ON THE GREEN’S FUNCTION OF THE BIHARMONIC OPERATOR

by
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SUMMARY — An estimation of Green’s function of the biharmonic
equation AAu—Au=0 in the complex A plane is given,

1. INTRODUCTION. Let S denote a bounded domain in the xy-plane
with a regular boundary §’, so that the existence of the Green’s function
of the following boundary value problem

’ AAu—-ru=20
M ou

is guaranteed.

Further, let /7, P and Q be points of S, r the distance between P
and Q, and I, the minimum distance between P and points on §'. m,,
My, Mgy...; My, My, My, ... are numbers not depending on P and Q.

If G(P, Q; ) denotes the Green’s function of (1) and

(2) R(P,Q; — N\) = Vli if e—:/frt/V—z'sin (:/Xrt/ﬁ) Vtz_di_-_l_

the fundamental solution of AAu + M u =0, then we have [4]
1

v (P,Q; — 1) being a solution of AAu+ Au=20 satisfying the following
conditions on §':

Y(P,Q; -N =R(P,Q; -, aY(P{’)(’f;‘M - aR(P;i;‘M .
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Pleijel [4] showed in 1940, by the use of the calculus of varia-
tion, that

¥ (PP = )| < T,
p

and Bojani¢ and Vulkovi¢ [2] in 1953, by a similar method, that

4
Iy (P,Q; —0)| < C(l,) ep VERYZ:
both results holding for the real values of A only.

The aim of this note is to give an inequality satisfied by G(P,Q; — )
and valid in the whole complex A-plane except along the negative part
of the real axis.

This idea to estimate the Green’s function of an elliptic partial
differential boundary value problem as a function of complex variable has
been for the first time stated by V. Avakumovi¢, in a not yet published
paper [1]. Here it will be shown how a modification of his method can
be applied on a more complicated case.

21. RESULTS. With the above notations we have the following
THEOREM 1. Let P be fixed, 6 = arg \ and

4 4
Q(\;l)=e” PR ALY | 1R e
then

G(P,Q;—x>——1—R(P,Q;~x>'<§— Clh)___on;1)
2 VW sin —TC’

2

for all —n <0< m, and QES, where C(I,) = my /1,152,
The proof of this theorem depends on the following three lemmas:

LEMMA 1. Let Xy denote the eigenvalues of (1), and &, the associated
eigenfunctions; then we have

E(@;x)= X2 95(Q) < M, Vx

Ay x
for all x > 0.
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LEMMA 2. The Green’s function G (P, Q; — 1)) satisfies the following
relation
My

| 32 sin? o -

fIG(ﬂ,Q;—k)I’an<
S

LEMMA 3. Let E(r) be the function with first four continuous derivatives,
having the following properties:

1 for 0 r< /2,
4 = A P
@) t0 {0 for r>1,,
my,

EOISL FOIST, BOIKT @ OI<T, B0I<H,

r2

If =», denotes the circular ring between two circles of radii I/2,
I, respectively, and

5) F(P,ﬂ;—}\)=$(AA+K)n§(r)R(P,ﬂ;—}\),
then
4—-—-
le(P, ;- M) |PdFn < '"5[‘1/5[5—'0&; lp),
P
%

2.2. PROOF OF THE THEOREM I. Instead of the usual expression of
the Green’s function (3), we shall write

(6) G(P,Q;—x>=21—n&<r)R(P,Q;—x)—r*(P,Q;—x).

Hence, according to the fundamental property of the Green’s function,
we have
(AA+ M Y* (P, IT; = 2) =T (P,IT; - ).

This can easily be transformed, using the corresponding Green’s formula
[4], into a linear homogenous integral equation, i. e. into

v+ (P, Q; ~ 1) ='-~fG(17,Q; —2)I(P,1T; -~ 1) dFp .
S

Hence, by the Cauchy-Schwarz’s inequality and taking care of (4)
1/2
M 1v* . Q=I<( [ 1061 - P dra [ 1P =) dFn )

S %
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Now, according to Lemmas 2 and 3 it follows from (7) that

m,
®) Y * (P, Q =~ NI < s 5 7@ %5 1y)
%2 y | 5 |sin ‘
2
and from (3), (6) and (4) that
v+ (P, Q- ) 0<r< 2

© v Q-2 2‘—“(1 ~EORPQ =N+ Y (PQ - N £ <1<,

SR(P.Q =2 +Y*(A,Q - 1) >y,
so that, according to (8), (4) and (9), we have
cd )
REGRESSIEG w205,
VIPNE sm

where C ([;) = —7-113"/—2, and so the Theorem I is established.
p

We still have to prove the Lemmas 1—3.

3.1. PROOF OF THE LEMMA 1. a) From the Pleijel’s result

had (bE(Q) 1 <m1}\' —3/4
Sih+ A 8VX

[4] it follows

¢v(Q)
v=1Ay 4+ A 8\’}\.

for all A > my/l}, where m, = 1 + m,; but

2 DQ) _ my(x + )
E(Q;x)= VE\xqb »(Q) < (xH)MEsxK H< VL
and so, putting A = x,
(10) E (Q; x) < MyVx

for all x>-m~2- =15.
lo
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b) Let G (P, Q) denote the Green’s function of the following boun-
dary value problem

AAu=0 , PES,
du

u=0,—=0, PES"
on

Here G (P, Q) is the kernel of the corresponding integral equation, satis-
fying the conditions of Mercer’s theorem, so that it can be expanded in
a bilinear series

6@ -3 2P 0@

v=1 }\-v
which converges absolutely and uniformly. Hence

i 3(Q) < M,,
v=1 v
or

(11) M2>f"—”§;—’9=f+f=11+12>11,

Ay Ay TQ
since J, is evidently positive. We have to prove that (10) still holds when
x < vo. Suppose, on the contrary, that
(12) E(Q; x)>M () Vx
for all x g
Integrating in J, by part we get

Q
J1 — E(Q)TQ) _ E(Q’}‘-i) + f x"2FE (Q; X) dx,
TQ A N
1

hence, according to (12),

Tp
J1 >E(Q: TQ) _ E(Q: )‘1) + M(IQ)f X3 dx
Q )\.1 N
1

a9



64 Vojislav Marié

Since we can choose [, arbitrary small, we shall take it so that —I:g

TQ

1
&K —=". Hence it follows
oy,

M(lg) E(Q;M)

13 J S S
(13) > W x

1 1
for —<—

0 4N

From (11) and (13) we have at once

M) E(Q;)
VA, Y

M, >
or

M(IQ)<MZVE+5‘%_—”<M“

1
and so

E(Q; x) <K My Vx

for all x  my/ly, which completes the proof.

8.2 PROOF OF THE LEMMA 2. From

G(QQ-MN-G(Q,Q;-12)
A -2

fta(n,Q;—x)i=an=
S

([3], p. 141) and from

QN

S P (Q)

G(Q,Q;—2»)=§l T

[2], it follows

® 2
[rom a-npara=3 Q.
S

y=a]

Hence, by the evident inequality

[hy + 0] =] Ay = he—"| > sin > “(xv+m),
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valid for all 6 's between — n and =,

R
n=[10(,0 -rarns —g—r 5 2D
3 sin® —— v
_ 1 C dE(Q;%) 2 " E(Q;%) ;

— 2= _ 3
LE PR R e P LD

but according to Lemma 1

[ E(Q) " x
0 (x+m>=’<M10f RPN

Putting [A]f=x we finally have
mg

P QL N q e d.
Y prsin 2T

33 PROOF OF THE LEMMA 3. We can split the fundamental solution
R (P, Q; — 1) as follows ([4], p. 92)

4 4
- —qijdy _ Y nije
R(P,Q;—}\)zv_lx_Ko(rVAe )2,' Ky (- VR &)

where

o

K,,(z)=fe"“

0

dt
Vtz_—l )

Now, we can, according to (14), express R (P, Q; — X) and the first four
derivatives of it in terms of the modified Bessel’'s functions of the first
kind K, (2), so that the right side of (5) can be effectively calculated
without difficulty.

Moreover, by the use of the well-known relation

Kv(z)<v’%e—%, largz| < %

Publications de I'Institut Mathématique 3
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({3] p. 202), we can estimate the right side of (5), so that, after a con-
siderable calculation, we get

oI (P, IT; - ) <

4 - R S
< my —(&9+m11Vl}\l+muVIM+m18\’[i~| V“\')Q()\,2r)<

x> . 8 r4 ,-3 r2
Vr VIM V]2
<”’;4‘”“o(x 2 for 2.<rgy,
»
but
//
FP, 1T — 1) = 0 for O<r<—2p-,
0 forr>1,
according to (4).
Hence it follows
ha= [ 11 (P, 1= 2 dFa < Tﬂﬁf% 2r)dr,
%!
or
4_
mys V| A
J. < —15115| 'Q()\;IP), q. e. d.
P

(Recelved 29 June 1955)
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