ON A CLASS OF FOURIERZINTEGRALS

V. MARIC (Novi Sad)

0.1. Let a,(v=1,2,...,2m~-1) denote arbitrary complex numbers
a,=1, and
2m—1
P(x)= ¥ a,x*m—v with m> 2.
v=0

We consider the integral function F(z), defined by means of a Fou-
rier integral as follows:

0.1) F(z)= f e—PW+at g,

and answer two questions of different kinds.

Firstly, we give the asymptotic expansion of F(2) for z— oo,
which problem is connected — more or less — with the investigation of
many authors e. g. [1], [2], [4], [5], [8]. [9]

Secondly, we show that F(z) with 2=P’(y) can be expressed as
a product of a function of an exponential type and a convergent series
in Wright’s hypergeometric functions.

For the proof we consider

J(y)=F{P'(y)}
and show that the both results mentioned above simply follow from an
inequality satisfied by J(y) which is proved in § 1.2 by the saddle-point
method. '

1.1. Let C,, C,,..., stand for positive constants depending only on

m and a however small number e if otherwise is not explicitely stated.
2m—-1 pv) v
Further let f(x;y)= ’"E -P—(?—x". If i=3p, 3p+1,..., p=0,1,...,2n
v

v=3
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18 V. Marié
then we define the polynomials Q, ,(y) by means of the formula

L) (fp= S Q) and Q,()=0, i>2m—1.

i=3p

Further, for sake of brevity, we shall write

[i3]
t0)= L 0,0 i i3, Am)=1, A()=4:0)=0

and .
(1.2) Qz,,(y)=2yfexp{—i(?y)—y’ﬂ—xémym}xzkdx, k=01,...

Lo

11 T
— ar — +__
¥ 4m SAgy S 2m

where Lo is an infinite ray makmg an angle ¢ with the posmve part of
the real axis’.

1.2. We, now, prove the following
THEOREM 1. If we put

@m—1)n =
J(y)=e-*’<v>*yf"<v>{ T A ()0 0) Ry (y)]

then there exist fixed positive numbers a, B so that the inequalities

C‘ Iyl-m(2n+2)+1 nen
C'2 'ylzm(2n+1)+1 n—gn

lén(y)|<[

1 We can express the function Q,; by means of the Wright's generalisation of the
hypergeometric function:

@®©
f (n)
Fq,(t)= =1
pFall) ,Zor(nﬂ)
where o
f(x)= H F(Bv+avx)[n F(P-v'l'PvX)} H
v=1
Oy, @9, ..., P1, Pgy+.., are real numbers and k=1+p,+ ---pq-al—---Qap>0. Viz it

is casily verified that

1 ’ 1 2k+1
th(y)=my.k 1Fo{—p’2{y)] with al=;., Bi= o .
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hold for every positive integer n, and all y belonging to the domains

n m+1 x m+1
D e r — e e
' 4m m-1 gy\4m m-1 ’
I 1 Iyl > ye
D,: e+x——’£———~m+ \<\argy<7:+—f——- ——-——m+--e,
4m m-1 4m m~-1
where yo is a sufficienlly large and € a however small number.
For proof the following simple lemma is needed:
LEMMA 1. Lef argy =96, argx=¢ and
2m piv) " 2
(1.3) (0= P04, Zz(X;}’)=£—(;y-)—y—x‘+y2m x2m

fype) v! 2
then the inequalities
R{z}, R{z} > Coly*m Max {{x [}, |x]*"}

hold when at the same time
(1.4) s-—§<2m(9+cp)<—g-+e, e_§<2mo+2¢<-§_s

for all |x]|>0 and |y|> y,, € being however small.

Proof of the lemma 1. We rewrite the function 2, (x;y) in. the
more convenient form

2m

(1.5) Z{x;yl= Y tam-vy* Ty (x)
- =2 .
where ’
(1.6) T,(x)=(1+x)-vx—1.
10 We begin by estimating
2m 2
(1.7) R Tam(X)} = |y 2 2( ;")mv coS (2 M0+ vp).
y=2

When, according to (1.4), e—n/2<2m(0+ ) < w/2+s, e—n2<2mb+
+2¢ < n/2—e one can infer that there exists a positive constant k, = k, (&)
so that cos (2mo+ve) >k, and so ' ‘

. ami9m 2mZm 2m . J
18) e 33 b co0s (2mo+29) > ks @Iy 35 (%7 ) ¢l with k>0,

v=2 yz==2
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From (1.7) and (1.8) we get at once
(1.9) R{y*™ Tom (0} > Cy|y|*m Max {|x]*, |x[*m}
for all |x| >0, |y]| >y, and 8, ¢ satisfying (1.4).
2° We still have to show that
(1.10) R (2,) > Co R Ty ()
for all |[x| >0, |y|>y, and 6, ¢ satisfying (1.4).
If v=2,3,...,2m there follows from (1.6) Tv(x)N(;)x2, x—0

and T, (x)~ x¥, x — oc; hence
(1.11) [Ty ()] <Cs|Tam (x)| for all [x|>0
According to (1.3) this gives ‘ -

R {2} > C;R{y2" sz(x)}<1_ce ”f %ﬂl_‘%)

y=2

> G RA{Y*™ Tym (%)}

for all |x| >0, |y|>v, and 6, ¢ satisfying (1.4), which proves the lemma
in the case of the function z,. That it also holds for 2, is obvious from the
definition of z,.

Remark. Solving the inequalities (1.4) we get that & belongs to

g —-1 ’”—H<e<l m+1—-e and, changing y in -y in (1.7), we
4m m—1 4m m—1
deduce that the domain e+m— —— ﬁ1<9<:t+——“— rn+1_€ is also
4m m-1 4dm m-—

allowed because of cos(2mm ' 2mO+ve)=cos 2m+vy).
Proof of the theorem 1. 1° Again let x=|x|e®, y=|y|e® and
put t=yu in the expression for J(y); this gives
(1.12) J(y)=ye—P(y)+y P'(y)feP(uy)+Pr(y)yu+P(y)—y Py du
M
where M is the line argu=¢. The formula (1.12) holds when -=n/2 <
< 2m(9 + ) <=n/2 for, the right side integral is then a regular function

of y.
We, now, apply the saddle-point method to the integral (1.12). Con-
sider the saddle point which is real and given by u=1, and put u=1+x-

Thus we get
J (y) =e-P+yPi(y) ] (}')
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where
](y) =y fe"'(h*&)*lz dx.
N

N is obtained by displacing the contour M parallel to itself for —1, and

, T PY(y)
Z=Py+xy)-P')y(1+x)-Py)+P (y)y= 2-—-;‘—

v=2

yxv,

7" 2
z’ == P_(;_)..y__ xz +y2m xzm.

Using Cauchy’s theorem we can move N parallel to itself to the origin
Applying Taylor’s theorem to e-(21- % we get

1) =J () +Ra(»)

where
- 2n -1
J(y)=yf~z=§: L2 (s -, Rol)- yme,(x y) dx
(1.13)
Runs1 (%) —(7)—, [ (1= 1) (g, =g+t e—srtes—si ¢ .
It is easily verified that
. @m—)nr
(1.14) iN="3% A4x()0u()
k=0

and only the estimation of R,(y) is still needed.

2° Using Cauchy’s theorem we can turn the contour N in the inte-

gral by means of which R,(y) is defined so that the assumptions (1.4)
are fulfilled.

It is well known [2] that
(1.15) [Rans1 (x3 1)< ‘zE;_id_)__e—Mln(%{Zx},%{Zz}} .
But, according to (1.3) we have
(1_16) izx _z2f2n+1 < CS ‘yizm(Zn-i—i)Max “xP(Zn-}-l), !xi(lm-i-i)(!n-k-l)} , b,* >y°
so that from (1.15), (1.16) and lemma 1 we deduce that

[Rgnsr (59| i2n+l)!
(1.17)

-exp [ = Coly ™ Max {[x[% | x|}, [y]>yq.

|y [pmen+ D Max {| x [fan+D), | x [@m+D@n+1)
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It is, now, easy to estimate R, (y) by the use of (1.17). We have:
co 1 ™
ué,.(y>|<21y|fm,m(x;y|dx:f+f,
0

0 1
From (1.17) follows

1 C m(dn4 )+ Coly|®m
(1.18) [<-ou [unsrena
; 2n+1)!
Hence, using Stirling’s formula, we deduce, for all n>>1, on the one hand
1
(1.19) f< Cyo %N |y|=m@n+2+1
0
and on the other
1 .
(1.20) f< C,on=Bin | y|tm Gn+ +1,
0
Again, from (1.17) arguing as above we get for all n >1
(1.21) f< Cyq 1% ||~ m @+ 241
1
and
(1.22) f< Cpaly 2+t n—an

1
where a,, a,, B,, B, are some positive constants.
Formulae (1.19)—(1.22) give together

~ C -m(2n+2)+1 noen
LAOTS bt

Czl.Vlz'"(z"“)Hﬂ-ﬂ" n>1.

According to the remark made at the end of the proof of lemma 1,
the above inequalities hold when y belongs to -the domains D,, D,; this
completes the proof.

2.1, In the sequel
f(x)~ 2 o, (x) .
stands for ®,,, (x)=0(d, (x)), x—o00 and f(x)= 2 @, (x) + O (D (x))
y=0
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~ THEOREM 2. There exist numbers g,=g,(ay, Gy *+* Gzm—_4), SO that the
expansion

i ~ p— POy P 8v
1) J)~ e O PO T b
holds when
T m+1 x m+1
—— +egargy — ——~¢,
dm m—~1 gy\4m m-1
£+ T Q-t—lgargyga:-{-—i m—+l-s.
4dm m—1 4m m—1

Proof of the theorem 2. We apply to the right-side integral in (1.2)
the same argument as to the integral /(y) in the proof of theorem 1 with

21=Wx’+y2"‘x’"', z,zw x2,
This gives 2
(22) Ox()= Nil Brp Yy~ PV (y)}~(methtlD 4 2y f Ry (x;y)dx
=0 Lo /
where By, = 1P gmptisiep (mp+k+1/2). We estimate the above inte-

gral using formula (1.15) and the obvious inequalities
|21 =23V CCas [y PN XN, R{zi}, R(2) > CoglyPrIxP 91> 00
holding when the conditions (1.4) are fulfilled. Thus we get

(2.3) lefRN(x;y)dx <L Cg(N)y—3, 8=m(2mN—2N+2k+1)-1.

Lo

Now, from the theorem 1, (2.2), (2.3) and the asymptotic expansion
{P"(y)}—(mp+k+1/2)Ny—(m-l)(zmp+k+1)2d’_;i_»f
~ where dy,,x can be calculated quite elemetary, we deduce the expansion

(2.1) where go,=V2xn {(2m—1)2m}-12 and g, are calculated as all the
expansion in question were convergent series.

2.2, We deduce the asymptotic expansion of F(2) from theorem 2
by means of the following
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LEMMA 2. Let the function y=y(2) be defined by the equation z=Q(y)
with Q(y)=P'(y); then, there exist numbers N,=X,(G;,..., 8sm), Ao=1, 50
that the expansion !

1 B
2 \zm—1 T 2m—1
~— Ay 2
y (2m) 2 v
holds in the whole z-plane cut along the negative part of the real axis.

Proof of the lemma 2, From the definition of y(z) there follows

2\ 1 _
y~(2—)2m—1 3 R—r00,
m

1
Further, put y=2,+2,w, in 2=Q(y), where z°=(§?—)wzm—n and
m

wy = wy (2) 0 (2 o) and apply Taylor’s theorem. This gives

(2.4) 2= 2”‘2_1 Q) (zowe) .
=0 vl

Now, from
2Rz ~2m(2m—1) -+ @m—1)Z™", 200
and (2.4) we have
a,

a,
wo~——25", 2300 and SOy~ ze+ L, 200, A = — L,
2m 2m

If we proceed as above with y=2+2X, w,, where z,=2,+1,, we get

) W A
W, ~=-% 73}, and so Yy~Zy+ M+ 2. 2>
1 2a
where

M=iCﬁ¥@m~m~ﬁQﬁ:a
2 \2m 2m—1

and the lemma follows by induction.
We can, now, prove the following

THEOREM 3. There exist numbers o,=,(ay,aq, ..., Ggm—y),
D,=D,(ay, ..., agm_,) S0 that the expansion

2m—1 am—v _ -ty
(2.5) F (2) ~exp { > Dyz?-'f'“l} Da,z 2w
y=0
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holds in the whole z-plane cut along the negative part of the real axis, where

2m—2 2m

Qo= V2r{(2m — 1) 2m)—12 20 a,(2m—i—1)X;, Dy=(2m-1)(2m) 2m—1
A, being defined in the lemma 2.

Proof of the theorem 3. We get the expansion (2.5) from (2.1) using
lemma 2 and the elementary rules for calculation with asymptotic expansions.

In order to show that (2.5) holds in the whole z-plane, notice that,
according to theorem 1, (2.1) holds when y belongs to D, i.e. especially
when

14 1 4 1
- —eargy L —
2 om—1 CSMEYSTG o

+e.

Hence, according to lemma 2, (2.5) holds when —~§<argz<%-
But, (2.1) also holds when y belongs to D,, i.e. the expansion

&Y
( e }’) m—I+4vy

(2.6) J (e y) ~ =P ey PeTy) >
holds especially when

] i R 7 1
—— e L arg (e~ y)  —
2om-1 -0 g ( y)\22m——1

+-€.

From the lemma 2 follows that the expansion

e~Tiz

1 v
2m—1 T Zm—1
A, (e
o ) > A ( )

(27) e=xiy N(

holds in the whole z-plane cut along the positive part of the real axis.
From (2.6) and (2.7) we get as before

am—t 2m—v m—1-4-v

, F(e—’”‘z)wexp[ 20 D.,(ze*ﬁi)z’"*l} E @, (e—’”'z)_ 2m—1

holding for all z satisfying the inequality
11 . T
-5 <arg e <o

so that the expansion (2.3) holds in the left half of the z-plane cut along
the negative part of the real axis, with —z instead of z.
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22.1. From the theorem 1 one can easily deduce the expansion of
the fundamental solution of the general onedimensional parabolic differen-
tial equation with constant coefficients. More precisely: let 4, (v=1,2,..n1—1)
denote arbifrary complex numbers and

a n—1 o \n—v
Hax)=Z 0 (5x)
dx yz() dx

oo

be parabolic, i.e. n=2m and b,(~1)"-1Em positive definite for real E.
Its fundamental solution is given by {7]

and let the equation

K (x) t)= J’efL(iu)'i"Xy du.
> )
Ifin F(2) for a, we choose especially - b, 2™ £2m and z=ixt~12m, then we get
l

K(x, )= ~———F(1xt—1/3"') R >0

From this formula, applymg theorem 1, we deduce the wanted expansion;
for the sake of completeness we frame the following

COROLLARY 1. There exist numbers a3 (x;by,...,byn_4) SO that the

expansion
1

1 v
K(x,f)~t 2@m=D exp {Atf 2m—!}2a:t2m~l, t—0
Jim_ im 2m —2m
holds when R {t} >0, where, A, =x2m—1¢2 2m—1(2m—1)2m 2m-1,
For the detailed proof of this corollary se [6].

3.1. In the sequel M stands for an arbitrarily large, but fixed posi-
tive real number. We give in this section the representation of the F{P’(y)}
mentioned in § 1.1.

THEOREM 4, Let ihe functions J(¥), Qo (y), Agx(y) be defined as in
§ 2.1, then for all y#0 we have
J(y)=e PP N A, () Quk (¥) -
k=0

Firstly we prove the following
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LEMMA 3. The series
’Za; A (¥) Qax (¥)

converges absolutely and uniformly when | y|< M.

Proof of the lemma 3. 1° We begin by proving that there exists
a constant B> 1 so that all the coefficients 5"” of the polynomials

2mp~1
Quoly)= X biPytme=
satisfy =0
(3.1) [bﬁ."”)|<BP when i=3p+1, 3p+2, ..., 2m-1)p.

Since Q,,,(y) are defined by (1.1) as the coefficients in the Taylor’s
expansion of the function

(Fx )’)}p={2”§lwxv}p

yo=3 V!

they can be expressed by Cauchy’s integral. Hence, since |f(x,y)lr <
< Cyp|yrme-|xj@m=be, |x{>1, |y|>1, we get [Qi,(NI<<BIyfm.
The assertion (3.1) then follows by repeating the above argument with
b%? instead of Q;,(y) and Q. ,(y) instead of {f(x;y)}?.
2° Let n
Sa(¥)= 2 140k (1)1 1206 )]
k=0

We show that S,(y) — S(y), n— oo uniformly.
Let

- Cm—-n _ - ?35 1

(B2)  Sem—vn(M= 3T Auw()Qu(, A2 (¥)= > ;‘!!sz .
k=2 p==1

It is then easily verified that _

- 2n ap (y) @Em—1)p
33) Sem_n(¥)=3 o where a,(y)= ¥ [Qi» (M) Nl

p=1 i=3p
From the definition of Q,(y) we get if [y|< M
‘ L i+l .

GH I Catn (Gl

where k=k(M), a={2(m—1)}~!, and from the definition of Q,,(y) and
(3.1) we get
(3:9) 1Qup NI < Zm—i+ 1)3"0<1|\143X' {lyls |yf2me}.

yisM

.
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From (3.3), (3.4) and (3.5) there follows

.a_P_(-Q 2 232”_?;—1" Br (2m—1 1_) {2m-8)
o1 S Cuo (M) 22 Fpr ) L2 Pt o) Max (L yjermey.

Hence, using Stirling’s formula we deduce that there exists a 8 > 0 such that
a, (y)/p! < Cop (M)p~8r Max (1, |y|@m-¥p},
ollyi=Mm

We have thus proved the uniform convergence of Za,/p! and according
to (3.3) that of Sgm_1a(¥)

Since |A;(y)] < A,(p) for all i in question one can infer that the
series Sym—1)n (y) converge uniformly too.

But, the sequence S, (y) is steadily increasing and S,(y) << Sem—nn(¥)
when m>2, n>1 and |y|<CM, and so the sequence S,(y) converges
uniformly. Hence the lemma follows.

Proof of the theorem 4. We have proved in lemma 3 that
Do Agk (¥) Qar (¥)= S (v), when |y| < M; convergence being absolute and
uniform. On the other hand, according to the inequality [R,(y)<<
< Cy|ypm@n+H+1p=Bn proved in theorem 1 for all y belonging to the
domains D,, D,, we have
(3.6) J(1)=e PO+ PO S ()

in these domains. But, the above formula holds not only in the domains
D,, D, but also, by analytic continuation, in the whole domain of regula-
rity of the right side function in (3.6). According to lemma 3 this proves

the theorem. ‘
(Received 30.X.1958)
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