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1. Generalizing a classical theorem of C. Arzeld, P. S. Alexardroff has
proved (see [1] or [2]), the following proposition:

Let
.fl’fZ: ,f;n e

be a convergent sequence of continuous mappings of a topological space X into
a metric space Y, and let

S () =lim £, (x).

Then, f is continuous if and only if this sequence converges quasi-uniformly.

The aim of this note is to show how this result can be extended from
metric to uniform spaces.

2. Let
1) {fe; acD}
be a convergent net of mappings of a topological space X into a uniform
space (Y, }/) and let
f=lmf,.

ae D

The net (1) is said to converge uniformly to f if ard only if for each Uc}/,
there is an ay e D, such that

(f (), fu(x)) e U,
for each a > ay and each xe X (> denotes the order relation in the directed
set D).

We shall say that the net (1) converges uniformly in the generalized sense
to f, provided f=lim f, and for each U<}/ there is an «, e D such that

(f (%), fay (x)) e U,
for each xz X.
It is obvious that the net
{foay; Ucell}
converges uniformly to f. ‘

The net (1) will be called gquasi-uniformly convergent to f provided
S=Ilim f, and for each U}/ and x,c X there is a neighborhood Oy of x,
24

and an element aye D such that

(f (%), foy (x)) e U,

for each x<Oyp.
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Note that the quasi-uniform convergence can be interpreted as local
uniform convergence in the generalized sense.

Now we can prove this

Theorem. The convergent net {fa; «cD} of continuous mappings of
a topological space X into a uniform space (Y, 7)) is convergent to a conti-

nuous mapping
f=lim f,

if and onmly if it converges quasi-uniformly.

Proof. First, suppose the net (1) converges to f quasi-uniformly and let
xo¢ X. For the neighborhood U [f(xg)l, U<}/, of the point f(xy), choose a
symmetric U e// such that .

VoVoVCU.

Let aye D and the neighborhood Oy of x, be chosen in such a manner that
2 (f (%), fay (x)) e V, for all xcOy.

Since f, y is continuous, there exists a neighborhood O’ of x,, 0' C Oy satisfying

Sa v [01C V[ fav(x9)]

or

3) (fay (xg), fay (x))e V, xec O".
For x=x, (2) vields ‘
4 (f (x0)s fay (xg)) e V.

Finally (2), (3) and (4) imply
(f(xp), f(x))e Vo VoVCU,

f(x)eU[f(xp], for all xe0".

Hence, the function f is continuous at X.
Conversely, let f be continuous. Without loss of generality we can sup-
pose Ue]/ open in the product topology of ¥ x Y. Let
rm:{X:xsxa (f(x)a fot (x))eU}'

X=UT,

aeD

It is easy to see that

and all [, are open. Hence, for each x,eX, there is a neighborhood I, of
Xp, such that
(f (), fu, (x))eU, for all xely,

thus proving that f, converge to f quasi-uniformly.
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