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KANTOROVICH VERSION OF A GENERALIZED
BERNSTEIN OPERATORS AND APPLICATIONS

Nadeem Rao and Nand Kishor Jha

ABSTRACT. We introduce generalized Bernstein—Kantorovich type operators
with two shifted nodes and study their approximation properties. First, we
calculate some estimates for these operators. Further, we discuss convergence
theorems and order of approximation in terms of Korovkin theorem and first
order modulus of smoothness respectively. Next, we study pointwise approx-
imation results in terms of Peetre’s K-functional, second order modulus of
smoothness, Lipschitz type space and rt? order Lipschitz type maximal func-
tion. Lastly, weighted approximation results and statistical approximation
theorems are proved.

1. Introduction and Preliminaries

Approximation theory indeed plays a crucial role across various disciplines,
providing a framework to represent complex functions with simpler ones. Its appli-
cations span from mathematics to engineering, including fields like computational
science, data analysis, and computer graphics. In computational aspects, approxi-
mation theory aids in describing geometric shapes and solving differential equations.
It forms the backbone of numerical analysis, where it helps in devising efficient al-
gorithms for solving mathematical problems numerically. Moreover, in applied
mathematics, approximation theory contributes to areas like control theory, where
control points and control nets are utilized to study parametric curves and surfaces.
These concepts are fundamental in designing control systems for various engineer-
ing applications [8l|9]. In recent years, with the rise of artificial intelligence, data
science and machine learning, approximation theory has found new applications.
Techniques from approximation theory are employed in developing algorithms for
data analysis, pattern recognition and predictive modeling. They form the basis for
constructing models that can approximate complex relationships within datasets.
Furthermore, in computer graphics and computer algebra systems, approximation
theory is indispensable. It enables the representation of curves and surfaces using
simpler mathematical constructs, facilitating tasks like rendering realistic images
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and solving symbolic equations efficiently. Many scientists in medical sciences and
others are also working in terms of these sequences of [6}/15.[16].

The first sequence of operators to support the above application part was in-
troduced by Bernstein [1]. Although, his motive was to provide a short and elegant
proof of the approximation theorem of Weierstrass with the assistance of binomial
distribution as:

l l v l—v v
(1.1) Bl(g,u)—uz_o<y>u (1 —u) g(l>, u € 10,1],
where g belongs to C[0,1]. He proved that these operators approximate uniformly
on [0,1] to every continuous function g € C[0,1]. The Bernstein operators have
been one of the most extensively examined positive linear operators in the area of
approximation theory. However, these operators are not applicable for discontinu-
ous functions. Further, Kantorovich |7] introduced a sequence of operators which
is a generalization of the operators over the space of Lebesgue integrable
functions L[0, 1] as:
Lo/l T
. — v l—v
Kigw) =(1+1) Y (V>u (1) / o) dt, wel01].

w
v=0 T+1

Recently, Usta [14] presented a new sequence of Bernstein operators for the
function g, which are continuous and defined on (0,1) with uw € (0,1) as follows:

(1.2) giu)=7 Z( ) (v —lu)’u’ (1 —u) vy (%), leN.

REMARK 1.1. These operators given in (1.2]) are restricted to the space of
continuous functions only.

In addition of the above literature and to discuss approximation properties for
Lebesgue integrable functions, we define generalized Bernstein—Kantorovich—Stancu
type operators with two shifted nodes as follows

vta+1

- 5 +6+1
(1.3) G (g;u ZQl o /W g(t) dt,
+8+1

where @, (u) = (H'ljiﬂ)(i)( — lu)*ur"(1 — u)'=¥=1, here o, 8 denote real pa-
rameters with 0 < o < 8. For @ = 8 = 0, the operators (1.3]) reduce to operators
defined by Senapati [12].

REMARK 1.2. For any g,h € C’(O7 1) and a1, a2 € R, we have

op (3 E3y
G} (a19 + azh; ) Z Quu(u / - (arg + azh)(t) dt

TF5+1
v+a+1

- o [ o
v=0

v4a
I+5+1
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v+a+1

l
tar > Quuu) / ) dt
v=0

v+ao
I+B+1

= alG?’B(g; u) + ang‘”@(h;u).

Which implies that the operator Gla’ﬁ(.; .) is a linear operator.

REMARK 1.3. Also for any g > 0, we must have G}X’B(g;u) > 0, which shows
that the sequence of operators are positive.

The structure of our research work is organized as follows: Section 1 compute
some estimates for the operators in terms of test functions and central mo-
ments. In Section 2, we study the uniform convergence theorem and approximation
order via the Korovkin theorem and first order modulus of continuity respectively.
In Section 3, we discuss the local and global approximation results using first and
second order modulus of continuity, Peetre’s K-functional and weight functions in
several functional spaces.

To discuss the existence and convergence of operators (|1.3)), we consider e;(t) =
t, i = 0,1,2. Then, in the following Lemmas and (1.4), we estimate the

operators introduced in terms of central moments and test functions.

LEMMA 1.1. [12] For the operators K (.;.), we have following identities are
obtained

K[ (ep;u) =1,
1—2 3
Kr(epu) = [ —= _2
i (ev;u) (z+1)“+2(1+1)’
27146\ , [ 6l—8 7
Kieon) = [ — "~ e v
i (e2;u) ( S )“ +((z+1)2>“+3(1+1)2’

K (e5: ) = P —1512 - 381 — 24\ 5 (F*-4L14+45 .2
P (I+1)3 (+1)3

N Br—25 L1
(1+1)3 “ 4(1+1)3°
LEMMA 1.2. For u € (0,1) with 0 < a < 3, we construct a recursive relation

between the operators G?’ﬁ(tm;u), m = 0,1,2,... and K} (g;u) where g(t) = t*,
1=20,1,2,... are the test functions as:

aBram. N " ’m [+1 ‘ o m . i,
Gt ’u)_§0<i><l+ﬁ+1> <l+ﬁ+1> K} (t'u).

ProOOF. From equation (1.3)), we have

l

6o g = CEEL ST (-t @t [T g

v+a
v=0 T+B8+1
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We can rearrange the above equation as

l

v=0 v
/Hu{@+1ﬁ+a>(H&)ﬁ
Y 118+1 )i+8+1

!
= i+ —il— D) Z < i ) (v —lu)u (1 —u) vt

Now,

!
GOP (thu) = (+1) Z (l> (v —lu)u’ " (1 —u)t v}

0
T m (l-l-l)t ) o m—i
/L ;(i)<l+ﬁ+l> <l+6+1) d
( I+1 )i( o )mi
I+8+1) \U+8+1
v+1

(1 —&l— 1) zl: (,l/)(y — )2 (1 — ) / g

v

v=0 +1

Sm\ L+l N e T
:Z<i)(l+5+l) (l+6+1) Kl(tvu)~ [l

0
LEMMA 1.3. Let Gla’ﬁ(.; .) be presented in (1.3]). Then, the following identities
are acquired

G (eg;u) = 1,

B, oy 1 _ 1

G, (e1,u)—l+ﬁ+1{(l 2)u+2(3+2a)},

GT’H(BQ;U) = m {(12 — 71— 6)u® + (6] — 8 + 2lar — da)u}
(7 +9a + 3a2)

B+ B+1)2
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Proor. From the result of Lemma and recursive relation in Lemma
we prove the above results of Lemma O

LEMMA 1.4. Let i (t) = (t —u)?, i = 0,1,2. Then, we have the central
moments of generalized Bernstein Kantorovich Stancu operators (1.3]) as follows:

G (W(t);u) =1,

1 3
a,B 1 gy, _ c_
G (Wulthiu) = l+ﬂ+1{2 3“+O‘}’
1 7
G (2 (1) :7{1%31 21 (31-11-6 (7 2 3)}
PROOF. In the light of Lemma[I.3]and linearity properties, we can easily prove
Lemma [[4 O

REMARK 1.4. If we take a = 8 = 0, then the estimates of the operators (|1.3))
reduces to the estimates of the operators defined by Senapati [12].

REMARK 1.5. It is also noticed that G™P(¢2(t);u) < Kj(¢2(t);u), which
shows that the rate of convergence of operators (|1.3)) is faster than Kantorovich
operators [12].

2. Rapidity of convergence and order of approximation
DEFINITION 2.1. Let g € C(0,1). Then, the modulus of continuity is defined
as: w(g; 1) = SUPy, —uy (< [9(u1) — g(u2)l, ur, uz € (0,1).

THEOREM 2.1. Let Go‘ﬁ( ) be given in (L.3). Then, for all g € Cp(0,1),

G} 6( g;u) = g on each bounded and closed subset of (0,1), where = symbol denotes
uniform convergence.

PRrROOF. Using the Korovkin result which implies that the convergence is uni-
form, it is adequate to see that lim;_, Gla’ﬁ(ti;u) =, i = 0,1,2, uniformly on
(0,1). In view of Lemma we can arrive at the desired result. O

In the light of Shisha et al. [13], one can show the order of approximation via
the Ditzian—Totik modulus of continuity.

THEOREM 2.2. Let g € C(0,1). Then, operators G~ B( .) given in , we
have |G (g ) — g(w)| < 2w(gs ), where 7 = /G2 (¢ — w)%; ).

PRroor. In accordance with Lemma and Cauchy-Schwartz inequality,
we have

GyP (g:u) — g(u)] < G |(g(t )—Q(U)\;u)

<GP ((1 + ) (g,a);u>
9.0)[1+

Gaﬁ u\,u)}
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<l9.0) |1+ 53/ (- w2

By selecting 6 = \/Glo"ﬂ((t — u)?;u), we obtained the desired result. O

3. Direct Results

We recall a functional space as: Cp(0,1), where Cp(0,1) denotes a space of
continuous and bounded functions and Peetre’s K-functional is as:

Kalg.) =, _inf {llg = Hleyo + 0 legon
Lo,

where C%(0,1) = {h € Cp(0,1) : B/, " € Cp(0,1)} endowed with the norm
lgll = sup |g(u)].
0<u<1
Further, we recall the second order Ditzian—Totik modulus of continuity is as:

wa(g; \/ﬁ) = sup sup |g(u+ 2v) — 2g(u +v) + g(u)).
0<v<y/7 u€(0,1)

We also have a relation from |2, Theorem 2.4, p. 177], as follows:

(3.1) Ks(g;77) < Cwa(g; /1),

where C' is an absolute constant. Next, in order to discuss the approximation result,
we consider the auxiliary sequence of operator as:

. 2(1 — 2)u + 3+ 2«
a,B/ . _ By _
(32 Ggu =6 e - o(T gy )
where g € Cp(0,1), u > 0 and [ > 2. From (3.2)), we get
(3.3) Gyl St u) =1, Gl (h(t);u) = 0 and |G (g;u)] < 3llgl.

LEMMA 3.1. Foru > 0 and l > 2, we have |@la’5(g;u) —g(w)| < 6(w)|g"|,
where g € C%(0,1) and (u) = G2 (2 (£);u) + (G2 (L (1); u))2.

u

PrOOF. For h € C%(0,1) and in the direction of Taylor’s theorem, we have
t

(3.4) 9(t) = g(u) + (t — u)g/(u) + / (t - )" (v)dv.

u

Now, by using the auxiliary operators éf‘ﬁ(, .) introduced in (3.2) on both the
sides in the above ([3.4)), we have

t
G (g5u) = g(u) = ¢' (WGP (4 () w) + G ( / (t — v)g" (v)dv; u).
In the light of and , we have
t
Gla’ﬂ(g;u) —g(u) = G?’B(/ (t— v)g”(v)dv;u)

=GP ( /u t(t —v)g" (v)dv; u>
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2(1—2)u+342a

e (2(1—2)u+ 3+ 2 "
u ( [+5+1 ”)g(v)d”’
t
Gt — ) < |67 ([ (¢ 0 0)us)
BT 01— 2u 4342
B —Z)u a "
(3.5) + ‘/u ( ATl U)g (v)dv].
Since,
t
(3.6) [ =g o] < (¢~ 0Pl
therefore

2(1—2)u+3+2a

@7)’1;WH1(za_mu+3+2a_“)fwﬂv

I+B8+1
2(1 — 2)u + 3 + 2« 2
<( (-2 u) T
I+8+1

In account of (3.5)), (3.6) and (3.7), we find

18 (gsu) — g(u)] < {é?ﬁwzw);u) n (
— 6w)lg".

We arrive at the required result. O

20_2u+3+2auy?|”ﬂ
I+8+1 g

THEOREM 3.1. For g € C%(0,1), there exists a constant C > 0 such that

|G (g;u) — g(u)| < Cuwa (g5 v/0(w) +wlg; G (¥4 (1) w)),

where (u) is in Lemma 3.1]

PROOF. For g € Cp(0,1) and h € C%(0,1) and in account of the definition of
é;"’ﬂ(.; .), we yield

G (g:u) — 9(w)| < |G (g — hw)| + (g — h)(w)| + |G (hs w) — h(w)]

P
In the direction of Lemma [3.1] and inequalities in (3.3)), we yield
20 —2)u+3+ 2a)_ (u)‘

I+6+1

< 4llg = hll + 011" + w(g: G2 (¢ = w);w)).

In view of (3.1), we arrived at required result. O

(G2 (g51) = gla) < Mg =l +185 (hs )~ () -+ o
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We recall the fillowing result in Lipschitz type space |11], which is given as
[t—ul”

M—
(t+Gu+iu?)2

N

Lip{y (1):={g € C(0,1) : g(t) —g(w) cute(0,1)},

where 0 < v <1, M >0 and ¢, > 0.

THEOREM 3.2. Let g € Lip%}’<2 (v) and the operators Glo"ﬁ(.; .) given in (L1.3).
Then, we have

0.8 g: ) — 7w \?
G2 (gi) — ) < 31 (L)

where 0 <y < 1, ¢1, ¢ € (0,1) and A(u) = G*P (Y2 (1);u).

PRrOOF. For v =1 and u > 0, we yield

a, 3 a, . Yoaleh |t_u| .

1 1
< )
t+ Gu+ Gu? Cru + Cou?

Since for all u € (0,1), we get

. 0ot < (2’
67 ) = o] € (G wk0s? <0 (2 )

which proves the result of Theorem [3:2 holds for v = 1. Further, we consider for

v € (0,1) with the account of Holder’s inequality via p = % and q = %, one get

S

G2 (g5u) — g(u)] < (G2 (|g(t) — g(u)|™ ;)

" a,3 |t B u|2 . %
<i(e (et am ™))

1 1
< , for all uw € (0,1), h
T Gut o S Gut or all u € (0,1), we have

o, 2 . od
0By ) p( G BN e M)z
G giw) g(U)|<M< Cru + Gou? ) gM(Clu—FCzu?)’

Hence, we get the proof of Theorem O

Since

Further, we investigate approximation result locally in the direction of r** order
modulus of continuity. Lenze [10] gave the Lipschitz-type maximal function as:

(3'8) @-(g;u) = sup M

——, u € (0,1) and r € (0, 1].
tAute(0,00) It — Ul

THEOREM 3.3. For g € Cp(0,1) and r € (0,1] and for all u € (0,1), one get

1G22 (g30) — g(w)] < Bilgiw) (Mw)) .
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PRrROOF. It is found that \G?’B(g; u) —g(u)| < G?’B(|g(t) —g(u)];u). In view of
l} we have |G?”B(g; u) —g(u)| < ws(g; u)Gla’B(|t —u|";u). In account of Holder’s

inequality with the aid of p = % and g = 237” we have

G (g50) = g(w)] < By (g:w) (G ([t = uf*sw)) *. -

4. Approximation Properties Globally

Suppose that v(u) =1+ u?,0 < wu < 1is a weight function. Then, B,(0,1) =
{g(u) : |g(u)] < My(1+ u?), here M, is a constant based on g and C,(0,1) is the
space of continuous function in B, (0,1) equipped with [[g(u)|, = sup,e(o,1 %
and

Ck0,1) = {g €C,(0,1): lim 9(w)

U— 00 y(u)

= k, where constant k is depending on g}.

The Ditzian—Totik modulus of smoothness for the function g defined on the
closed interval [a, b] with a,b > 0 is defined by

(4.1) wp(g,m) = sup  sup |g(t) — g(u)].
[t—u| <7 u,t€la,b]

One can easily note that for any g € C,(0,1), the modulus of smoothness given in
tends to zero.

THEOREM 4.1. Let g € C,(0,1) and the modulus of continuity wyi1(g;7) be
given on [a,b+ 1] C (0,1). Then, for any u € [a,b], we get

IGT7(5.) = gllcfas) < AM(1+ b%)is(b) + 2wps1 (g5 v/ (1)),

where 7j,(b) = max,efa,p) G (W5 (1); u).

PRrROOF. For u € [a,b] and ¢ € (0,1), we get
42 a0 - gl <40+ )0 - 0P+ (14 ),
Using operator G?"ﬂ(.; ) in ([42)), we get

(G (g5w) = g(u)| < 4Dy (1 +0%)G 7 (w5 (1): w)

GP (It —u ) ~
+ (1 + l(|ﬁ|>>wb+1(g§ 7).

Further, in the light of Lemma [1.4 and u € [a, b], we have

G2 (5.) — gl < AN, (1 + )i(8) + (1 n ’Z;“’)>wb+l<g;ﬁ>.

We take ) = 7;(b). Then, one can easily arrive at the desired result. O
REMARK 4.1. In what follows, we consider test function as e;(t) = t!,i = 0, 1, 2.

THEOREM 4.2. [3,|4] Let the sequence of positive linear operators (Lp)n>1
acting from C,(0,1) to B, (0,1) satisfy the conditions limy, e [|Ln(ei;.) —eill, =0,
fori=0,1,2. Then, for g € C¥(0,1), we have lim,_, ||Lng — g||, = 0.



94 RAO AND JHA

THEOREM 4.3. For g € C(0,1), we have lim;_, ||G?’B(g; u) —g|l, = 0.

ProoOF. We have to show that lim;_, ||Gla’5(ei; J—eilly =0, fori =0,1,2.
In account of Lemma it is obvious ||G?’B(eo; ) =1, =0, also
L |20-2ut3+2

||G?’B(el; ) —eillyw) = sup

ue(0,1) V() I+8+1
B - (I—=5—-p)u 1 - 3+ 2a
Tt Lungy 14w T B+ Loy L2

For a large value of [, we get HGlo"ﬂ(el; .) — el = 0. Also,

1 ) (12 =71 — 6)u?
ue

162 (eas.) — eally < ( sup

(I+B+1)?) wery 1+
N < ) “ {6l -8+ (2l —4)a}u
(I+B+1)2 uE(OI,)l) 1+ u?

+< 1 ) ) 7+ 9a + 30
/&5 u —_—.
(I+B+1)? u€((]I,)1) 1+ wu?

This implies that ||G7’ﬁ(62; ) —ezl, = 0asl— oco. O
THEOREM 4.4. Let g € C’E(O7 1) and ¢ > 0. Then,

@B\
lim sup |G (g5 u) — g(u)]

=0.
n=o0 e, (14+u?)!e

PrOOF. Since |g(u)| < ||g|l.(1 4+ u?), for any real fixed number ug > 0, we get

qp |G g0 —g@| G g —g()] | IGE (g5 w) —g(w)
weoy  (LHu)FC S ST ) TS (L u?)ie
<G (g3 u) = 9wl i o1y
|GPP (1 + #%5u)] lg(u)|
+Hg‘|l/5;50 (1+ u2)iH< +uS§£)O (14 u2)+<
(43) = ~1+W2+W37 say.
Now,
, lg(u)] lgllo (1 +u®) _ gl
Wy = S < < :
2T ) S SR (1w S [T ud)

In view of Lemma [T.3] it gives

GP (1 2
lim sup M
l—00 u€lug,1) 1+u

Therefore, for any arbitrary € > 0, there corresponds n; € N with

Ga,ﬁ 1 t2. 1 2 C
sup L —|—2,u)<( +up) EJrl, for all I > Iy,
ue[uo,l) 1 +u ||g||l’ 3
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that is

- G (1 + %) gl
Wo = |lgll, sup — — <
u€lug,1) (1 +’U/2)1+< (1 +u(2))C

—, foralll > 1.

Hence, we get

o lgll
Wo + Ws <27 + s
2 3 ( Tu ) 3
Lol

If we take ug to be so large that Tt 2)( < §, then we have

(4.4) Wy + W3 < § for all 1 > 1.
Now, from Theorem [41] there corresponds Iy > [ With
(4.5) W = 1165 (95) = gllefou < 5 for all > 1.

Let I3 = max(l1,l2). Then, with the aid of (4.3)), . and -, we get

|G (g5u) — g(w)
su < €,
uE(OI,)l) (1 +u2)tte ‘

which completes the desired result. O

5. A-Statistical Approximation

Here, we recall a few abbreviations and notation from [5]. Let A = (a;,) be
non-negative infinite summability matrix. Then, a sequence z = (z,) is said to be
A-statistically convergent to L, that is st4 — lim z = L, if for all € > 0

li}n Z ayp, = 0.
vi|z, L| e
Consider ¢ = {¢;} to be a sequence with the following conditions
(5.1) stA—li}n q =1 and stA—li}n qll =a, 0<a<1.
THEOREM 5.1. Consider A = (ay,) to be a nonnegative regular summability

matriz and ¢ = {q} sequence with (5.1) and q; € (0,1), I € N. Then, for every
g € C2(0,1), sta-limy |G (g;.) = gll, = 0.
PRrOOF. From Lemma we get sta-lim, ||G?’B(eo; u) — epll, = 0 and
o 1 20 -2u+ 342«
1G5 ) —ully = sup 1 |22 -
ue(0,1) 1 +u l+p+1
1 (I—=5-Pu 1 34 2

= su su —_.
1+U2u€(017)1) l+,8+1 1+U2u6(01?1)l+,6+1

Now
I = {i: ||G?’ﬁ(€1; —ul| > e},

fgli{li%>g}, fg:z{l:%}%}.
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This implies that I; C I, U I3 and this shows that
Z [ g Z ap + Z Ay -
VEfl V€f2 V€f3

Therefore, we get
(5.2) sta-lim 1GP (e1;u) —ull, = 0.

Now, in the light of Lemma we get

1
(I+8+1)2

G (e2;4) = u?[l14u2 < sp
! e ue(0,1) v(u)

{(12 — 71— 6)u?

7
+(6l—8+21a—4a)u+(3+3a+a2>}—u2.

For € > 0, we have the following sets

5 o 5 12—171-7

Gri= {1 67 exsw) 2, > e} Goi={l: gy 2 51
~ 6l —8+2la—4a _ € ~ T+9a+3a® _ ¢
G {1 gy 25r S {liguy e 2 3)

We note that G; C Go U Gs U G4. Therefore, we get

Zazyé Zalu+ Zasz Z‘”V'

V€d1 V€G_2 ueé:s u€C54

As | — oo, we have

(5.3) sta-lim G (e2;.) = eall, = 0. O

Further, we examine the rate of A-statistical approximation in the account of
Peetre’s K-functional for G?’B(.; .). Peetre’s K-functional of g € C5(0,1) is

K(g:7) = inf { —h ik }
(g;1) heclg(o,l) lg leso,1) + 1l ||C]23(0,1)

where 77 > 0 and C%(0,1) = {g € C(0,1) : ¢’,¢" € Cp(0,1)}, endowed with the
following relation of norm ||gllcz 0,1y = l9llcs(0,1) + [19'lles0,1) + 19" les©0,1)-

THEOREM 5.2. If g € C(0,1), then sta-lim |G} (g: ) — gllcn(0.) = 0.
PROOF. In the light of Taylor’s theorem, we have
1
9(t) = g(w) + ¢/ () (t = w) + 59" WL () (¢t —w)*,

where t < ¢ < u. On operating the operators Gla’ﬁ(.; .), both sides in the above
equation, one get

G (g;u) — g(u) = ¢'(W)G (VL (1) u) + %g”(wG?’ﬁ(wﬁ(t);u),
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which yields that

(5.4) 1GYP (g:) = gllew01) < 19 lesonlGE (e1—, les o

+ 19" len 016G (e1—, 2l es .
= ‘71 + ‘727 say.

From (5.2) and (5.3)), we have

From ([5.4) one has

lilm Z ap, < li{n Z ap, + li{n Z ap.

veN: |G (gi)—glloyc0,1) € veN:VI > § VEN:V22> 5

Therefore sty-lim ||G;l’ﬁ(h; ) = hllego,1) — 0asl — oo.
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THEOREM 5.3. Let g € C%(0,1). Then ||G?’B(g; ) = glleso,1) < Mwa(g; Vi),

where

s Gaﬁ . Ga‘ﬁ —_ )2

=G (er =) lles o + 1G77 ((er = )% )lles o),
and ||9||C,23(o,1) = llglleso,1) + 19'llcs0,0) + 19" les o, -

PROOF. Let h € C%(0,1). Using (5.4)), we obtain that

(5.5) G772 (h) = hlleson < 1P losonllG7 (e =) )los o
+ 310 ea oG (1 = 5 leson
< lhllez 0,1)-
Now, for every g € Cp(0,1) and h € C%(0,1), from , one get
1G7 () = dllonony < NG (g:7) =GP (hs )l ewo.n)
+ G (hi ) = hlles.) + 19 = Pllos o

< 2/h = gllog o) + 16 (h ) = Blley 0.y
< 2[[h = gllep o) +ll9llez 0,1

In view of Peetre’s K-functional, we have ||Gf’6(g; ) = glleso,1) < 2K2(g;7) and

1G7?(g5) = gllewon) < M{ws(g; /1) + min(L, 7)l|gllop 0.1) }-

In view of (5.3)), we have stq-lim; /) = 0, therefore sty-lim; w(h;+/7) = 0.

0
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