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Let us consider the following trigonometric series with monotone
decreasing coefficients 1,0, n oo,

fix)= —;—)\0+ f: hyeosnx, g(x)= i M, Sin nx.

n==] n=1\

The functions defined by these series are continuous in 8 < x= 2 r~—3§,
for every 8§ >0, but are not necessarily L-integrable in (0, x).

It is known, however, that, when & (x)=f(x) or g(x), we have the
following theorem:
A

n {1
() <o
n

n(x) h(x)€ L (0, x) if and only if § p

n=0

where n(x)=x=" or x-7 L (1/x) (L (x) being a slowly increasing function in
the sence of Karamata[5]) 0<r<<1 when h(x)=f(x); 0<{r <2 when
h(x)=g(x). (For n(x)=x"", see Boas [2], Heywood [4], Sunou-
chi [8], and Young [9]; for n(x})=x""L (1/x), see Aljanci¢, Bo
jani¢ and Tomié¢ [1] and Peyerimhoff [7])

Instead of n(x)=x""or x~ 7L (1/x), a more general n(x) is consi-
dered in Peyerimhoff [7], namely, n(x)>>0 and xn(x) € L (0, =),
and the following result is obtained:

iin

n(x)g(x)€L@O,mn)if (I)....i nk,,fxq(x)dx(oo.
0

n==1
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The converse also holds if we have some additional condition, e. g.,

20 g 1) L xoxse [ 20 gy, g 00
(1])“”] " sin n+2 2x X >¢ ” x, for PSS N
i/n i/n

The condition (II) is satisfied in the following cases: For xog% a>1)

n(y)<Kan(x) for all 0<xLyKAx, x<xy, oOr

n(X)<Ba(y) forall 0<x<TyKAx, x<xon
In many cases, the condition (I) can be replaced by

(I11) 3 k"q(l)<m.

n=1 1N n

In the present work we shall establish parallel theorems concerning
f(x) as only the case of g(x) is considered in Peyerimhoff [7]. We
shall always assume the following conditions in this paper:

i} n(x) is a non-negative and L-integrable function in (0, x).

iiy {\,} is a monotone decreasing sequence tending to zero.

iif) f(x)= % X + i A, cos nx.

n=1
Summarizing, the following results are obtained:
THEOREM 1: If
In

1) il)‘.,.fq(x)dx<oo
= 0

then n(x)f(x) € L (0, ).

THEOREM 2: If n(x) f(x) € L'(0, =) then
@) fﬂ—(fl dx<Cn(f) (0<t<x,<x C:a constant)
X
t
implies (1).

THEOREM 3: If L (x) satisfies the following condition:

) 0<L()<IML(x) forall 0 <xTy<{AX, xKxo <K/, >0, A>1.
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then

"y (t) dt g (x) -
4) fiiste = C ote (C: a constant, & > 0)
holds. ¥

THEOREM 4: If n(x) satisfies the following conditions:
a) n()<an(x) for all 0<xLyK<Ax, xLXe<{w/A, a>0, A>1,
b) n(x)<Bny) for all 0<x Ly Krx, xLx<(w/A, BN A D>,

then the condition (1) is equivalent to the condition (III).

In Theorem 3, for {(x)=x"-L (1/x)(h=s+e—r, s_>r > ¢), the con-
dition (3) is satisfied since

() _ (.V)hL(l/y)<;\/ L(lly)<)\s as x->0%® O<xLyAx).

5 (x) L (1/x) L (1/x)

And if n(x)=x—s"¢{(x)=x""L (1/x)(0<<r<1), then (2) holds because
of (4). Moreover, for the above n(x), the condition (5) is satisfied; it fol-
lows that we can derive the following theorem, from Theorems 1, 2, and 4:

X" 'L( )f(x) € L (0, =) holds, if and only if f _}‘_Lﬂ

n=1

< o0

Therefore, our theorems include the previous result of Aljan¢i¢, Bo-
jani¢ and Tomié [1].
To prove Theorem 1, we need the following:

LEMMA 1: If (1) holds, then

i/n

(6) 3t nan fq(x)dx(oo
n-—l
and
14
@ 3 Alnfq—(x—)dx<oo.
n=1 X
i/n
*¥) Since La y)~l as x20, for 0<{x<<y<<ax.

L (1/x)
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Proof: Let us consider the following identity:

n--1 N
® 3 na,-Ah+ ): A B v(@ = ays) = 3,00~ 2ysy).
n=1 v=1 v=1

<(8) is obtained directly from

n—1 n
na,+ ¥ v(a,—a, ) = > a,

v=1 =1
and
N =n N
T Y 8= a (- MH)-)
n=1 v=1 y=1

ljn

For av=fq(x) dx, the right hand side of (8) remains bounded for

N~ oo because of (1). It follows that both terms on the left hand side are
finite since all the terms are positive; hence (6) holds. We also obtam
1jv

}:Ax 2 fq(x)dx.<oo

n=t v=1
. L)
Since
1/v

2f“(x)dx fq(x)dx\fn()dx (r=1),
Y(+1) 1v+1) 1+1)
we obtain l
3 A, f 10 gy < oo
= 1in X
this implies (7) because 5 (x)/x € L (I, r).
We are, now, ready to prove Theorem 1.
Proof: Since

r . 1 = |sin(n+1/2)x
fq(x)if(x)fdx<0fn(x) [2 At 3 a3, | ST
0

}dx

sin (n+1/2) x

dx ,
2sinx/2

<k [a@ax+ ¥ o, (a0
0 0

n=1
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it is sufficient to show

sin(n+1/2) x

dx )
2 sin x/2 <

©) 2‘: Ax,,f (x)

and this follows from (6) and (7) since

glmn[fﬁ; f“]w)

) 1/n

sin(n+1/2)x |
2sinx/2 |

1in

<§1(2n+1)m fq(x)dx_'_zz A, fn(x)

To prove Theorem 2, let us first consider the following

LEMMA 2: If f(x)€L(0, =) and F(x)=ff(x) dx, then

(10) 1) Fx)€ L (0, %)
X
implies (1).

Proof: Since n(x)€ L (0, w), we have r]—(i)—Fl (x)€ L(0, =) for F,(x)=
X

=F(x) —'/ghox. Writing p,==L,/n and applying Abel's transformation to
Fi(x) we obtain

F,(x) = 2 pnsmnx-zA sm-(/z+l/2)x/2_‘1~p

tan i X
= sin x/2 ' 4

We have n(x) tan x/4 € L (0, =) since x~ 1 tan x/4 is bounded in (0, =), and
x .
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therefore we have (F, (x) +!/, p, tan x/4) n (x)/x € L (0, ), i.e., (And since

2ad0, 19 00)

f}J n(x) ,, sint(1+1/2)xf2 2 Ap,,f” (), sint (e 122 |

=1 sin x/2 x sin x/2
0

Then, we obtain
1/n

% (n+1)Ap fq(x)dx< o
n=1 0

since
i/n

(n+1)? f n(x) dx < 4 f n (x) sin® (;:://22) 2

From (n + 1)2Ap, = (n+1) AN, +(1 +1/n) ), we obtain
i/n

§1<1 +— ) fq(x)dx<oo

hence (1) holds.

Proof: of Theorem 2 We assume n(x)<=0 almost everywhere in
(0, xo); the proof is trivial otherwise. Then, we have from (2),

Xo Xp Xp
1 rn( 1 1
H>L (o), -—f (xdx>-~f Ndx=a>0 (<8
n()/cf > amas o [adi=a>0 (1<)
t 3
e., there exists a >0 such that n(f) > o for 0 < t<8.

It follows that o | f(x) | < n(x)| f('x) | € L (0, 8); therefore, f(x) €L (0, 5).
Since f(x) is bounded in (8, =), we have f(x) € L (0, ).

From n(x) f(x) € L (0,x), we obtain by (2)

Xo X X Xo Xp
f&F(x)|%")dx'<f‘—‘—iﬁdxflf(t)ldt=ff“—§‘ldx|f(t)|dt
0 0 0 0 ¢

<ch<r)|f<t>|dt,
[4]



On the integrabiiity of functions delined by cosine series... 79

(x)

i. e, I]—(—’QF (x) € L (0, x,) and since 1) is bounded in (xq, ), we obtain
x x

1) gy € L (0, m).
x
It follows that (1) holds from Lemma 2.

Proof of Theorem 3: Let Mxx,< AM*!x, then we have for
the constants C, (i=1,2,3,4) depending ounly on A, s, and e,

Xo Av+1 x

c(fat _ & L) at
[ < z irere
x AV x

<GS L x)- {1/ x)te — 1)+ x)ste)

v=20

<G 3 1o 00 < G 3 el gyt

v=~0

GG (x)/xste.

If (5) a) holds and if 1/(ndv+1) Cx 1/ (n W) (1/n < x,), then re-
peatedly applying (5) a), we get the following

1 1
o (7)< 0 (x).
And since
1/n 1/nnv
[aaxr=%  [acax,
y=0
0 1/nav+1
it follows that
N1 1
(11) An(—)—<fq(x)dx (n>——)
nj/n X
0

where
A=(-1) E (axd)™v.
vasl
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Similarly, from (5) b), we obtain

Xg

(12) Bl‘l(%—)i‘}fl(x)dx (n>—1—)
where °

@ {3 v
B=(l~1)-2("*)
y=1 A
Proof of Theorem 4: If (5) holds, then (11) and (12) hold for
n>1/x, ie,
ijn

fq(x)dxfw-l—r}(-}—), as 1 oo.
no\n
0

Therefore the condition (1) and the condition (3) are equivalent since any
finite sum of the series of (1) or of (lIl) is finite.
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