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ON GENERALIZED CESARO-BASED
APOSTOL TYPE SPECIAL POLYNOMIALS

Nejla Ozmen and Esra Erkus-Duman

ABSTRACT. We define a new and generalized family of polynomials based on
a Cesaro-type generating function. This new class, called the generalized
Cesaro-based special polynomials, includes several well-known families such
as Bernoulli, Euler, and Genocchi polynomials as special cases. Although
these classical polynomials are well studied, we provide new definitions for
their Cesaro-based versions by using our general formulation. The generating
function involves multiple parameters, allowing a wide range of flexibility and
generalization. We study important properties of these polynomials, includ-
ing recurrence relations, addition formulas, and generating function identities.
Our results offer a unified approach to classical special polynomials and open
new directions for further research in number theory, combinatorics, and ap-
proximation theory.

1. Introduction

Cesaro polynomials, named after Ernesto Cesaro, play a significant role in
summability theory and approximation theory due to their connection with Cesaro
means of orthogonal expansions. Originally introduced in the context of improv-
ing the convergence behavior of Fourier series, Cesaro means provide a smoothing
technique for divergent or slowly convergent series, and the associated polynomials
inherit these favorable approximation properties [2}|4].

Over the years, numerous studies have investigated the analytical properties
of Cesaro polynomials, including recurrence relations, generating functions, and
orthogonality with respect to classical weight functions [3}[18]. Their close connec-
tions with classical orthogonal polynomials—including Legendre, Chebyshev, and
Jacobi polynomials—have enabled the application of powerful techniques from the
theory of special functions. From an applied perspective, Cesaro polynomials have
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50 OZMEN AND ERKUS-DUMAN

found relevance in signal processing, numerical approximation, and spectral meth-
ods for differential equations, due to their ability to produce stable approximations
even in the presence of irregularities or discontinuities [19].

The generalized Cesaro polynomials gff)()\,x) are defined by the generating
function relation (see [8])

(1.1) > g a)s" = (1—s) N1 —as)
n=0

It is noted that the special case A = 1 of (|1.1)) reduces immediately to the second

one of the generalized Cesaro polynomials gy, ’ (z) [17].

In recent years, researchers have incorporated Cesaro-type operators into the
theory of special functions to define new families of polynomials with enriched
structural features. In this context, several contributions by Ozmen and Erkus-
Duman have expanded the theory of Cesaro polynomials significantly. In [15],
they constructed Cesaro-type generating functions involving three variables. Later
works extended these constructions to more general families, offering recurrence
relations, generating identities, and combinatorial interpretations [16].

Motivated by these developments, we introduce in this paper a new class of
generalized Cesaro-based special polynomials defined via the generating function.
This general formulation encompasses Cesaro-type versions of Bernoulli, Euler, and
Genocchi polynomials as special cases. By suitable parameter choices, we estab-
lish a variety of known and new identities, including recurrence relations, addition
formulas, explicit representations and general families of generating functions. Re-
cently, many authors have produced new works with similar extension [6}[7}/12}(13].

This study adds to the research on polynomial generalizations by introducing
a flexible and unified approach. It also opens new possibilities for further work in
number theory, special functions, and approximation theory.

2. Generalized Cesaro-based special polynomials

Here, we first construct the generalized Cesaro-based special polynomials. The
structure proposed in this definition unifies and extends well-known families such
as the Bernoulli, Euler, and Genocchi polynomials by embedding them in a broader
Cesaro-type approach with multiple parameters.

DEFINITION 2.1. We define the generalized Cesaro-based Apostol-type polyno-
mials €MH7 (2, y;m, ¢, d) by means of the following generating function:
21=mgm (1 — 5)7"1(1 — xs) e

2.1
( ) Mdes —cd

ys & gn
- Z Q::\L’M’r(zv ysm,c, d)ﬁ7
n=0
where the parameters are chosen so that the generating function is well defined and
analytic in a sufficiently small neighbourhood of the origin, and the above power
series converges. Letting x =y = 0 in , the generalized Cesaro-based Apostol
type numbers are defined by

AT = T (0,0m,e,d), (n € No).
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Using Definition 2.1} which introduces this new class of generalized Cesaro-
based Apostol-type polynomials, we now derive specific cases that correspond to
the Cesaro-based Apostol-type extensions of the well-known Bernoulli, Euler and
Genocchi polynomials. These special cases are obtained by choosing appropriate
values for the parameters in the general generating function. In what follows, we
present the precise definitions of the generalized Cesaro-based Bernoulli, Euler and
Genocchi polynomials by specializing the parameters in this definition.

DEFINITION 2.2. The generalized Cesaro-based Apostol-Bernoulli polynomials
BENMHT (2, y) are defined by means of the following generating function:

s(I—zs) ™M1 —8)""" eV N . s"
— EIT (1 y)
pes — 1 T;OB W@ y) n!

(2.2)

where pEMHT(z,y) = NPT (z,y;1,1,1).

REMARK 2.1. Setting A = 0, r = -1, y = x in , we get the Apostol-
Bernoulli polynomials [1], that is, g€%*~1(x, 2) = B, (x, u). The Apostol-Bernoulli
numbers B, (x) can be obtained from the Apostol-Bernoulli polynomials B,,(x, 1)
as B,(0,u) = Bp(p). The case p = 1 in the above relations gives the classi-
cal Bernoulli polynomials B, (z) and the classical Bernoulli numbers B,,, respec-
tively [11).

REMARK 2.2. Letting x = y = 0 in (2.2)), the generalized Cesaro-based Apostol
type Bernoulli numbers are defined by g€} " := g€ (0,0), (n € Np).

DEFINITION 2.3. The generalized Cesaro-based Apostol-Euler polynomials, de-
noted by g@)\*"(x,7), are defined by means of the following generating function:

201 —zs) M1 —s5)""lev & , s"
(23) = Z E'Q:’r>7\,”u7 (x7y)ﬁa
n=0

pes +1
where gEMT(2,y) = EVPT (2, y;0,—1,1).

REMARK 2.3. Setting A =0,r=—-1,y ==z in 7 we get the Apostol-Euler
polynomials [9] as €% ~1(x,2) = E,(z, ). The Apostol-Euler numbers E,, ()
can be obtained from the Apostol-Euler polynomials E, (z, ) as E, (0, u) = Ep, ().
The case p = 1 in the above relations gives the classical Euler polynomials E,, ()
and the classical Euler numbers E,,, respectively [11].

REMARK 2.4. When z =y =0 in (2.3]), the generalized Cesaro-based Apostol
type Euler numbers g€7 (), 1) are given by g€\ H" = g€M7(0,0), (n € Np).

DEFINITION 2.4. The generalized Cesaro-based Apostol-Genocchi polynomials
GV (z,y) are defined by means of the following generating function:

25(1 —ws) M1 —s) """ Levs A\ s"
f— § CMHHsT
pes +1 n_OG oY) n!’

(2.4)

where €T (2,y) = €t/ > (2, 4,1, —1,1).
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REMARK 2.5. Setting A =0, r = -1, y = = in 7 we get the Apostol—
Genocchi polynomials [10] as g€%*~Y(z,x) = G,(z,u). The Apostol-Genocchi
numbers G, (1) can be obtained from the Apostol-Genocchi polynomials G, (x, 1)
as Gn(0,p) = Gp(p). The case p = 1 in the above relations gives the classi-
cal Genocchi polynomials Gy, (x) and the classical Genocchi numbers G,,, respec-
tively [5].

REMARK 2.6. When z =y = 0 in (2.4]), the generalized Cesaro-based Apostol
type Genocchi numbers €7 (A, p) are given by €N " 1= €M7 (0,0), (n € Np).

3. Explicit formulas and fundamental properties

In Section [2] the generalized Cesaro-based Apostol-type polynomials are origi-
nally defined via their generating functions. In this section, we derive their explicit
representations directly from the definition. Subsequently, the corresponding ad-
dition formula is obtained, followed by a general theorem providing multilinear
and multilateral generating functions. All of these results are also formulated as
theorems for the Cesaro-based Apostol-type Bernoulli, Euler, and Genocchi poly-
nomials.

THEOREM 3.1. The generalized Cesdro-based Apostol type polynomials are ex-
plicitly given by

1
QA Hr (.’L‘ y7 m,c, d - TL' Z ﬁg](c )()\a Cﬂ)ynfk,u(y; m,c, d)7

where g,(;)(/\,x) denotes the generalized Cesaro polynomials given by (1.1), and
Yn.u(@T;m, e, d) is defined by |13] through the generating function relation

21 mgm s

(3.1) S Zynuxmcd)

PROOF. By using the generating functions in ((1.1) and (3.1]), and arranging
the resulting series expansions, we obtain

e’} n 1—m_m 1 “x us
2 1— 1-— Y

Z EMT (2,3 m, ¢, d)s—‘ - s™(1 = s) (1—zs) e

n!

n=0

udes —cd

(ng (A x)s )(Zyn,uy,mcd) )

n

— Z Zyn,k)u(y;mm, d)gl(;)(/\, x)ﬁ

n=0 k=0

A term-by-term comparison of the coefficients of s” in these expansions immediately
establishes the claimed formula. O
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THEOREM 3.2. The generalized Cesaro-based Apostol type Bernoulli, Euler and
Genocchi polynomials are explicitly given by

i 1
B€ (@) = 3 oy Brenlwin)al” ()

n 1 ,
BCNT (2,y) = nl Z mﬂm(y; ot (A ),

1
G@’\’“’ (z,y) =n! Zi)Gn k(Y5 M)g](c )()\,x)7

where By (y; 1), Fn(y;n) and Gu(y; p) are Apostol-Bernoulli, Apostol-Fuler and
Apostol-Genocchi polynomials respectively.

PROOF. It is fairly straightforward to observe that from (1.1]) and (2.2)) we get

o0

s™ s(1—as) M1 —s) " Levs
> sy Sy = A2 0 o)
= n! pes —1

G )
= ZZ B_r(ys gy (A, x)s"

n=0 k= 0
which readily yields the first assertion of Theorem The other identities can
likewise be proved in a similar manner by using (2.3]) and (2.4)). O

THEOREM 3.3. The generalized Cesaro-based Apostol type polynomials have the
following addition formula:

@;\L1+>\27M77'1+7'2+1(x Y1 + yo;m1 + ma, ¢, d)

-1
Z( ) )\1,/1«,7“1 :L’ yY1;mi, G, d)@/\mo " <x3y2;m2a771)~

PRrROOF. Replacing A by A1 +Ag, r by r1 +r2+1, y by y1 +y2 and m by m1 +mo

in (2.1)), we obtain
n

oo
A1+ Az, +1 . s
Dot n it (g gy 4 yaimy 4+ ma, e, d)—

n=0
21—m1—m28m1+7m(1 _ s)—7‘1—7'2—2(1 _ xs)—h—/\ze(m-i-yz)s
- des — cd
B 2l=migmi(] — g) 7M1 — pg)TAreyrs 2lmmegma(] ) Tr2TL(] — pg)TA2ev2s
B pdes — cd 2(0les — (—1/2)1)
> S >\ Sk
:Z€217H7r1(x7y1;m170’d) o (I y2,m2, ’ >2k|

n=0
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oo n
-1 s"

_ A1, 4,71 . A2,0,72 . -
_nZ:OkZOQ:nik (xaylvmlac7d)€k ($7y27m27 2 71) Q(nfk)'k'

n —1
=33 ( ) e ansm e € (w5 1) 3o

From the coefficients of 2 s r both sides of the last equality, one can get the desired
result. ]

COROLLARY 3.1. Using the generating function relations given by Definitions
and 2:4) in Theorem the following similar relations are obtained for the
generalized Cesdro-based Apostol type Bernoulli, Euler and Genocchi polynomials:

2 k

1< /n
A1+Ao,p,r1+re+1 _ A1,44,T1 A2,0,m2
&y TR (1 ) yp) = — E BC, U (,01) BE, (z,2),
k=0

n

Q:A1+)\27IL7T1+7’2+1<$ 1" +y2 %Z ( ) Q:/\l,u,rl (CL‘ yl) cx\z,O,rg ($ y2)
) o

@/\1+>\27M7T1+T2+1(m " +y2 5 Z ( )GQM,H ,T1 (.%' yl)EG)\%O Tz(x y2)
k=0

THEOREM 3.4. Let Q,(z1,...,24) be a function of ¢ complex arguments which
does not vanish identically, and let its order be denoted by w, 1. Associated with
this function, define the series

Aw,l/)[zh ceey Rgs C] = Zaiﬂw+’¢)i(21u ceey 2q)<ia (ai 7é 0)7

and, for integers p, introduce

A
@nﬁ;rw(l’ yim,c,d; 21, ..., 24; Q)
[n/p]
J )\,u,r . ' j
- Z n pj n pj(x7y7m7cad)9w+w](zl,-..7Zq)C .

Here [n/p] denotes the integer part of n/p. Under these definitions, one obtains the
identity

o0

AT . . T\
E ®n7w,w (:c,y, m,c,d; 21, ..., 2q; s—p)s
=0

21—m8m(1 _ Z‘S)_A(l _ 8)—r—1
= ‘udes *Cd eysAw7w[zl7"'?2q;n}7

whenever both sides of (3.2]) converge.
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PROOF. For brevity, let S denote the left—-hand side of identity ([3.2).
expanding the definition of the polynomial family involved, we have
oo [n/p] i
T . . | < —DPJ
S= nz;)]z% n p] n pj(xay7mac7d)0w+¢j(zl7'-'7Zq)77js P

A change of index, namely replacing n with n + pj, transforms the expression
into

o0 o] n
'S

S = Z Z a;ENT (2, gy, ¢, d) Qe (2155 2g) ol

n=0 j=0 :
o0 sn o0

= Z EMT (s m, ¢, d)— Z Qg (21, 29)1
n!
n=0 j=0
Recognizing the inner sum as the function Ay y[21,. .., 24;¢], and invoking the

generating function of the polynomials €)#"(z,y;m, ¢, d), we arrive at

21=msm (1 — g5)~M1 — 5)7" 1
udes _ Cd

S:

eV N pl21, .5 25 m).
This verifies the stated identity, and the proof is complete. O

ExAMPLE 3.1. Consider the specialization of Theorem [3.4] obtained by taking

= 1 and choosing Qe 4;(2) = La,gk,wivi(2), aj = 1, w = 0, ¢ = 1. Here

Lo g kn(z) denotes the modified Laguerre polynomials introduced in [14] which
are characterized by the generating function

oo

(-5 (572) = 3 Lapan() (181 < 1)
n=0

Bt

Under these assumptions, Theorem yields a bilateral generating function that
couples two families of the modified Laguerre polynomials with the generalized
Cesaro-based Apostol-type polynomials. So, we obtain

oo [n/p]
fan7 x7y;macad La k,j\Z Sn—pj
nZO]ZO n*p] p]( ) B, g.]( )
C 21— gs) A1 —s) !
(nies —c®)(1 — Bn)k

EXAMPLE 3.2. Let us consider the specialization of Theorem [3.4] corresponding
to the bivariate case ¢ = 2. In this setting, choose

v+ i

AL, .
Qg (21, 22) = €0 (21, 20; K, 0, b),
where a; = 71!, w =0, ¥ = 1. With these parameter selections, Theorem leads
to a bilinear generating function connecting the univariate extension of generalized
Cesaro-based Apostol-type polynomials as follows:
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oo [n/p]

E E >\7H77‘ . A1, 1,71 . n—pj
TL n pj(x7y7maca d)€w+r¢;j (217Z27k7a7b)5

n=0 57=0 pj

227m7ksm,'7k(1 — I’S)i)\(l — S)fril(l - Zln)iAl(l - 7])7“71 eystzam
(et =) (ufen — o)
In what follows, families of multilinear and multilateral generating functions

for the generalized Cesaro-based Bernoulli, Euler, and Genocchi polynomials are
presented. Since the proofs follow along similar lines, they are omitted here.

THEOREM 3.5. Let Q,,(21,...,24) be a function of ¢ complex arguments which
does not vanish identically, and let its order be denoted by w, 1. Associated with
this function, define the series

(oo}
Awﬂ/’[zh <y 25 C] = ZaiQw-‘r’l/)i(zla RS Zq)<l7 (ai # O)
=0

Then, the following generating function relations hold:

oo [n/p]
Z Z n pj |B¢n pj (l’ y)Qw+1/)](Zla ceey Zq)T]JSnipj
n=0 j=0
s(1—xs) (1 —s)" "1
= g e A yplz1, - 2g3 1),
oo [n/p]
Z Z |E€n7ltp§ (1‘ y)Qw+1/1j(zl7 L) Zq)njsnipj

nOJOn pj

2l —as) M1 —s) !
N pes +1

oo [n/p]

A, i n—pj
Z Z n |G¢nlp§($ y)Qw‘i‘U/j(zlv"wzq)n]Sn P
—0 j=0 p]

e A yplz1, -y 2g3 1),

2s(1 —as) M1 —s)7" 71 |
= e+ 1 e Ag yplz1, ..o 2g M)

4. Recursive formulas for generalized Cesaro-based
Apostol-type polynomials

This section is devoted to presenting recurrence relations for the generalized
Cesaro-based Apostol-type polynomials, together with the generalized Cesaro-based
Apostol-type Bernoulli, Euler, and Genocchi polynomials.

THEOREM 4.1. The following recurrence relation holds true for n € Ny:
T (@, y;m, ¢, d) = A€y (@, ysm, e, d) + (r + DEYT (@, y5m, ¢, d)
2(’3)““(95 y;m —1,¢,d)

n
M A,m . 0,p,—1
- g < )Qf (@, y 4+ 1;0,¢,d)E,"

+ y¢2’“’ (z,y;m, ¢, d).
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PrROOF. Taking the derivative of (2.1) with respect to s, we proceed by com-
paring both sides term by term. The right-hand side can be written as

0o n—1 el n
; s A, 5
Z EMT (2 yim, e, d)m = § et (z, y;m, e, d)m
' n=0

n=1

After straightforward simplifications, the left-hand side takes the form

2l=mgm(1 — 5)7T=H(1 — zs) " Re¥®

/Ldes _ Cd

xRt =)+ D= s - )

Using the definition (2.1) and applying the Cauchy product formula, we obtain

oo

A 17 s"
chflr x,y;m,c, d)n = )\xZCﬁH"' (x,y;m,c,d)m
n=0
oo Sn
+(r+1) ;Qﬁﬁ’“’”l(x,y;m, c, d)ﬁ
m - AT . 8"
+§Z¢" (x,y,m—l,c,d)ﬁ
n=0
e Y Op—1_ S"
M (2, + 1,0, 0, d)edr S
RZMZO @y + 10, e O TG

n

o0
S
+y Z Q::\L,,u,r(x’ y;m,c, d)ﬁ
n=0

Comparing the coefficients of > s on both sides yields the stated recurrence relation.
O

THEOREM 4.2. The following differential-recurrence relation with respect to x
holds, for n € N:

0]
a—@i‘b’“’r(x,y;m, ¢, d) = A€ (2 yim, e, d).
x
PrOOF. Taking the partial derivative of both sides of (2.1]) with respect to z,
we observe that the dependence on x appears only through the factor (1 — xs)~>.
Thus, 8@(1 —x5)7* = As(1—z5)~*~1. Consequently, the derivative of the left-hand

side of (2.1) becomes

9l—m m(l 78) 1(1 7.%8)7)\7163/5 & . gn
As I des _ cd :ASTLZ%Q:H o (a?,y;m,c,d)ﬁ

sn

_ >\+1#T .
—)\ZQ: ,y,m,c,d)m.
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On the other hand, differentiating the right-hand side of (2.1]) term by term yields
o0
0 s"
Z 76;\7,”“”7“ ($7 ysm,c, d) -
|
= Ox n!

whereas Qfg‘ T (2, y;m, ¢,d) is independent of z its partial derivative with respect
to z vanishes. Equating the coefficients of like powers of s on both sides yields the
desired differential-recurrence relation. O

THEOREM 4.3. The following differential-recurrence relation with respect to y
holds, for n € N:
0]
a—y@;\L’“’T(m,y;m, c,d) = anlfiT(x, y;my e, d).
PrROOF. Taking the partial derivative of both sides of (2.1) with respect to
y, we note that the dependence on y occurs only through the exponential factor
e¥s. Hence, a%eys = se¥s. Therefore, the derivative of the left-hand side of (2.1))

becomes

21=mgm(1 — 5)7TH(1 — xs) " Ne¥® ZOO N s
° pdes — cd -7 n=0 R n!
o0 Sn
_ AsttsT .
= g CoM (z,y;m, e, d) Rk
n=1

On the other hand, differentiating the right-hand side of (2.1]) term by term yields
o0
0 s"
Z 87y€$+hr(xa y;m,c, d)ﬁ?
n=1

whereas Qfé’“ "(x,y;m, c,d) is independent of y its partial derivative with respect
to y vanishes. Finally, equating the coefficients of like powers of s on both sides

yields the desired differential-recurrence relation. O

The proofs of the following theorems that provide recurrence relations for the
generalized Cesaro-based Bernoulli, Euler, and Genocchi polynomials are omitted,
since they can be carried out in a manner similar to that of the previous theorems.

THEOREM 4.4. The generalized Cesdaro-based Apostol-Bernoulli polynomials
have the following recurrence relations for n € N:

T 4T 1 T
BEM (@) = Mep € (w,y) + (r+ )BT () + B (2,)

n n . B ;
. < )Bet;i‘,; (z,y + )™+ ypCit (z,y), p# 1.

n k
k=0
0 SWIRE 1,0,
%Bq’ T(x,y) = A€, 7" (x,y).
0

%BQW(% y) = npCp’ (z,y).



ON GENERALIZED CESARO-BASED APOSTOL TYPE SPECIAL POLYNOMIALS 59

THEOREM 4.5. The generalized Cesdaro-based Apostol-Euler polynomials have
the following recurrence relations for n € N:

pCL (2,y) = Aep@ T (2, y) + (r 4+ 1) p€yt T (2,y)

n n - i
S () st ot D€yl (o)
k=0
0 Q:)\,p, r =\ Q:A+17# Ng
= O (2,y) = syt (2,)
0
dy
THEOREM 4.6. The generalized Cesdro-based Apostol-Genocchi polynomials
have the following recurrence relations for n € N:

— pCatT (2, y) = npCyt (z,y).

T T 1 T
GCat T (z,y) = A:J:Gq\:}’”’ (z,y) + (r + D@ (z,y) + EG@Q’“’ (z,y)

g

~ 5 <k> M (2 y 4+ D)aC Tyt (x,y), AL
k=0

0 ST _ >\+1»lf« T
5,650 (z,y) = Ang€, """ (2, y).
9 @) = ng€ (2, y).

ay n ’ 3
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