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ABSTRACT. Using the Jg—power series method, we redefine the sets of sta-
tistical limit points and statistical cluster points for double sequences of real
numbers. We compare these sets with the set of usual limit points of double
sequences and provide examples to demonstrate that the inclusions between
these sets can be strict.

1. Introduction

Statistical convergence of sequences of real numbers was first discussed in [20]
and [47]. Following these studies, statistical convergence has led to numerous new
research topics in the field of mathematical analysis. Various properties of this
notion of convergence have been studied and compared with other types of conver-
gence by many authors (e.g., |[7H10L21H24}|28|41}144] etc.). The convergence of
double sequences of real numbers was first given in [39]. Statistical convergence of
double sequences was defined and some of its properties were investigated indepen-
dently in [35] and [36]. Many more properties of this convergence were also inves-
tigated in [13}29/40.[50]. Statistical convergence has also been extended to other
types of convergence, for example, lacunary statistical convergence [15}2627.45],
A-statistical convergence |14}/19125], and A-statistical convergence [37].

In summability theory, the power series method and especially the J,-power
series method was first used in Tauberian theorems (see |1,/5}(6}/30-34,46,(48]).
Recently, statistical convergence has been extended to statistical convergence by
the power series method in [52] (see also [16H18|). The J,-statistical convergence
and Jp-strong convergence with respect to the modulus function and the J,-power
series method were compared in [4]. The characterizations of statistical convergence
via the Jp-power series method were explored by Siimbiil et al. [49]. In [3] and [51]
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the concept of statistical convergence with respect to power series methods was
discussed. Bayram |[2] introduced the concepts of statistical limit superior and
inferior with respect to the P,-power series method. Yildiz et al. [54] used the same
method and gave Korovkin-type theorems for double sequences via Pg—statistical
relative modular convergence. Also in [53| a new definition of uniform integrability
in the Pg—sense was given and was compared with the previously defined methods.
Cosar et al. |[11] studied some properties of Jg—statistical convergence for double
sequences and compared Jg—strong convergence with Jg-statistical convergence and
uniform integrability. Mursaleen et al. [38] compared Jg—statistical convergence
and Jg-strong convergence for double sequences using a modulus function and the
J2-power series method. Cogar et al. [12] gave the definition of deferred Riesz
statistical convergence for double sequences via the Jg—power series method and
presented an application to a Korovkin type approximation theorem.

In this article, we introduce the definitions of Jg—statistical limit points and Jg—
statistical cluster points for a double sequence. The set of ordinary limit points of
double sequences, the set of Jg—statistical limit points, and the set of Jg—statistical
cluster points are compared. Examples are given to demonstrate that the inclusions
between these sets can be strict.

Let U be a nonempty set. A double sequence in U is a function z: Nx N — U.
The value of  at (j,k) is denoted by ;. A double sequence in U is denoted by
Tr = (.Tjk).

Throughout the article, the term double sequence will be understood as a
double real sequence.

A double sequence x = () is bounded if there exists a number M > 0 such
that |z;x| < M for all j and k, i.e., if [|2[|(c,2) = SUp; 1 |j,k| < 00. Tt is defined as

2 = {x = (zjk) : su]? |z k] < oo}.
7,

Let = (zmy) be a sequence of real or complex numbers. The sequence © = (X, )
is said to be convergent to p in the Pringsheim sense if for every € > 0, there
exists a natural number Ny(e) such that |z, — p| < € for all m,n > Ny. This is
denoted by P-limy, o0 Tmn = p. It is important to note that if P-limz = p, then
2 = (Tmn) does not necessarily belong to £2 |39].

Throughout the article, x = (x;) and y = (y;x) will denote double sequences
with real entries and the subsequence corresponding to the indices (j,k) € K of
the sequence « = (z;) will be shown with {z}x.

The statistical convergence of sequences of the form x = (x,,,) was introduced
independently in [36] and [35]. Let us take K C N? and let

K(u,v) :=={(m,n) € K:m < wandn < v}
If the limit
53(K) = P-lim 1Y)

u,v—00 UV

in the Pringsheim sense exists, do(K) is called the double density of K.
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Let & = (2mn) be given. Using the concept of density, if
82({(m,n) € N*: |y — | 2 €}) = 0

for all € > 0 or equivalently

1
P-lim —|{(m,n),m < u,n < v : |Tmn —pu| =€} =0
wo uv

for each € > 0, then the sequence x = (z,,,) is said to be statistically convergent to
p and denoted by sta-lim,, ,Tmn = p. The set of all statistical convergence double
sequences is denoted by Sy or sty |36).

The sets of statistical limit points A2 and cluster points I'2 of a double sequence
& = (Xmn) are defined as follows, respectively (see [13]):

€ A2 & there exists K C N2 such that {z}x — p and §5(K) # 0,
peT? & for Ve > 0,0,({(m,n) € N2 : |z, — p| < }) #0.

2. Jpz-statistical convergence in double sequences

Let (pmn) be a sequence of nonnegative entries such that pgg > 0. Let

o0
p(s,t) = Z Dmns " < oo for s,t € (0,1),

m,n=0

which is assumed to satisfy p(t,s) = oo ast,s - 1.
Note that the limit here is in the Pringsheim sense. If the limit

Pa(t,s)
t,s—1- p(t, s)

exists for the double sequence © = (Z;,,) such that
o0
(s, t) = Z TmnPmns 1" < oo for s,t e (0,1),
m,n=0

then = () is L-summable by the mean of the power series Jg and we write
J;Z—lim Tmn = L [1].

DEFINITION 2.1. [11] Let A C N3. If the limit

1 ,
62(A) = i st th
72(A) mf{, p(&t)(;)EAPaks
J,

exists, 6,2(A) is called J2-density of A.

We present some main properties of the Jg density.
i) Since
oo
pls,t) = pisth < oo,
j=0
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we get

6‘15 (N2) - s %Eﬁ—

Z prsth =

(] k)eN?
ii) For any A C N3, if 6s2(A) = 0, then 5J5(Ng N A) = 1. Indeed, since

072(4) =0,
lim J
s,t—=1— D Z p K t
(J k)EA
Hence
6,2(N?) = 1i Itk
Jg( ) s,tgﬁ Z Djks
(j k)eN?
= | L GJk ik
Sigrii p kSt + Z Djks’t >
(4, k)EN2 (j,k)eA
= lim Z p]ksjtk 1,
st—1— p(s,t) =

then we have 4,2 (N2 A)=1.
iii) When A C N2 is a finite set, it is clear that

_ k
073(4) = 521_1}}7 p(s,t) ( %éAkasjt =0.
J»

iv) If A C B C Nj then d,2(A) < d,2(B). Indeed, since pjy are positive and

s,t€(0,1),
Z pkrsjt < Z pgk:sjtk

(4,k)€A (j,k)eB
If we take the limit for s,t — 1~ from both sides in the inequality

Z pjrsith < Z pjrsith,

(; k)EA 8t (g k)eB

p(
we get 052(A) < 0,2(B).
The double density and the density .J7 of an A C Nj set do not have to be equal:

ExaMPLE 2.1. Let A = {(2j + 1,2k) : j,k € Ny} and let p;; factorize as
Pjk = Dj4k:

1, j=2I 1, k=2l+1 1, 7=2land k=2
. = frd €T, =
im0, j=20+1 * 7o, k=2 =0, otherwise
for [ € Ng. Thus the sequence x = () is not convergent in the Pringsheim sense,
62(A) =0 and

. . 1
§2(A) = lim 2 — mn____
(A) =l o = G En) 1
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DEFINITION 2.2. [11] Let the sequence z = (x;;) and p € R be given and
define B, := {(j, k) € N3 : |zjp — p| = e}. If d2(Ee) =0 for each e > 0 i.e.,

lim
t,s—1- p(s,t)

Z pjktjsk =0 foralle >0,
(J,k)EE:

then « = (z;i) is said to be Jg—statistically convergent to p and we write st.y2-
limz = p.
3. Jz-Statistical limit points and Jz-statistical cluster points

In this section, we introduce the definitions of Jg—statistical limit points and
Jg—statistical cluster points for a double sequence and compare the set of ordinary
limit points of a double sequence, the set of Jg—statistical limit points, and the set
of Jg—statistical cluster points.

DEFINITION 3.1. If there exists K C NZ such that {z}x — u and 652(K) #0,
then s is called a J2-statistical limit point of # = (z;;). The collection of all such
2
points is denoted by Aip.

DEFINITION 3.2. We say that p is a .J2-statistical cluster point of z = (z;)
provided that the condition d2({(j, k) € Nj : |xjx — p| < €}) > 0 holds for every

2
€ > 0. The collection of all such points is denoted by I‘i”.
We shall use the notation L, to represent the set of all classical limit points of
z = (Tjk)-
ExAMPLE 3.1. Let pji factorize as p;r = p;qr and let
1, j=20+1 1, k=21+1
L= , = , forallleN
Pi {0, otherwise I {0, otherwise 0
and define
1, ifj=2 1, k=2 1
(xj) =13 nJ 'm—|— ’ nt , m,n € N,
0, otherwise

and sets
E:={(j,k)eN?*:j=2m+1,k=2n+1, m,n € Ny}
In this case we have

o0 o0 oo
p(t,s) = Z piqit’s* = Z P21 G2kt TSP 4 Z p2;qont™ s

4,k=0 4,k=0 4,k=0
oo o0
241 2k 25 2k+1
+ E poj+1qopt™ s + E P2 qor+1t> s T
4,k=0 4,k=0

oo oo o0
2741 _2k+1 25+1 2k+1
Y TN :(zw)(zs )
3=0 k=0

J,k=0
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t
- 5 5, [t/ <land |s| <1,
s

1—-¢21—
1
E pjgrt’s” = lim § 1,120+ g2k 41 — 1,
t,s—1— (
(J,k)eE 4,k=0
Even though L, = {0,1}, since the subsequence {:c} g converges to 1 and the

J3-density of E is nonzero, it follows that A T ={1}.

B = I

. . . . . J?
It is possible to provide an example illustrating that the sets A2 and A" are
incomparable.

EXAMPLE 3.2. Let p;; factorize as p;i; = pjqr and let
1, ifj= 1, ifk=n?

pi=1 2", and =4 T mneN,.

' 0, ifj#m 0, ifk#n

Let’s define « = (z;) multiplicatively as x;, = x;yx, where

2, if j =m? 2, if k=n?
zj =<1, ifj#m?and jisodd yr=141, ifk#n?andkisodd m,n € No.
0, if j #m? and j is even 0, if k#n? and k is even

Then, since {z}p, — 1 and {z} g, — 0 where
Ey = {(j,k) € N2 : j, k are odd nonsquare},
Ey = {(j,k) € N : j,k are even nonsquare},
Es = {(j,k) € N2 : j, k are square},

we have L, = {0,1,2}. We can also see that

Z pjrt!s® #0.

(4,k)eE

dp2(F3) = i
73(Es) t,sl—Ig* p(t, s)

2
So we get A)” = {2}. But let us note that A2 = {0,1}.

2
For z = (x;1), the inclusion Ai" C L, may be very large.

EXAMPLE 3.3. Let {r;,}75,_; be a sequence whose range is the set of all rational
numbers and define

gk, if j=2m+1, k=2n+1
Tjp = : , m,n € Np,
Tjk, otherwise

1, if k=2n+1

1, if j=2m—+1
= , n € N,
Pi { 0, if k=2n 0

, m € Ng, =
0, if j=2m 0k {

Ey = {(QJ + 1,2k + 1) 2 7, ke N0}7E2 = {(2], 2I€) 2 7, ke N0}7
FE3 = {(2], 2k + 1) 15,k € No}, By = {(2] + 1,2]{3) 15,k € No}



STATISTICAL CONVERGENCE AND STATISTICAL LIMIT POINTS 79

Hence, we have 6,2(E1) = 1, 6,2(E2) = 052(E3) = 052(E4) = 0. Since {z}p,

gz Lo .
does not converge, we get A,” = (). However, the set L,, which is the of limit
points x = (z,1), is equal to R, because the sequence {Tjk}?,ok:l is dense in the real
numbers.

The following theorem shows that for a double sequence x = (), the set of
points of the Jg—cluster is contained in the set of Jg—statistical limit points and the
set of points of the Jg—statistical cluster is contained in the set of limit points.

2 2
THEOREM 3.1. Let x = (xj) be any double sequence. Then Ai’) C Fi” cL,.

2

PROOF. Let us take any p € A Then, there exists a subsequence {z}x of
x such that P-lim{z}x = pu where K = {(jn,km) € N2 : n,m € No} C N2 and
6s2(K) # 0. Since {z}x — p, for each £ > 0 there exists N(e) € N such that
|25, k. — 1| < € fOT jp, ki, > N. Also since

{(Jmkm) €K: |xjnkm - /~L‘ < E} - {(]»k) € N% : |xjk - ILL| < 5}7

we have

852 ({(Gn, bm) € K ¢ |21, — 1l < }) < O52({(J, k) € NG« Jaj — po| < €});
that is, there exists a number o 7 0 such that 0,72 ({(j, k) € NE : |zj—pl <e}) =a.

J2 J2 J2 J2
Therefore, € I';”. Hence we find A" C I';”. Now let us take any p € I';”. Then
for all € > 0, there exists a number a # 0 such that
Z Dy ktj sk,

(g:k):|zjk—pl<e

= 5Jg({(ja k) € N?: lzjk —pl <e}) = . Shﬁn}f (L, 5)

Thus, we obtain
ap(t,s) ~ Z pjktjsk ast,s — 17.
(4,k):|zjn—pl<e
Therefore, there are infinitely many z,j, terms in the interval (u — e, 4+ ¢). That
J2 J2 J2
is, u € L. Hence I';? C L,. Thus, A" CT.” C L. O

To see that the inclusion in Theorem is strict, let us examine the following
example.

EXAMPLE 3.4. Let pj, =1 for all j,k € Ny. Then, we have

_ gk _ i Ry = 1 f 1 1.
p(t, s) Z pjxt’s <Zt)(25 ) T o [t| < land |s| <

5,k=0 =0 k=0

Also, let us define x = (x;1) by
0, if j=k=0
Tip=1q%, if j=k=2"1(2¢+1).
jk, otherwise.
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In this case we can determine the densities of the sets as follows:

52 ({(. k) 2y = 1)) = 5J2({j —k=2+1:1€Ng})

oo

Z pit/st = lim Y gL

s—1—
ts(1—t)(1—s) 41
1 - b

= lim
t,s—1— D s .
ts J k=0 j,k=0

i
bemi- (1— £2)(1 — s2)

Sr2({(G, k) taje = 1/2}) =6 p({f =k =41+ 2:1 € No})
— 1 _ . 4k+2 Ak+2 _ -2
tsl_r)r}i(l (1 —s) 'Z tHh+2g 472,

7,k=0

62({(, k) s =1/3}) = 02({j =k =8l +4:1€No})
= i 1—¢)(1— t8k+4 8k+4 _ 4—3
mgq_( E) j;o s :

J2

Therefore, 672({(j, k) : zju = 1/r}) = 47" > 0 for each r, that is, ; € As".

Similarly, it can be seen that

552 ({G.1)  lagl < 1}) =5 ({0 <y < 3}) e

Therefore we obtain that 0 € FI e, I'z - {0} u{l }T ;- Let us now show that

Sl

0¢ A, ” Suppose, to the contrary, that 0 € A, % . Then there exists a K C N2 such
that {x}K — 0 and 6,2(K) # 0. Therefore, we see that

. patls
(J,k)eK iz <1/r

1 )
li E: sk <A 1).
+t,sE’ﬁ* p(t,s) . Pjktes +o(1)
(4, k)eK:xjp,21/r

dp2(K)= i
73 (K) t,sl—rﬁ* p(t, s)

2
for all 7. Hence, 0,2(K) = 0, which is a contradiction. Thus 0 ¢ Ai”.

J2
The example above shows that A;” need not be a closed set of points, but the

: I .
following theorem says that I';” is closed, as is L.
J2
THEOREM 3.2. For a sequence x = (x,1), the set I';" is a closed set.

PROOF. Let € (I‘ ) Slnce (L—e,u+e) ﬁfi” # (), for every e > 0, there is
at least one A € (u—e, u+e)Nly 7y . Let us take ¢’ as (A—¢’, A +¢’) C (u—e, pu+e).
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2
Now, since A\ € Fi”, the density d,2 of the set {(j,k) : xjn € (A =€, A+¢€')} s

nonzero. Thus, the set {(j,k) : z;x € (0 —€, 1 +¢)} also has a nonzero density 2.

J2 J
This gives pu € I';”, meaning that I';” is a closed set. O

Let z = (z;)) and y = (y;x) be double sequences. If ,52({(j, k) : zjx # y;u}) =
0, then we say that x;, = y; for almost all j, k£ in the sense of Jg.

The following theorem says that the sets of Jg—statistical limit points of the
sequences ¢ = (z;x) and y = (y,x) such that z;, = y; for almost all j, k in the
sense of J2 are equal.

THEOREM 3.3. Let v = (xjx) and Yy = (yjk) be given as sequences such that
J2
672({(4, k) : @ # yju}) = 0. Then AY = Ayp and Ty % =T,".

2
Proor. Let 6,2({(j,k) : @jr # yjx}) = 0. Let us take any p € Ai”. Then
there exists K C Nj such that {z}x — p and d,2(K) # 0. We know that
32({(G, k) € NG 2y # yje}) =0, 6,2({(J. k) € Nj e = yj0}) # 0.
If we say M = {(j, k) € N3 : zj5, = y;1}, we find a subsequence {y}nr of {y} such
that (5J2( ) ;é 0 and {y}m — p. Thls means that p € Ay T That is, it follows
that Ax’” C Ayp. Since the inclusion Ayp C Ax” can be shown in the same way, we
2 2
obtain A;” = Ai” .
J2 J2 J2
Now let us show the equality I';” =T'y”. Let p € I';”. For every € > 0,
3s2({(s,k) € NJ + |aji — pl < e}) #0.

Now let us denote the set {(j,k) € N3 : |z — u| < €} by E and consider the
following decomposition of this set:

Ey:={(j,k) € NG : 2 # yjr and |zj5 — p| < e},
Ey = {(j,k) € N§ : 2, = yj and |zjx — p| < e}

Z p]tJQkS = Z pjtj (1 )

p( ) e ) e,
and 6,2(E1) = 0, we find

Since

- k_
07 t,ilfi— t, Z pixt!s p( Z Pt
(J k)€E (] k)EE:
in this case we get 62({(4, k) € Cyie — pl < E}) #0 for each € > 0. This

means that nely ” That is, it is valid to include F C Iy p Since the inclusion
J2
Iy C Fy can be shown in the same way, we obtain F =1, p O

Now we can give the following result as in Theorem 2 of [24].
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THEOREM 3.4. For x = (x;1), there exists another y = (y;i) satisfying L, =

J2 . .
I'z" and 6@({(], k) € N&: zji # yji}) = 0. Furthermore, the sequence y = (yji) is
a subsequence of the sequence x = (x ;).

2 2
PRrOOF. Let Fip g L,. For each o € L, — Fip =: A, choose an open ball I,

centered at o such that 6,2 ({(j, k) : @i € In}) = 0. Then L, —T) Uaca la- By
the Lindelof covering property (every open cover of a closed set in a Lindelof space
has a countable subcover), (I)aca has a countable subcover. Let this subcover
be {In}7—1, where 0,2({(j, k) : @ji € In}) = 0. Thus, each I, contains a subse-
quence of x = (x;;) with density zero in the J2-sense. By [10, Corollary 9], this
gives a unique set 2 such that 6,2(2) = 0 and for each m, ({(j, k) : zjx € In}) — Q2
is a finite set. Let

Ng — Q= {(m(j),m(k)) : j,k € No}
and define the sequence y by

T (5),m(k)s (.77 k) €N

bk Ljks (.77k) € N(2) — .

2 2
Then 6,2({(j, k) : yju # @;x}) = 0. Moreover, by Theorem Iy = F;‘”. Since

the subsequence {y}q has no ordinary limit points, it can have no Jg—statistical
2

J J?
limit points either. Hence, L, = I',” and thus L, = I';". O

J2
Note that although L, is always a closed set, A;” may not be closed. Therefore,
JZ J2
in the statement of Theorem I';” and A;” cannot be interchanged.
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