BUCKLING PROBLEM OF RIGHT - ANGLED
ISOSCELES TRIANGULAR PLATES

Y. C. Lt (Peking, China)

SUMMARY — In the first part, the anti-symmetrical buckling of a simply
supported triangular plate under the combining action of compression and
shear is investigated. In the second part, the case when one side is clamped
and acted only by the compression is treated by Taylor’s method.

. SIMPLE SUPPORTED PLATE UNDER THE ACTION OF UNIFORM
COMPRESSION AND SHEARING FORCE
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The total energy due to the strain of the friangular plate OAB (fig. 1.)
under the action of uniform compression N and shearing force 7T is re-
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presented by
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where, w — deflection of plate at point (x,y), D — its flexural rigidity,
r — Poisson’s ratio. _

The stability of the plate requires the minimalization of the strain
energy, i. e. 8T, = 0. This condition imposed on the Eq. (1), gives:
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in which the integration is carried on the area of the plate, w being an
infinitesimal variation of the deflection satisfying the following boundary
conditions of our problem

(M

X &= — w, T BV,
2 FYE (3a)
T axr (3b)

The buckling surface is sufficiently expressed by the following double
trigonometric series satisfying the boundary condition (34, 3b) term by term

. mrx nw nnx . mm —
n (sm 14 -—l) +
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sin —= —sin—- sin
a [1 a a

(4)

L+ 2 > (cosmcos-@—y —cos % cos p—x}i)
‘ =15, a a a a
in which the part of the sines describe the anti-symmetrical deflections,
while the part of the cosines the symmetrical deflections. Taking sub-
sequently

dw=¢g, (Sinﬂ sin 2 — sin X in ﬂ)
a a a a
. (50)
(i=2| 6’ 10,'-‘; ]=4, 8, 12,.. .)
ow=cu (cos S cos IV _ cos IEX cog TV ),
a a a a
(50)

(s=1,5,9,..., t=3,7,11,...)
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where g;, &y are small quantities and utilizing the following relations:

a . 0, when m#i, (6a)
% sin P75 gin ZX e = a
a a a —, when m=i, (66)
2a¢ i pi— .
a —_ , when is even, (6¢)
”z” . pw inx T pr—i®
sin sin —— dx =
e a a i +i—1
2 _2a i , when prizl is odd. (6d)
n p*-j* 2
f% prx srx 0 , when pss, (7a)
cos cos—— dx=1{a
a a a 3 when p=s, (7b)
a 2a_s , when m+s-1 i even (7¢)
f‘z* mRX __ SmX n s2—m?
oS —— 0SS —— dx=
a a +s-1 .
=3 2 s , when mts-1 is odd, (74d)
n s*—m? 2 s

the following infinite, homogeneous, simultaneous equations are obtained

L B\ 2t _& mnpgq (m* — n*) (p*— ¢°) -0
Aa(m® +n2) (m2+n kN) A ; % bvq(mg_pz) (m2—g?) (n2—p?) (n*— g?) (8a)

and

mnpq (m* - n®) (p* - ¢%)

2.4 %) {24 g% — —wwa,, =0 (8d)
boy (PP +0%) (PP +g*—kn) X %2—: m (m? - p?) (m? — g*) (n® - p?) (n* - g®) (
in which

)\__n‘ D k _a*N _atT
32 aer’ VY mp' T D’

Loss of stability, ams, 0,050 gives from Eq (8)



88 Y. C. Li
bys Qa4 bss s ber
10(10-k)r 228 0 o 0
| 175 2205
956 512 28
20 9020 —ky)h  —Z 0 -
= { N) 147 891
0 512 ek 280
256 . 12800 po so_gyyn 4800
e 9079 4719
6 _ 256 _ 4800 oy (7a—kp) -
891 4719

Let us investigate a few special cases.

4=0 (9

1) When the plate supports only the uniform compression (kr=0j,

the fundamental form of the symmetrical buckling is (supposing ky=10)
w=b, (cos—»——cos—??—z — cos—éﬂ—-cos ﬂy) (10a)
a a a a
that of anti-symmeirical buckling is (supposing ky = 20)
W=a, (sin Eﬁsinﬂ - sin —= dnx ——sin -2‘@) (106)
\ a a a ;

2) When the plate supports only the uniform shearing force (ky=0),
we annul subsequently the determinants of 2 rows and 2 columns (A,=0)
of 3 rows and 3 columns (Ag=0) etc.,, and find the maximum roots of

the absolute value of A corresponding to the minimum critical force,

[,=0 [y=0 A,=0 [g=0 approximate value

kr= | +42,16 +3453 | +3376 +33,74 4336

the double sign expresses the fact that the critical force is independent

of the shearing force.

3) Another special case is the equality in magnitude of the shearing
force and the compression (kyx = k7 =k} which corresponds to the case
that the right-angled side is under simple compression. We have found
k =9,08; this is quite near to the result k=9,11 obtained by W. Burchard

[1] by means of the relaxation method,
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Under the general case when — 10 <ky < 10 the results we have
obtained are shown in Table 1 and figure 3.

Table 1. Relation of kn and k7

K= +10 | +908 l +5 0 -5 —10
k= 0 +9,08 % +£925 | +336 | +431 | +516
Order of determinant — 4th ‘ 5ti 5th 5th 5tk

When — ky=k; which corresponds to the case that the right-angled
side is subjected to simple tension, there is evidently no buckling, there-
fore the curve ky— kr cannot intersect

with the straight line — ky=ky.

When the uniform shearing force
+ L N SO&M is acting on the right angled sides
BN . - [ (fig.2). Klitchieff [2] and Witirick
ToE2 [3] investigated this problem by me-
- 8t N ansof the following double trigono-

-0kt . .
metric series
fig. 3. Relation of kx and k7

DN B
%

hd & . mwx . nw ., nmx . omx
w= 3 > a,,,,.(sm sin 2. _ sin sin y). (11)
m=2,4,... n=13,... a a a a

It should be pointed out that the Eq. (11) can describe only the
buckling symmetrical to the median of the hypotenuse, while the Eq. (4)
should be used to describe the anti-symmetrical buckling.

Il. ONE SIDE CLAMPED AND UNDER THE ACTION OF
UNIFORM COMPRESSION

We start from the equation of the small deflection of thin plate:

otw otw oHtw w  Rw
D 2 +N =0, 12
(dx*‘ + ox? 8y2+ 8y4> (t)x2 + By’) (12)

Introducing the following dimensionless parameters

. ‘
sz_a-E’ y,_z_aﬂ, k= 40’ N (13)
11 4 n2D
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the Eq. (12) is transformed as

otw otw o'w 2w Pw
2 k oo 14
(054 * 082 0n? * 0r\‘>+ (052 * On”) (149
¥
:2:5

fig. 4. fig. 5.

When one right-angled side is clamped (fig. 4), the boundary con-
ditions are

E: %9 w, oo“g =01 E (150!15b)
#ew  Cw

=< s =O, 15C

5=t Y Sa T (15¢)
' 2w

n=0, w S =0 (154)

As the function e*¥sinm§ can satisfy the boundary condition (15a),
where m is an even integer and « a constant determined by the follow-
ing equation. Substituting this function into (14), we have

(a?—m?) (a® - m2+k)=0 (16)
The Eq. (16) has
two real roots a= +m |
two imaginary roots a=+ ifk—m® (whenm <Vk) }-  (17)

or two real roots a=+ [mi—k (when m >Vk)
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.~ Now the buckling surface can be expressed as satisfying term by
term the series of the function of the Eq. (14)

mmw JRE— k"
T (sh s sin Vk —m? n— sin —2-Vk-~m’ sh mq) sin mg—"]
w= 2 An +
re ms [ T PO
m<VE —(Sh—z—sin Vk—m*E — sin —2“\[k-m’ shmg) sinmn |
ms [O— L 1 —
© T (sh - sh Ym*— kn— sh 3Vm’-k sh mq) sin m§—]
+ X Am -(18)
m}'ﬁt—

mn —_— AN Srannrt :
—(sh——Q—— sh Vm?*—k E— sh ?Vmg—fc sh mE) sinmn |

¢

Now oanly the condition (15 b) is left unsatisfied, arranging A, such as

and using
smaq—-—-é—-co an( sing _ sin3n  sindq 3_3...)‘, © (19a)
T 2 ~12 g2-3* g*-5?
shaqu—é—- hﬂ( sin 1 __sm3q+sm5q___.\)’ (19 )
m 2 \a?2412 a243%2 o452
we obtain a set of infinite, homogeneous simultaneous equations
2 § (D™ mApam=0 (m=24,6,...) (20)
T =135, .
where
Vi “V’k—mz(* 1 1 )_—
CnVk— “m? Vk - m* ctg 2 k—m2—12+m’—t“
a,,,,-sh 2 sin 5 | mwy 1 4 \
- o - —mcth—-——( iy ’+—~—M)
i 2 mz_*_tz me— i2 B

, «(;vhen m<Vk) (2t a)
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- an’—k( 1 1 ) -
y Vm*—k cth 2 P g g
a,,,,-.-shnm hﬂ m:ﬁ
2 2 ._,,,c,hﬂfz<__lm 1
~ 2 \m*+£2 m tz) ~
(when m>Vk) (21 b)

Annuling their determinant coefficients, the approximate value k=27,26
(A;=0) is obtained

n:D

NCF = 6,82
az

If the hypotenuse is clamped (fig. 5), the boundary conditions are

. ‘ w, %’é"_:g, (2240,220)
0* o?
n= +£ w, oQZ*“‘a; =0, (22¢)

the buckling surface is expressed as

(ch%—:cos Vk—nn—cos %Vk—n‘ch nq)cos ng —
! W= Z Bn +

<V& —_— -
! —'(chﬁ-é—q‘t cos \fk—nzé-cosg—\ik-n‘chné)cos nn
(chfgE chVn®—kn~ch -—g-\{nz -k cizm;)cos ng—
+ Ew_B,,
>V

- (ch 525 chVn'—kE-ch %Vn* —kch ng) cos nn

where 1 is an odd integer,
Now only the condition (226) is left unsatisfied; arranging B, such as

[a_“'] =0
0% Je=rp
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and using
‘ 43 . Br/ 1 cos2n cosdy
cosBn= —Lsin'—{ ——-—"Z 4220 _ ..,
Pa 2 (2az gr—2t -4 ) (24a)
43 Br/ 1 cos2ny cosdy : .
chBn=-"shi-f o . 1 271,
P= 2(2;32 B2 prydt ) (240)
we obftain
4 ntl
D — A— z — —
- . D= nBnbu=0 (1=138..) (25)
where
R ﬂ\’k_:ft?"( 1 1 )__“
t o aVk-nt Ve—nttg 2 k—n*—st pi—g?

nw
bas =ch 7 cos —5

nx/ 1 1
—nth— ——
’ 2 (rzz+sz+n’—s’)

(when n < Vk) (26a)

-\frzs—kth

«:\/E"Z"k( 1 1 ) -
2 P_ktst T m—st )"

bns=Ch£2§Ch“Vns‘k

nw 1 1
~nth — + ———
2(ﬂ2+32 nz_sz)

(when n> Vk) (26a)

approximate value of £ is got as 15,62 (A;=0),

while Wittrick’s result is 7,82 by the energy method.

(Recelved 19.11.1958)
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