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APPROXIMATION OF CONVOLUTION-TYPE
INTEGRAL OPERATORS ON VARIABLE BOUNDED
VARIATION SPACES OF HIGHER ORDER
USING SUMMABILITY METHODS

Manash Pratim Dutta and Hemen Dutta

ABSTRACT. We investigate a new class of function spaces called variable boun-
ded variation spaces of higher order by generalizing the classical notion of
bounded variation. Our approach incorporates concepts from higher-order
variations, bounded variation in the sense of generalized norms, and varia-
tions defined through modular function spaces. We focus on analysing the ap-
proximation properties of convolution-type nonlinear integral operators within
these newly defined function spaces. In particular, we study these operators on
variable bounded variation spaces of a fixed order in the sense of higher vari-
ations. Several approximation results are obtained using regular summability
methods, highlighting the effectiveness of the proposed approach in improving
convergence behaviour.

1. Introduction

Integral operators of convolution types are used not only in the classical and
constructive approximation theory [21/5/6l/9l/11], but also in applied studies, such as
image processing, signal processing, ultrasound diagnostics etc. [12}/22}25]. Some
of them have linear structure [13}/16}/28] and others are nonlinear [1,3]. To in-
crease the speed of convergence of sequences, certain summability methods such
as subsequence matrix transforms are applied in the context of approximation the-
ory |7,/8,/10,19]. This is one of the primary reasons for applying summability
methods in approximation theory. For better approximation results, we use the
Bell type summability methods [14].

Assume that A = {A"} = {[al.]} : (n, k,v € N) be a family of infinite matrices
of real or complex numbers. Let z = {x} be a sequence, the A-transform of z is a
sequence (Az)Y which is defined by (Ax)? = >, a’ .z (n,v € N) provided that
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62 DUTTA AND DUTTA

the series converges for every n,v. Then x is called A-summable to a number L
whenever lim,, o (Az)? = L uniformly in v € N. Then we write A — limz = L.
A summability method A = {A"} = {[a’,]} is said to be regular if limx, = L
implies A — lima = L. We know that a method A = {[a}, ]} is regular if and only
if the following conditions are satisfied:

(a) for each n, v €N, Y 72 | |a?, | < oo, and there exist integer N, M
such that sup,, s n yen Dopey @b, < M,

(b) limy, o0 Y pey @’y = 1 uniformly in v,

(c) for every k € N, lim,,_,o a;, = 0 uniformly in v [15].

The concept of variation of a given function was initially introduced by Jordan
in [20]. He proposed the concept of a function with bounded variation in 1880.
Subsequently, Wiener [26], and Love and Young [21], Musielak and Orlicz |23],
and Tonelli [24] expanded the Jordan variation in other directions. Currently,
function spaces with variable exponents are a very active area of research interest.
In particular, Castillo et al. introduced the variable bounded variation spaces in
the sense of Wiener in [17]. A generalization of the spaces of bounded p-variation
is found in [26], which generalized the classical BV space in the sense of Jordan.
The analysis of variable bounded variation spaces is progressing rapidly due to
its fundamental significance as well as crucial applications in a variety of domains
[18[27).

Here we introduce the variable bounded variation spaces of order m > 1 by
generalizing the bounded variation spaces. We have taken care of the Wiener’s
[26] notion of higher variations, p-bounded variation by Love and Young [21] and
Musielak—Orlicz p-variations [23].

2. Preliminaries and Definitions

DEFINITION 2.1. By an admissible function p(-), we mean a function p :
R — [1,400), such that py = sup,cgp(z) is finite. We use the notation p_ =
inf,er p(x); obviously p_ > 1.

DEFINITION 2.2. Let f: R — R and m > 1, we define the p(-)-variation of f
on R in the Wiener’s sense as follows

n n
V1= sup DA™ S =sup Y~ [
5 =1 5 =1
where II§ is a tagged sequence, i.e., an increasing sequence ty < t; < --- < tp,
together with a finite sequence of numbers xg, x1, ..., 2,—1 subject to the condition
t; <xy <tjyp, foralli=0,...,n—1.
We consider the class of all convex functions ¢: R — R such that ¢ is a
continuous, non-decreasing, ¢(0) = 0, ¢(¢) > 0 for ¢ > 0 and lim;_, o, ¢(t) = .

)

:|P(Ii1)

i(—lr(f)ﬂm)

r=0

DEFINITION 2.3. We define the space of functions of variable bounded variation
of order m on R as

BV n(R) = {f: R = R | VI{n[\] < o0, for some A > 0},
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This space endowed with the norm
”fHBV:('A),,L(R) inf {>\ > 0| (p A”” [f/>\ R]}
which is the Luxemburg type modular norm. Therefore,
BVYY, (R)={f:R—>R| 17 gy, gy < o0}

The above variable bounded variation space of order m is a generalization of the
bounded variation space. If p(-) =1, ¢ = 1, m = 1, the variable bounded variation
of order m reduces to the Jordan variation [20], while this space coincides with the
Wiener p-variation [26] for p(-) = p, p > 1, ¢ = 1, m = 1 and finally, if p(-) = 1,
m = 1, the variable bounded variation of order m reduces to the Musielak—Orlicz
-variation |7).

DEFINITION 2.4. By modulus of p(-)-continuity of the function f: R — R we
mean

w(;p(A)m —SupZ|Amf |p<x1 1)
5 =1

where II5 is a tagged partition of R with mesh not greater than 4.

DEFINITION 2.5. The space of g-absolutely p(-)-continuous function of order
m is denoted by ACP Am( ) and defined as

ACE () = { € BVZY. (R) and lim ot () =0},
for some A > 0, where II} is a tagged partition of R with mesh, at most 4.

It is not hard to see that, the above definition reduces to the ¢-absolute con-
tinuity, if m =1, A = 1 and p(-) = 1 and it is denoted by AC,(R), the space of
p-absolutely continuous functions on R. We observe that AC,(R) C ACZEKM (R).

We shall study the approximation properties in BV£ o (R) of the classical
nonlinear convolution integral operators defined in 7] (in the case of A = {I}, the
identity matrix, then we get the operators which were considered in [1}3]).

nv f7 Za k;Tk f7 ) where Tk: f7 /Kk:tfs_t))
i.e.,
n’Ufa Zank/Kkth_t))dt TLUEN

Here the kernel Ki: R x R — R is a family of measurable functions such that
Ky (t,s) = Ly(t)Hy(s) for every t,s € R, where L, € L*(R) and {Hy} is a family
of functions such that Hy(0) = 0 having the Lipschitz property,

|Hi(z) — Hi(y)| < Clz —y|

for some C' > 0 and for every k € N.
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To avoid repetition, we present the following conditions here for use in subse-
quent parts of the paper:

(i) There exists a constant D > 0, such that ||Ly|1 < D < o0, Vk € N.
(i) A —lim ([ Ly (t)dt) =1,
(iii) for any fixed 6 > 0, A — lim (ﬁﬂ?tg |Li(t)] dt) =0.

)

(iv) Let Gi(u) = Hp(u) — u, u € R, for every v > 0, there exists a A > 0, such
VPO NG
that limg_ e ;*@T[(J);] = (0 uniformly with respect to every bounded interval
J CR, Wthh means that for every e > 0, there exists ky € N, such that for

all k> kg, Veam MG

W < ¢, where m(J) is the length of the interval J.

3. Convergence Results

PROPOSITION 3.1. Let p and q be admissible functions. If p(-) < q(-), then

Vg(A)m[ f1= V;gm [Af] for some X > 0 and therefore ng,(A)m( ) C V(Z(A)m( ).

PROOF. Let f € BVj(A),,L( ), then by the definition, for some A > 0

V) = s 3 [6lAm )7 < oo

511

where II§ is a tagged sequence tg <ty < --- <t,, g < --- < xp—1 on R. We take

_ [©) o
HfIIBV:;-A)m(R) =inf {A> 0 VY. /A <1} =1

Since p(z;—1) < q(zi—1) and the function ¢ — t" is increasing for ¢t > 0 and r > 0,
we obtain
n

D_le(IAm () )] “”1><§: (A™ () ()P,

i=1

Now, taking supremum on both sides, we get

WZIMM>DMRWZ\MV>WM>

511

VIR M) < VEQWIM] < oc.
Hence, f € BVY,.(R) and therefore BV?),, (R) ¢ BVIY, (R). O

PROPOSITION 3.2. If f1,.... fr € BV'Y, (R), r € N, then fi + - + f, €
Bvr) (R) and for some A > 0 we have

p,Am
(5] S
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PRrROOF. Let ty < t; < to < - < tp, xo0 < --- < xp_1 be a tagged sequence.
Let A > 0 be such that Vf Am
and convexity of the power function u?), u > 0 we have

5 e

i=1

A fJ] < oo for every j =1,...,r. By the monotonicity

]P(ﬂfil) r ]P(ﬂfil)

<y [@Z INOVATS

i=1 L j=1

n

<3 [Ilam AP 4k T raplAm )P |

=1

<Pl 12{ MNPl A™ F (1) PED 4 NG| A™ (1) [P0,

i=1

Since p(z;—1) < p4 and passing supremum over all the tagged sequences in R

VG |2 (Zfﬂ <o VI A ] - V2D )

T
<N VPO I O
j=1
In order to operate using the convolution integral operators, we establish a
relationship between V;Xm [f] and its shifted form 7 f(u) = f(u —t), t,u € R.

PROPOSITION 3.3. For every t € R, 7uf € BVg(Am( ) if and only if f €

BV, 30 ().

PROOF. Let sp < 51 < -+- < 8p, 9 < -+ < 1 be a tagged sequence in R;
thenfort € R, sg —t<s1—t<: - <8, —t,xg—t<--+-<xp_1—tisagain a
tagged sequence. Therefore

n n

S ole(1A™ f(si = O = Sl A™ f(si = O < VLD

i=1 =1

and passing to the supremum over all the tagged sequences in R

VEQulrf) < VI AROL),
Again, if 59 < 81 < -+ < 8p, g < X1 < -+ < Tp_1 I8 a tagged sequence in R, then
forteR, sp+t<s1+t<---<s,+t xop+t<---<xp_1+t,is also a tagged
sequence. Then,

n n

S olp(IA™ f(si) [P0 = S o(|A™ f((si 4 £) = P VIR [ ],

i=1 i=1

Now, passing the supremum over all the tagged sequences, we have

VPO < VI I O
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THEOREM 3.4. Let A = {[a?.]} be a non-negative reqular summability method

and condition (i) holds. Then for f € BV£(Am
VPO T, () < VEQL A

Tn,v maps from BV;:,(')m into BV;*A/f; r() , and A > 0 is such that Vﬁ(A)m [Af] < 4+o0.

there exists a > 0 such that

PROOF. Let s < 81 < -+ < S, , 29 < --- < Tp_1 be a tagged sequence in R.
Then for p > 0, we have

U= Y o (A7 T f ()77

ZEH "’f/ (A" Hy (7 (s t)))dt\)r”p_pm'”

Now, using Jensen’s 1nequahty and convexity property of the power function
uP+/P- p() u > 0, and condition (i), we get

1 .
< 5 a1 Yol A" Hi (s~ )P
k=1

i=1

DZank [ IOV s~ ) a

< Bzazk /R L (8)|[V2 42 (DO, f) dt
k=1
where 7 f(u) = f(u —t), t,u € R and by Proposition

1 = v / (-+t)
<Dzank/R|Lk< WD) dt

Since for every t € R, py/p_p(- +t) = p(-)/p—p(- +t) = p(:), then by Proposition
and condition (i) we have

Z i [ OV (aDCT dt < VEQ [uDC .
Therefore, 0 < p < DLC” passing to the supremum over all the possible tagged
sequences in R, we conclude that V57Z/£’p(')[u7n7v(f)] V:;(A)m [Af]- O

THEOREM 3.5. If f € ACif')m (R), then for some A > 0, there holds
. p(: )p+/p _
glin 5,Am (Af,0)=0
or equivalently,

lim V2SI GG = 1) - )] =0

10 PAT
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PROOF. Let A > 0 be fixed. For a fixed tagged sequence sp < s1 < + -+ < Sp,
o < - < Tyt

ngff*/pi A=) = f)(si)] = bupz (JA™(Af) (55— 1) = A™(Af) (s0)|)POPE/P
Since, A™ is a linear operator, so5 -
AT[f(- =) = fl(si) = AT f(s;i = t) — A" f(si),
|AT[f(-—=1) = fl(si) <A™ f(si — 1) = A" f(s3)],
ijjfi’?/pi A —t) — supz AJA™ f(s; — t) — A™ f(s;)])]POPE/P2
L)

Since f € ACSZ(KW (R), it follows that A™ f uniformly continuous on R, hence as
t — 0 we have |[A™ f(s; —t) — A™ f(s;)| — 0. Moreover, ¢ is continuous, increasing,
¢(0) = 0 and for all z € R, p(-)p3/p% > p(-) > 1, each term in the summation

tends to zero as t — 0. Thus, we have lim;_,o Vp( p+/p Af(—-t)—f)]=0. O

THEOREM 3.6. Let A = {[a’, ]|} be a nonnegative regular summability method.
Assume that conditions (i)—(iv) hold. If f € ACgE')m(R), then there exists A > 0,

N2 /02
such that lim, V57(A)5+/p’ M Ty (f) = £)] = 0 uniformly in v € N.

PRrROOF. For a fixed tagged sequence sg < s1 < -+ < Sp, g < + - < Tp—1 and
A > 0, there holds

U= [eA™ (T o f — F)(s0))JPOPH/P~

Zz":[ ‘ (Zank/ t)(Hy(f(si — 1)) = f(si —t)) dt

" ,; [ 1O =)= £(50)

n (e [ 0= 1)s10)

<33 {w(%f}azk [ im0 s~ 0) - 65 - 0) dtﬂp('”’i/ "

1

n

=

]p(~)pi/p2_

~.

n

N A

S

p(-)p3 /P2
+ /L}c dt—l‘lAmf Sz)l)] =U; +U; + Us.

1
3

7
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Let p(-)p2 /p% = «; using Jensen’s inequality in U; with (i) and (b), there holds

0% g 3o [ (390 2t [ 187 (156~ 0) — st )] )

< SJéDzank/|Lk |§; o (BMDN|A™ (o (f(s: — 1)) — f(s: — 0)|)] “at

3MDZank [ 1OV s BMDNHL (£ = 1) = 7= D)l

Considering that
Vam BMDA(Hy (f(- = 1)) = f(- = 1))] = Vi am BMDA(H (f) — f)]

®

for every t € R, we get
U, < M Za < Am [BMDX(H(f) — £))-

Now, considering condition (iv) in Lemma 1 of [4], there exists a kg € N such that

for all k > ko, V2 am [BMDA(H(f) — f)] < €V£(A)m [vf] for some A > 0. Then,
divide the sum given above into two parts as follows

ko—1
<3 M( Z al Vi am BMDA(H(f) = f)]

n Z b Ve am [BMDA(H,(f) — f)])

k=kq

ko—1 e
3M( § : ap Ve am BMDAHi(f) = ] +eVEL 1vf1 Y azk)
k=ko

:U1 +U1.

Now, defined P = maxe(i,2

,,,,,

ko—1} Vi am [BMDA(Hy(f) — f)], from (c) we get

ko—1
P P
1 v
Ui < 3 ,;_1 apy < 3 (ko — 1)e.

In U2, from the regularity property (a), we get U? < §V w|7f]. For Us, by the
Jensen’s inequality we observe that

Us < %M Z [so(SMAiazk [ m@iam i~ - )| a
<ads|(men{ [+ [ pmonsmie o - seon)] s
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1 oS n

S SJ\TDZ%/ |Li(D)] D _[p(BMDAA™(f(si — ) — f(s:)])]*dt

k=1 [t]<é i=1

+ 50D ,; / I (®) Z[¢(3MDAIA’”(J”(81' — 1) = f(s)D)dt

1
< Vom ;
< 337 Ve [BMDA(f (s (s:) Zank/t<6|Lk t)| dt

1 1 2

+ 537D Vean BMDA(f(s: - Za"k/| 5|Lk )| dt < U} + U2.

Consider (i) and Theorem [3.5 we get

1 «

Ul < 73MDV Am [BMDX(f(s; — Zank/ |Li(t)| dt

1 €
w(3M DS, 6 Li(t)|dt < &,
< sirm i an(BMDA] kzlank/ltl<6| ((O)]dr < ¢

and consider U, by Propositions and

1
Ve anBMDA(rf — f) Zank [ meonar

| =

1 o
op+—1 w [6M DAy f] + V& A [6M DA a’ / Ly ()] dt
a2 {Vea ]+ Viian] B2 ) V)]

>

U2

N

1 oo
52" {Vj(gfi*/ P~ [6M DX f]} Z a’, / Ly ()] dt

[t|=6

3]\2D2p+ {Vf(A)m (1] }Zank/ |Li(8)] dt

//\

for 0 < X\ < &, where p is such that Vp(Am [f] < oco. By assumption (iii), there
exists k > 0, such that

3MD
Zank/ |Li(t)| dt < ¢

It[>6 2(p++1) V” lf])

Therefore, U3 < €/2.
Now, from (iii), for every 0 < ¢ < 1, there exists ng, such that, for all n > ng

nk/ dt—1‘<e<1.
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We consider this in Us, by the convexity of ¢ we observe that

géé ¢<3A[Zank/ )dtlbﬁmf(si)

[0}

1 n . N 6
<32 et [ Latat = 1] S leBNAT Fs)DI" < SV
k i=1
where Vﬁ(')m [BAf] < oo for some A > 0. Therefore, the proof is complete. O

COROLLARY 3.7. Form =1 and p(-) = 1, the space of p-absolutely p(-) contin-
uwous functions of order m becomes the space of p-absolutely continuous functions
and above Theorem reduces to Theorem 3.2 in [7]. (i.e., if f € AC,(R) then
there exists 1 > 0 such that limy, o0 Vo [t(Tn o f — f)] = 0, uniformly in v € N.)

4. Conclusion

We observe that classical bounded variation spaces are mapped into themselves
by convolution type nonlinear integral operators with regular summability meth-
ods. They map BVp ) into BVp +/p-p() however, in the generalised context of
variable bounded Varlatlons of hlgher order, capturing more complex function be-
haviour while maintaining the modular framework. This pattern opens up new
paths for the study of integral operators under more adaptable and realistic func-
tional contexts, in addition to extending classical approximation theory. Adding
the variable exponent p(-) and a higher order difference operator greatly enhances
the theory and increases its applicability in a wide range of fields.
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