

™ Dy = 3 [0, (=B, | (] +P1 ().
j=0
From (5) we have
0, ()=, | (=100 W)~ D]+ () =, ()]

—o (Y (VT=x*+m)

®)

which on using the inequality of Dzyadyk [1] gives:

®, (0)—®, ()=o) Min[(1=x) ]
E
€)) "
-— L i eyl 42
o(zzj)Mm[(l X2 n?].
Hence from (7) and (9) we have

2y r—1 crr
o (x)= S [@

j=0

r—1 132 . 3
(10) =Jgoa (_2-2.;) Min [(1—x%)~%, n?]

@~=@n )]

n,
J

=0 (n®) Min [(1—x%)"1, n?].
This completes the proof of our lemma.

4. We shall further need the following inequalities which have been
proved in our work [5].

(an Win (X) =0 (775, Wiy (X)=0 (n™°)

7
B

(12) W () =0 (1 2) Ly (¥) (1= X2 v+ O (=)W, 2<v <3
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1
(13) Wn()=0 (1 Dl(®) (1= %) =) + O (=) (=), T+ 1<y <n—1

(14) Uyn (x)=0(n) Upn (x) =0 (1)
3 1
(15) 1, (x)=0 (n 2)’“"(")+0(1)v 210 ()2 B(x)+ 0 (D), 2<v<
and
5 i

. _s 1
(16) s ()= 012 2D L0 (1) (=) 2+ 0 (1) (=92 15 () + O (1) Lin (),
—;~+1<v<n—l.

We shall also need the results [3]

(17) CI —v< (1""-)‘:vn)2 (2 <V < —n—>
n n 2
1
(18) “An—v) < (1—x2)? <=2 (n—v) ( +l<v< n—l)
n n 2

where ¢, and ¢, are suitable numerical constants, and the following important
result of Fejér:

(19) G <ShE=<l1 (-l<x<1;j=1,2, ..., n.
i=1

5. We now come to the proof of the theorem. According to the usual
convention there holds

(20) R, (x’ f) _f(x) =R, (x; f_ (Dn) + @, (X) —f(X)

= 3 1) = Pa (Bt () 5 T @ ()] W (3) +0 ().
v=1 v=1

From (5), (14), (15), (17) and (19) it follows that

[f(xvn) P, (xvn)] Uyn (x) =0 (n_2) o (n) + z o (n-l) 0( ) lvn (x)

s r

N u[\/];

1

SHE

£ o0y T S 0 ) 5, 0 - )
v=2

;3 2 Z 3 LA
_3 P , =
(21) =o(n—1)+o(n Z La(x) +om3> v 2 +o(n )y v2 1%, (%)
v=2 v=2 v==2
» z o3
2

+o(n’2)§ vis, (x)=o(n—1)+o(n*2)z v; L, (%)
v=2 v=2

|

1

2

12, (x))2 —o@m=Y+o(l)=o(l).

ﬁMN]:
IINYSLIE

=o(n Y +o(n? (

2
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Again from (4), (6), (1), (12), (17) and (19) we get

n

2
2 [Yvn —~ @, (xvn)] Won (x)

Y=} -
» 7 n
2 n? Y o2 2 2 .
=00+ o) — o(n Hlux)—v+> o0 (n®) — O (n=")v?
v=2 v? nt =2 v2

I
(22) —o@mVH+o(n ) i vl (x)+o(l)
V=D

3 n i # 1
- 2

—o(mV+om %) (Z vaf (;; zf,,@))2 +o(D=0(1).

V==

In the same way we can prove

(23) S 1S G —®a (1) i (X) =0 (1)
v ::;2— +1
and
(24) S @ ) 1w () =0(1).
v :-’-‘——H
2

Hence (20), (21), (22), (23) and (24) complete the proof of our theorem.
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