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CHARACTERISTIC FUNCTIONS OF
(r, n)-FREE AND (f, g)-ELEMENTS

OF FINITE CYCLIC MODULE

Himangshu Hazarika and Dhiren Kumar Basnet

Abstract. Let CQ be a cyclic group of order Q and n is a divisor of Q, while
r is a divisor of Q/n; then under some restrictions, an element α ∈ CQ is called
(r, n)-free. Similarly, if f, g ∈ Fq [x] are divisors of xm − 1, then under special
conditions, an element α ∈ Fqm is called (f, g)-free element. We generalize
the notions (r, n)-free and (f, g)-free elements to that of a finite cyclic module
and establish characteristic functions for these elements.

1. Introduction

The problem of constructing an algorithm to find a primitive element of a finite
field is one of the major open problems in finite field theory. Hence, researchers focus
on relatively unchallenging problem, i.e., to create an algorithm to find an element
of higher multiplicative order. This problem becomes more useful as the elements of
higher multiplicative order may replace primitive elements in various applications.
One of the notable work of Gao [2], who established algorithm for elements of
higher order in Fqm with mlogq m/(4 logq(2 logq m))−1/2 as the lower bound of the
order. Later Popovych estimated lower bounds on elements of higher multiplicative
orders of finite fields in [3]. Then Cohen, Kapetanakis and Reis defined (r, n)-
free elements for finite fields and studied various properties of (r, n)-free elements
in [1]. They provided the characteristic function for the (r, n)-free elements, which
is an extension of Vinogradov’s formula for the characteristic function for primitive
elements, wherefrom we generalise the notions of (r, n)-free and (f, g)-free elements
to that of a finite cyclic module. Next we find the characteristic functions and
prove some results for (r, n)-free and (f, g)-free elements of a finite cyclic module.

We begin this article with the preparation Section 2 consisting of basic mate-
rials. Next we study finite cyclic R-module in Section 3. Then we establish some
results with additive module in Section 4. In Section 5 we define (f, g)-free ele-
ments and provide some properties. Finally, in Section 6, we define (f, g)-freeness
of elements through polynomial values and establish some additional results.
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2. Preliminaries

Definition 2.1. If n | qm − 1, then an element α ∈ Fqm is called n-primitive
element, if it is of order (qm − 1)/n. So primitive elements are nothing but 1-
primitive elements.

The characteristic function of n-free elements is given by Carlitz in [4], as
following.

Lemma 2.1. If M is a divisor of qm − 1, the characteristic function for the set
of elements with multiplicative order M in Fqm is

ΨM (α) = M

qm − 1
∑
d|M

µ(d)
d

∑
ord(κ)| d(qm−1)

M

κ(α),

where the sum runs over all the characters κ such that ord(κ) divides d(qm−1)/M .
For a multiplicative cyclic group, Cohen et al. provided the following result.
Lemma 2.2. [1, Lemma 2.5] For positive integers r and n,

T (r, n) :=
∑
l|r

|µ(l(n))|
ϕ(l(n))

ϕ(l) = gcd(r, n)W (gcd(r, r(n))),

where W (k) is the number of square-free divisors of k and x(y) = x
gcd(x,y) .

2.1. (r, n)-free elements. The following concepts are provided by Cohen,
Kapetanakis and Reis in [1].

Definition 2.2. Let CQ denote a multiplicative cyclic group of order Q. Let
n be a divisor of Q and r be a divisor of Q/n. Then an element α ∈ CQ is called
(r, n)-free if the following hold:

(i) α is in the subgroup CQ/n, i.e., ord(α) | Qn ;
(ii) α is r-free in CQ/n, i.e., if α = βa with β ∈ CQ/n and a | r, then a = 1.

Lemma 2.3. [1, Lemma 3.3] Let n be a divisor of Q and r be a divisor of Q/n.
An element α ∈ CQ is (r, n)-free if and only if α = βn for some β ∈ CQ, but α is
not of the form βnp0 where β0 ∈ CQ, for every prime divisor p of r. In particular,
α ∈ CQ is (r, n)-free if and only if gcd

(
rn, Q

ord(α)
)

= n.

3. Finite cyclic R-module

Let R be a Euclidean domain and M be a finite cyclic R-module, under the
rule r ◦ α, where r ∈ R and α ∈ M. Let g ∈ M be a generator of M. Since M
has similar properties as Abelian group, hence M̂ can be defined as an R-module,
under the rule, r ◦ ψ : α 7→ ψ(r ◦ α), for α ∈ M and ψ ∈ M̂. Note that, whenever
a character sum runs through the divisors of orders of some element of R, or when
a condition is applicable to all the members of a conjugacy class of R/∼, we will
consider just one representative, as an element of R will be treated as the same
with its conjugates that hold the equivalence relation r ∼ s ⇔ r = us, for some
u ∈ R∗.
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For α ∈ M, we have that the annihilator of α is an ideal of R, hence it has a
unique generator. This annihilator is called the order of α and we denote it with
ord(α). We set m := ord(g).

For d ∈ R, the Euler function is defined as ϕ(d) = |(R/dR)∗|. For a, b ∈ R, we
denote a(b) as a(b) = a

gcd(a,b) .

Lemma 3.1. Let r ∈ R and b be a divisor of m. An element α ∈ M is of the
form r ◦ β with ord(β) = b if and only if ord(α) = b(n), where n = gcd(r,m).

Proof. (⇒) Let α ∈ M be of the form r ◦ β with ord(β) = b. Then b
is a generator of the ideal (annihilator of β) in R. Then α = r ◦ β has order

b
gcd(b,r) = b

gcd(b,n) = b(n).
(⇐) Let ord(α) = b(n), where n = gcd(r,m). To show α ∈ M is of the form

r ◦ β with ord(β) = b. Consider the set Ab = {r ◦ β | ord(β) = b}. Then the
cardinality of the set is ϕ(b(n)). Now for any element δ of order b, the elements of
Ab are i ◦ (r ◦ δ) = (ir) ◦ δ, where gcd(i, b) = 1. So we have, (ir) ◦ δ = (jr) ◦ δ if and
only if i = j+ yb(n), for some y ∈ R, i.e., i ≡ j (mod b(n)). (This mod is analogous
to natural mod.)

Therefore the cardinality of Ab is the number of in-congruent x (mod b(n)),
as x ∈ R such that gcd(x, b) = 1. Since b(n) divides b, hence the cardinality is
ϕ(b(n)). □

Lemma 3.2. For n, r ∈ R, we have

T (r, n) :=
∑
t|r

|µ(t(n))|
ϕ(t(n))

ϕ(t) = |(R/αR)|W (|(R/βR)|),

where α = gcd(n, r), β = gcd(r, r(n)) and W (a) denotes the number of square free
divisors of a.

Proof. We have fn(r) := |µ(t(n))|
ϕ(t(n)) ϕ(t) and gn(r) := |(R/αR),W (|(R/βR)|),

are multiplicative functions in R. Hence the same holds for T (n, r) and thus it
suffices to prove the equality T (n, r) = gn(r) in the case, where r is a prime power
in R. We use r = pa, where p is a prime in R and a ∈ N, and write n = pbn0, where
b is an integer with b ⩾ 0 and gcd(p, n0) = 1. Now we have the following cases

(i) If b = 0, then gcd(r, n) = 1, r(n) = r i.e., α = 1, β = r.

T (n, r) =
∑
t|r

|µ(t(n))|
ϕ(t(n))

ϕ(t) = ϕ(1) + |µ(p)|
ϕ(p) ϕ(p) = 2,

gn(r) = |(R/R)|W (|(R/paR)|) = W (|(R/pR)|a) = W (|(R/pR)|) = 2.

(ii) If 0 < b ⩽ a, then gcd(n, r) = pb and r(n) = pa−b, i.e., α = pb and β = pa−b if
b < a, β = 1 if b = a. Then for b < a,

T (n, r) =
b∑
i=0

ϕ(pi) +
a∑

i=b+1

|µ(pi−b)|
ϕ(pi−b) ϕ(pi)
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=
b∑
i=0

ϕ(pi) + 1
ϕ(p)ϕ(pb+1) = 2|(R/pbR)|.

If b = a, then T (n, r) = |(R/pbR)|. If b < a, then α = pb and β = pa−b.
Hence

gn(r) = |(R/pbR)|W (|(R/pa−bR)|) = |(R/pbR)|W (|(R/pR)|a−b)
= |(R/pbR)|W (|(R/pR)|) = 2|(R/pbR)|.

Similarly, when b = a then α = pb and β = 1. In this case gn(r) = |(R/pbR)|.
(iii) If b > a, then gcd(n, r) = pa and r(n) = 1, i.e., α = pa, β = 1. Then T (n, r) =∑a

i=0
|µ(i)|
ϕ(i) ϕ(pi) = |(R/paR)|. For α = pa, β = 1, gn(r) = |(R/paR)|. □

Next we have the characteristic function for the set of elements in M of order n.

Lemma 3.3. [1, Lemma 3.4] If n | m, then the characteristic function for the
set of elements in M of order n is

Λn(ω) = |(R/nR)|
|M|

∑
d|n

µ(n)
|(R/dR)|

∑
ord(χ)=d

χ(ω).

Lemma 3.4. For r = m/n where n | m, the above function can be rewritten as

Λn(ω) = ϕ(m/n)
|M|

∑
t|m

µ(t(n))
ϕ(t(n))

∑
ord(χ)=t

χ(ω).

3.1. Generalized (r, n)-free elements.

Definition 3.1. Let r and n be two divisors of m. An element x ∈ M is called
(r, n)-free if ord(a) | m

gcd(r,n) and if x = d ◦ y for some y ∈ M with ord(y) | m
gcd(r,n)

and d|r(n), implies d = 1.

Lemma 3.5. Let r, n be two divisors of m and a ∈ M such that ord(a) | m
gcd(r,n) .

Then a is (r, n)-free if and only if gcd(r, n) = gcd
(
r, m

ord(a)
)
.

Proof. Clearly it suffices to prove that gcd
(
r(n),

m
gcd(r,n) ord(a)

)
= 1. We

take b ∈ M of order m
gcd(r,m) . Then a = k ◦ b for some k ∈ R, while ord(a) =(

m
gcd(r,n) gcd(k,m/gcd(r,n))

)
.

(⇒) Let a be (r, n)-free such that gcd
(
r(n),

m
gcd(r,n) ord(a)

)
̸= 1. Then

gcd
(
r(n), gcd

(
k,

m

gcd(r, n)

))
̸= 1, i.e., gcd

(
r(n), k,

m

gcd(r, n)

)
̸= 1,

i.e., k = k0k1 for some k0 ∈ R such that k0 ̸= 1 and k0 | gcd
(
r(n),

m
gcd(r,n)

)
.

Thus a = k ◦ b = (k0k1) ◦ b = k0 ◦ (k1 ◦ b). Since a is (r, n)-free, this implies
k0 = 1, a contradiction.
(⇐) Let gcd

(
r(n),

m
gcd(r,n) ord(a)

)
= 1. Take some β ∈ M such that ord(β) | m

gcd(r, n)
a = d ◦ β and d | r(n). It suffices to show that d = 1. First we have β = i ◦ b, for
some i ∈ R. It follows that a = k ◦ b = d ◦ (i ◦ b) = (di) ◦ b. Now ord(b) = m

gcd(r, n)
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and k ◦ b = (di) ◦ b, where b ∈ M and k, di ∈ R. Since R is ED, there exists t ∈ R
such that k = di + t m

gcd(r,n) . Since d | di and d | m
gcd(r, n) , hence d | k. We have

gcd
(
r(n),

m
gcd(r,n) ord(a)

)
= 1 i.e., gcd

(
r(n), k,

m
gcd(r, n)

)
= 1 and combining the facts

that d | k and d | m
gcd(r,n) we get d = 1. □

Lemma 3.6. Let t | m and x ∈ M. Then∑
ord(χ)|t

χ(x) =
{

|(R/tR)|, if t | m
ord(x) ,

0, otherwise.

This can be proved from orthogonality relations.
Finally, we define the characteristic function for the set of (r, n)-free elements

in M by

Λr,n(x) =
ϕ(r(n))

|(R/rR)|
∑
t|r

µ(t(n))
ϕ(t(n))

∑
ord(χ)=t

χ(x), x ∈ M,

as character sum expression.
We prove the following lemma to support our claim.

Lemma 3.7. Let x ∈ M, then Λr,n(x) =
{

1, if x is (r, n)-free,
0, otherwise.

Proof. Let r = pe1
1 p

e2
2 · · · pek

k be a prime factorisation of r in R and ei ⩾ 1.
It follows from the definition that ω is (r, n)-free if and only if it is (pei

i , n)-free for
each i = 1, 2, . . . , k. Moreover we have Λe1e2,n(ω) = Λe1,n(ω)Λe2,n(ω). It follows
that it suffices to restrict our case to r = ps, where p is irreducible in R and s ̸= 0.

Consider the case ps ∤ n; then gcd(ps, n) = pt, for some 0 ⩽ t < s. So
ps(n) = ps−t. Further

Λps,n(ω) =
ϕ(ps(n))

|(R/psR)|

s∑
i=0

µ(pi(n))
ϕ(pi(n))

∑
ord(ψ)=pi

ψ(ω).

Now
s∑
i=0

µ(pi(n))
ϕ(pi(n))

∑
ord(ψ)=pi

ψ(ω) =
t∑
i=0

µ(pi(n))
ϕ(pi(n))

∑
ord(ψ)=pi

ψ(ω) +
µ(pt+1

(n) )
ϕ(pt+1

(n) )
∑

ord(ψ)=pt+1

ψ(ω)

=
t∑
i=0

∑
ord(ψ)=pi

ψ(ω) − 1
ϕ(p)

∑
ord(ϕ)=pt+1

ψ(ω)

=
∑

ord(ψ)|pt

ψ(ω) − 1
ϕ(p)

∑
ord(ψ)=pt+1

ψ(ω).

Hence

(3.1) Λps,n(ω) =
ϕ(ps(n))

|(R/psR)|

( ∑
ord(ψ)|pt

ψ(ω) − 1
ϕ(p)

∑
ord(ψ)=pt+1

ψ(ω)
)
.
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Let νp(g) stands for the exponent of the prime p in the prime factorisation of
g. Now ω is (ps, n)-free if and only if t = νp(m) − νp(ord(ω)). If ω is (ps, n)-free,
then the above equality and Lemma 3.6 imply that∑

ord(χ)|pt

χ(ω) = |(R/psR)| and
∑

ord(χ)|pt+1

χ(ω) = 0,

which yield
∑

ord(χ)=pt+1 χ(ω) = −|(R/psR)|. Now, by (3.1), we have Λps,n(ω) = 1.
Assume that ω is not (ps, n)-free. This means t > νp(m) − νp(ord(ω)) or

t < νp(m) − νp(ord(ω)). For the case t > νp(m) − νp(ord(ω)), we have pt ∤ m
ord(ω) .

By Lemma 3.6, we have
∑

ord(χ)|pt χ(ω) =
∑

ord(χ)=pt+1 χ(ω) = 0. Hence from
(3.1), Λps,n = 0.

Finally if t < νp(m) − νp(ord(ω)), by Lemma 3.6, we have∑
ord(χ)|pt

χ(ω) = |(R/ptR)| and
∑

ord(χ)=pt+1

χ(ω) = ϕ(pt+1) = |(R/ptR)|
(

1− 1
|(R/pR)|

)
.

Now, we discuss the case ps|n, then gcd(ps, n) = ps and ps(n) = 1.

(3.2) Λps,n(ω) =
ϕ(ps(n))

|(R/ptR)|

s∑
i=0

µ(pi(n))
ϕ(pi(n))

∑
ord(χ)=pi

χ(ω) = 1
|(R/ptR)|

∑
ord(χ)|ps

χ(ω).

In this case ω is (ps, n)-free if and only if ps| m
ord(ω) . Along with this and from

Lemma 3.6, we have that Λps,n(ω) = 1 if ω is (ps, n)-free and Λps,n(ω) = 0,
otherwise. □

4. Additive module

The additive group of Fqm can be viewed as an Fq[x]-module F ◦ α :=
∑n
i=0 Fiα

qi ,
where F(x) =

∑n
i=0 Fix

i ∈ Fq[x]. From the normal basis theorem, it is clear that
the Fq[x]-module is cyclic, and normal elements or free elements are generators of
the module.

Throughout this section, Ord(α) will denote the additive order of α ∈ Fqm ,
i.e., Ord(α) is the Fq-order of α in Fq[x]-module. For any element α in some
extension of Fq, (xm − 1) ◦ α = αq

m − α = 0 if and only if α ∈ Fqm . If we set
Iα = {g(x) ∈ Fq[x] | g ◦ α = 0}, then Iα is an ideal of Fq[x] and hence generated
by a polynomial, say hα(x) (we require hα(x) to be monic). Then hα(x) is the
Fq-order of α. It is clear that Ord(α) ∈ Fq[x] and Ord(α) | xm − 1.

For f, g ∈ Fq[x], we denote f(g) as f(g) = f
gcd(f,g) .

If f ∈ Fq[x], f =
∑s
i=0 aix

i, we define Lf (x) =
∑s
i=0 aix

qi as q-associate of f .
Also for α ∈ Fqm , let f ◦ α = Lf (α) =

∑s
i=0 aiα

qi . For f, g ∈ Fq[x], the following
hold: (i) Lf (Lg(x)) = Lfg(x), (ii) Lf (x) + Lg(x) = Lf+g(x).

Lemma 4.1. Let f, g ∈ Fq[x] be divisors of xm−1. An element α ∈ Fqm is of the
form f ◦β with Ord(β) = g if and only if Ord(α) = g(h), where h = gcd(f, xm− 1).

Proof is similar to that of Lemma 3.1.



CHARACTERISTIC FUNCTIONS OF (r, n)-FREE AND (F,G)-ELEMENTS 45

Lemma 4.2. Let f, g ∈ Fqm [x], then we have

T (f, g) :=
∑
t|f

|µ(t(g))|
Φ(t(g))

Φ(t) =
∣∣∣ Fq[x]
lFq[x]

∣∣∣W(∣∣∣ Fq[x]
hFq[x]

∣∣∣) =
(
qdeg(l))W (

qdeg(h)),
where l = gcd(f, g), h = gcd(f, f(g)), and W (n) is the number of square free divisors
of n.

Proof is similar to that of Lemma 3.2.

5. (f, g)-free element

Definition 5.1. Let f, g ∈ Fq[x] be divisors of xm − 1. An element α ∈ Fqm

is called (f, g)-free if Ord(α) | xm−1
gcd(f,g) and α = h ◦ β, for some β ∈ Fqm with

Ord(β) | xm−1
gcd(f,g) and h | f(g), imply h = 1.

We have the following.

Lemma 5.1. Let f, g ∈ Fq[x] be divisors of xm − 1. Let α ∈ Fqm be such that
Ord(α) | xm−1

gcd(f,g) . Then α is (f, g)-free if and only if gcd(f, g) = gcd
(
f, x

m−1
Ord(α)

)
.

Proof is similar to that of Lemma 3.5.

Lemma 5.2. Let t | xm − 1 and take some ω ∈ Fqm . Then

∑
Ord(ψ)|t

ψ(ω) =
{

|tFq[x]| or qdeg(t), if t | xm−1
Ord(ω) ,

0, otherwise.

Definition 5.2. Now we define the function

Ωf,g(ω) =
Φ(f(g))
qdeg(f)

∑
h|f

µ(h(g))
Φ(h(g))

∑
Ord(ψ)=h

ψ(ω), ω ∈ Fqm

as the characteristic function for (f, g)-free elements of Fqm .

The following lemma establishes the above definition.

Lemma 5.3. Let ω ∈ Fqm , then Ωf,g(ω) =
{

1, if ω is (f, g)-free,
0, otherwise.

Proof is similar to that of Lemma 3.7.

6. (f, g)-freeness through polynomial values

For divisors f, F, g, G of xm − 1 and polynomials h,H ∈ Fqm [x], we study the
number of pairs (h(y), H(y)) such that h(y) is (f, g)-free and H(y) is (F,G)-free
with y ∈ Fqm . This number can be zero if h(x) and H(x) have certain additive
dependence with respect to the polynomials f, F .
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Definition 6.1. Let f, F ∈ Fqm [x] be divisors of xm− 1 and let h,H ∈ Fqm [x]
be nonconstant polynomials. The pair (h,H) is (f, F )-independent if for every t | f
and T | F with l = lcm(t, T ) ̸= 1 (we choose t, T to be monic) and 1 ⩽ deg(c) ⩽
deg(t) and 1 ⩽ deg(C) ⩽ deg(T ) with gcd(t, c) = gcd(T,C) = 1, the polynomial
L lc

t
(h(x)) + L lC

T
(H(x)) is not of the form Ll(g(x)) + k, for some g ∈ Fq[x] and

k ∈ Fqm .

Proposition 6.1. With the terms and conditions as above, if G(x) = L lc
t

(h(x))
+L lC

T
(H(x)) is not of the form Ll(g(x)) + k for any g(x) ∈ Fq[x] and for any

k ∈ Fqm , then G(x) is definitely not of the form a(x)p−a(x)+b, for any a(x) ∈ Fq[x]
and b ∈ Fqm , where q = pn for some positive integer n.

Lemma 6.1. Let f, F ∈ Fqm [x] be divisors of xm − 1. If the pair (h,H) is not
(f, F )-independent, then there exist divisors r,R ∈ Fqm [x] of xm−1 such that there
is no element θ ∈ Fqm with h(θ) is (f, r)-free and H(θ) is (F,R)-free.

Proof. Since (h,H) is not (f, F )-independent, there exist some t | f and T | F
with l = lcm(t, T ) ̸= 1 and 1 ⩽ deg(c) ⩽ deg(t) and 1 ⩽ deg(C) ⩽ deg(T ) with
gcd(t, c) = gcd(T,C) = 1, such that for some g ∈ Fqm [x] and k ∈ Fqm [x]

L lc
t

(h(x)) + L lC
T

(H(x)) = Ll(g(x)) + k.

Then for every θ ∈ Fqm we have
(
lc
t

)
◦ h(θ) +

(
lC
T

)
◦ H(θ) = l ◦ g(θ) + k. Then

multiplying by xm−1
l we have

(6.1) (xm − 1)c
t

◦ h(θ) + (xm − 1)C
T

◦H(θ) =
(xm − 1

l

)
◦ k.

First we consider the case t ̸= T (we have already chosen t, T as monic). From
(6.1), dividing by T and t we have
T (xm − 1)c

t
◦ h(θ) = T (xm − 1)

l
◦ k and t(xm − 1)C

T
◦H(θ) = t(xm − 1)

l
◦ k

respectively. Since right hand sides are inverses of one another, hence we have

Ord(h(θ))
gcd(Ord(h(θ)), xm−1

t Tc)
= Ord(H(θ))

gcd(Ord(H(θ)), xm−1
T tC)

⇔ t gcd
(
T,

xm − 1
Ord(H(θ)) tC

)
= T gcd

(
t,

xm − 1
Ord(h(θ))Tc

)
.

We divide both the parts of above by gcd(t, T ) and get

t gcd
(
T(t),

xm − 1
Ord(H(θ)) t(T )C

)
= T gcd

(
t(T ),

xm − 1
Ord(h(θ))T(t)c

)
.

Since gcd(t(T ), T(t).c) = gcd(T(t), t(T ).C) = 1, the above equation becomes

(6.2) t gcd
(
T(t),

xm − 1
Ord(H(θ))

)
= T gcd

(
t(T ),

xm − 1
Ord(h(θ))

)
.

If possible let there exist some θ ∈ Fqm , such that h(θ) is (f, r)-free and H(θ)
is (F,R)-free, for some divisors r,R ∈ Fqm [x] of xm− 1. Using Lemma 5.1, we have
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gcd
(
f, xm−1

Ord(h(θ))
)

= gcd(f, r). Then combining this with the fact that t(T )|f , we
have that gcd

(
t(T ),

xm−1
Ord(h(θ))

)
= gcd(t(T ), r). Similarly we have

gcd
(
T(t),

xm − 1
Ord(H(θ))

)
= gcd(T(t), R).

Then (6.2) gives
(6.3) t gcd(T(t), R) = T gcd(t(T ), r).

Since t ̸= T , without loss of generality we assume that there is some non
constant monic polynomial d ∈ Fqm [x] such that d|t(T ). Now we choose R = T(t)

and r = t(T )
d , then (6.3) yields tT

gcd(t,T ) = tT
d gcd(t,T ) , a contradiction.

Now we have the case t = T . In this case, (6.1) becomes
(xm − 1)c

l
◦ h(θ) + (xm − 1)C

l
◦H(θ) = (xm − 1)

l
◦ k.

Let us set r = R = l. In this case if h(θ) is (f, l)-free, then its Fq-order divides
xm−1
l , hence (xm−1)c

l ◦h(θ) = 0. Similarly (xm−1)C
l ◦H(θ) = 0 and hence their sum

must be zero i.e., xm−1
l ◦ k = 0. Then identical arguments lead us to (6.3),

t gcd(T,R) = T gcd(t, r).
Since lcm(t, T ) is nonconstant monic polynomial in Fqm [x], hence without loss of
generality we may assume that there exists some nonconstant e ∈ Fqm [x] such
that e | t. Now we choose R = T and r = t

e ; then above yields tT = tT
e , a

contradiction. □

Theorem 6.1. Let f, F, r, R ∈ Fqm [x] be divisors of xm − 1 and for h, H ∈
Fqm [x], the pair (h,H) is (f, F )-independent. Let D + 1 ⩾ 1 be the number of
distinct roots of h(x) + H(x) in its splitting field over Fq. The number Nh,H =
Nh,H(f, F, r, R) of elements θ ∈ Fqm such that h(θ) is (f, r)-free and H(θ) is
(F,R)-free satisfy

Nh,H =
Φ(f(r))Φ(F(R))
qdeg(f)qdeg(F ) (q +M(f, r, F,R))

with |M(f, r, F,R)| ⩽ Dqm/2Qf,rQF,R, where Qg,h :=
∣∣Fq [x]

⟨k⟩
∣∣W (∣∣Fq [x]

⟨y⟩
∣∣) with k =

gcd(g, h), y = gcd(g, g(h)).

Proof. By definition we have, Nh,H =
∑

ω∈Fqm

Ωf,r(h(ω))ΩF,R(H(ω)). From

the characteristic function Ω, for A = Φ(f(r))Φ(F(R))
qdeg(f)qdeg(F ) we have that

Nh,H/A =
∑

ω∈Fqm

( ∑
t|f

µ(t(r))
Φ(t(r))

∑
Ord(ψ)=t

ψ(h(ω))
)(∑

T |F

µ(T(R))
Φ(T(R))

∑
Ord(κ)=T

κ(H(ω))
)

=
∑

T |F, t|f

µ(t(r))µ(T(R))
Φ(t(r))Φ(T(R))

∑
Ord(κ)=T,Ord(ψ)=t

Gh,H(ψ, κ),
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where Gh,H =
∑
ω∈Fqm

ψ(h(ω))κ(H(ω)).
Fix t | f and T | F (we choose t, T to be monic); let ψ, κ be additive characters

of Fq-orders t and T respectively, and set l = lcm(t, T ). Then

ψ(h(ω))κ(H(ω)) = ψ̃
((cl

t

)
◦ h(ω) +

(Cl
T

)
◦H(ω)

)
for some additive character ψ̃ of Fq-order l and some polynomials c, C such that
1 ⩽ deg(c) ⩽ deg(t) and 1 ⩽ deg(C) ⩽ deg(T ) with gcd(t, c) = gcd(T,C) = 1.

Since the pair (h,H) is (f, F )-independent, the polynomial G(x) = L cl
t

(h(x))+
LCl

T
(H(x)) is of the form Ll(g(x)) +k if and only if l = 1 i.e., t = T = 1. Therefore

from Weil’s theorem we have |Gh,H(ψ, κ)| ⩽ Dqm/2 whenever (t, T ) = (1, 1).
For t = T = 1, we observe that ψ and κ are just the trivial additive characters

and so Gh,H(ψ, κ) = qm − ε, where ε is the number of the roots of h(x) + H(x)
defined over Fqm . Since ε ⩽ D + 1, we have |Nh,H/A − qm| ⩽ D + 1 + Dqm/2E
where

E =
∑

t|f,T |F
(t,T ) ̸=(1,1)

µ(t(r))µ(T(R))
Φ(t(r))Φ(T(R))

∑
Ord(ψ)=t
Ord(κ)=T

!1 = T (f, r)T (F,R) − 1.

and where T (f, g) is as in Lemma 4.2 and according to the Lemma 6.1, we have
the equality T (f, g) = Qf,g and so

|Nh,H/A− qm| ⩽ D + 1 +Dqm/2(Qf,rQF,R − 1) < Dqm/2Qf,rQF,R

from where the result follows. □

Corollary 6.1. Let f, F, r, R, h,H be as in the above theorem. If qm/2 ⩾
DQf,rQF,R, then Nh,H > 0.
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