A REMARK ON THE PRECEDING PAPER BY A. RENYI
by
M. KAC (Cornell University, ithaca, N. Y., USA)

The curious and interesting identity

m) éo =l (1——;—)(1—[){—2‘),

discovered and proved by A. Rényi in the preceding paper can be
approached by an entirely different method based on the probabilistic
notion of independence.

Let
n= H ptxp(n) »

p

then it is easily seen that the functions «,(n) are independent i. e.

@) D {ap (1) = ky, 0y, (1) = Koy, ctp (1) = Ky} = r:IID (o, (1) = ks),

where D{...... } denotes the density of the set of integers defined inside
the braces.
Now,
(3) Un) = V(n) ~ 3 Bp(n),
r

where

d,(n) — 1, a, {n) >1,
(4) By (m=1{ 7 T

0, ap (n) = 0.

Clearly the functions 8, () are also independent.
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Now,
pr=D{U(n)— V(n) =k} =
(5) 2n
1 1 &
= lim — —igk 1EUm— V() ¢4
Nl_r,nw 2nf ¢ ,,2221 ¢ ¢
0
and if for every (or almost every §)
(6) lim _1_§ ol E(Um) — V(n))

N Nn=1

exists, it follows (by dominated convergence) that

2n

1 . . 1N
7 - ~IEk lim — i§(Uwn)— V(n)) 4E,
(7) o fe lim > e 3
4]

Formally, rising the independence of B, (n), we get

1y 1 N
lim — % Jd8UM=V(M) _ lim — S exp {iEZBy(n)} =
ol NE} N~>wN,,E=1 D { EPBp( )}

®) .,
- 17 lim 12 ei8Bp(n)

P N-rw Nnv,l

and cleanly

N i N .
lim _I_E e'EB”(") =1- 1 . (_1_ - l) + (1 _ _1_> el =
N NpZ p p P s

(),

which together with (8) and (7) gives
2n 1
s \
(10) ox = -vl_f e—iEk ] (1 - i)(l +
2 » p

I p — et
[

which is equivalent to (1).
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The problem is thus reduced to the justification of second equa-
lity in (8).

It follows trivially from the independence of the functions B, (n) that

(11) lim __Eexp tE E ﬁp (n)} = lim _E 2i%Bp(n)
Nawo Nz p<p N> =i

which unfortunately does not immediately imply (8) because density is
only a finitely additive measure.

However, because of a special property of functions one can deduce
(8) from (11).

In fact, let

(12) R ()= Y Bo(n)
pP>pr
and note that
—z R(m)= 3 z(k—l)( : )<
(13) N—) N =, 0 S o i pr+1
]
P>Pr-(—;:l_)2_ ()

Thus the upper density of the set of integers for which R, (n) >1
is o(r) and consequently

i L|S exp {1528, (1)) —exp (i = 8, ()

N >w { n=1 P=pr

(14)
N
< lim %2 | el ERr(M) _ 11 < 2D {R, (n) >0} =20(r),

N> n=1

where D{R,(n) >0} is the upper density of integers for which
R, (n) >0 {or equivalently R,(n)_>1}. Formulas (14) and (11) clearly
imply (8).
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