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THE SYNTAX OF POLYTOPAL PROJECTIONS:
FROM PERMUTOHEDRA TO ASSOCIAHEDRA

Milos Adzié and Filip D. Jevtié

ABSTRACT. Tonks’ projection from the permutohedron to the associahedron
and the Loday-Ronco map both send permutations to planar binary trees.
We give a syntactic account of these maps in the equational calculus of the
free non-symmetric, non-unital operad on one binary generator. The vertex
restriction of Tonks’ projection is obtained by evaluating the head-insertion
encoding on the reversed permutation, while the Loday—Ronco map is obtained
by evaluating the decreasing encoding. We also give a local operadic proof
that Tonks’ vertex map is order-preserving from the weak Bruhat order to the
Tamari order.

1. Introduction

The associahedron and the permutohedron are among the central objects of the
theory of polytopes, and beyond. In this paper we consider the associahedron K" *!
and the permutohedron P”, which in our indexing convention both have dimension
n — 1. They belong to the broader family of nestohedra, equivalently hypergraph
polytopes (see [2]). A classical connection between them is given by Tonks’ [5]
cellular quotient map 6: P* — K"*1. Its restriction to vertices yields a map ¢
from permutations to (planar) binary trees. A closely related map v, again from
permutations to binary trees, was introduced by Loday—Ronco [3] in their study of
dendriform algebras: ¢: &,, — Y,

Figure[I] shows the smallest nontrivial case of Tonks” and Loday—Ronco’s maps
at the level of vertices. We describe both ¢ and ¢ in the equational calculus J of
Dosen and Petri¢ [1], which axiomatises the free non-symmetric, non-unital operad
on one binary generator. The two maps arise from indexed operadic terms: head-
insertion for Tonks’ map and decreasing insertion for the Loday-Ronco map. The
same syntax also gives a local proof of order preservation for Tonks’ map.
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FIGURE 1. The upper hexagon is the right and the lower hexagon
is the left weak Bruhat order on G3. Tonks’ map ¢ collapses the
edge 132-312, while the Loday—Ronco map v collapses 132-231 to
the same binary tree. In both cases, the quotient is the Tamari
order on Yj.

2. Preliminaries

In this section we give a rigorous definition of Tonks’ cellular quotient map
g: P — X"*! and Loday-Ronco map ¢': &,, — Y,,. To that end, we set up some
conventions and recall some facts of combinatorics.

Let [0] = 0 and [n] = {1,...,n} forn > 1. Let &,, denote the symmetric group
on [n], with its elements given in one-line notation; in particular, &g = {0}. For
n > 0, let Y,, denote the set of binary trees with n internal nodes, equivalently
with n 4 1 leaves, and let Yo = {*}, where x denotes the trivial tree with a single
vertex. Binary trees can be grafted: for 77 € Y, and T3 € Yy, let T1 VT5 € Y41
be the tree obtained by attaching 77 and 75 as the left and right subtrees of a new
root, respectively.

Throughout the paper we use the convention that the (n — 1)-dimensional
permutohedron P™ has vertex set &,,, while the (n — 1)-dimensional associahedron
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K"+1 has vertex set Y,,. Thus the shift in the notation for X! reflects the
indexing of binary trees by their number of leaves.

For a finite word a = a; - - - ay, of distinct integers, its standardization std(a) €
Gy, is obtained by replacing the smallest letter of a by 1, the second smallest by 2,
and so on, while preserving relative order. If a = ), we set std(0) = 0 € &,. For
a word a = ay - - - ag, let w(a) = ay - - - a; denote its reversal. For 1 < ¢ < k, write
agt = ap - - - a; for a prefix of the word a of length t.

Given a word a = ay - - - ay, of distinct integers and an integer z, let a<% denote
the subsequence of entries of a that are strictly less than z, and let a”* denote the
subsequence of entries of a that are strictly greater than x. These subsequences are
taken in the original left-to-right order and may be empty.

For m = my -+ m, € &, an inversion of 7 is a pair (4,j) with 1 <i < j < n
and m; > ;. We write () for the number of inversions of . The (right weak
Bruhat order) <p on &,, is the partial order generated by the covering relations
7w <p 7s;, where s; = (4,4 + 1) is the adjacent transposition and £(ms;) = £(m) + 1.
Equivalently,

m<pms; ifand only if = < w41,

since right multiplication by s; swaps the entries in positions ¢ and ¢ + 1. For
example, in Figure |1} the weak Bruhat cover 132 <p 312 is collapsed by ¢ to a
single tree in Ys. The (left) weak Bruhat order is defined analogously using left
multiplication: its covers replace m with s;m whenever ¢(s;7) = £(w)+1. In one-line
notation this swaps ¢ and ¢ + 1, and the length increases exactly when ¢ appears to
the left of i + 1. Thus Figure [T also shows that the left weak order cover from 132
to 231 is collapsed by the Loday—Ronco map. In the remainder of the paper, we
will use “weak order” to mean “right weak order”.

The set Y,, has cardinality equal to the n-th Catalan number C,, = %ﬂ (27:‘)
It is partially ordered by the Tamari order <r, generated by the local rotation
(X,Y),2) = (X,(Y,Z2)), where X, Y, and Z are binary trees, and the rotation
may occur at any subtree.

2.1. The Loday—Ronco map.

DEFINITION 2.1. We define 1) recursively. For the empty permutation @, let
Y(@) =% € Yy. Let T =m1---m, € &, with n > 0, and let k£ be the unique index
such that 7y = n. Define 7p, = my - - wp_1, TR = Tg+1 -+ 7. Then

U(m) = p(std(mr)) V (std(mr)).

ExXAMPLE 2.1. Let 7 = 2413. The maximum entry is 4, occurring in position
2. Thus, 7, =2 and mg = 13, so

$(2413) = ¥(std(2)) V (std(13)) = ¢ (1) vV ¥ (12).

Now (1) = ¥(0) V ¥(0), ¥(12) = (1) V (D). Hence 1(2413) is the binary tree
shown below, obtained by grafting the tree 1(1) to the left of the root and the tree
1 (12) to the right.



4 ADZIC AND JEVTIC

¥(1) ¥(12)

2.2. Tonks’ quotient map. Combinatorially, the faces of P™ are indexed by
ordered partitions of [n], while the faces of X"*! are indexed by planar rooted trees
with n+1 leaves. At the level of vertices, ordered partitions reduce to permutations
and planar rooted trees reduce to planar binary trees. Since only this vertex-level
restriction is used below, we pass to the induced map ¢: &,, — Y,,.

DEFINITION 2.2. Let 7 =71 ---m, € 6, and let (7, mi+1) = (a,b) be a pair
of entries in adjacent positions. We say that (a,b) is Tonks-independent if there
exists an index j > i + 1 such that min(a, b) < 7; < max(a,b). Equivalently, (a,b)
is Tonks-independent if and only if some entry to the right of the pair has value
strictly between a and b.

REMARK 2.1. Tonks defines independence more generally for adjacent blocks
Ag_1, Aj in an ordered partition (Aq,. .., A,;,). In that setting, the condition is that
some elements of a block strictly to the right of Ay lie strictly between the minimum
and the maximum of A;_; U Ag. For vertices, where all blocks are singletons, this
reduces to Definition

Let ~ be the equivalence relation on &,, generated by the elementary moves
that replace a permutation 7w by a permutation p obtained from 7 by swapping a
Tonks-independent pair. Tonks showed [5] that the quotient &,,/~ can be canon-
ically identified with Y,. Under this identification, ¢: &,, — Y,, sends each per-
mutation to the binary tree corresponding to its ~-equivalence class. For example,
in Figure |1} the permutations 132 and 312 are equivalent under ~, since the pair
(1,3) in 132 is Tonks-independent.

3. The free non-symmetric operad

To describe Tonks’ and Loday—Ronco maps syntactically, we introduce a free
non-symmetric, non-unital operad on one binary generator (for general background
on operads, see [4]).

DEFINITION 3.1. Let £ be the term language generated by a single symbol 2
of arity 2, as follows:
- 2 is a term of arity |2| = 2;
- if A and B are terms and 1 < n < |A|, then A o, B is a term of arity
|Ao, B|=|A|+ |B|—1.

Each term in £ determines a binary tree whose leaves are ordered from left to
right. Under this interpretation, the generator 2 corresponds to the 2-corolla, i.e.,
the unique binary tree with two leaves, and the term A o,, B corresponds to the
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tree obtained by grafting the root of the tree represented by B onto the n-th leaf
of the tree represented by A.

3.1. The equational calculus J. We introduce the equational calculus J on
the term language £. It expresses the laws of partial composition in the free non-
symmetric, non-unital operad on one binary generator. Our partial composition o,,
corresponds to <, of DoSen—Petri¢ [1]. The calculus J used here is their unit-free
calculus J”; in particular, we use only (assocl) and (assoc2) and no unit axioms.

Let =5 be the minimal congruence on £ satisfying the following two axioms:

(assocl) (Ao, B)o,, C=Ao, (Bop_nt1C) ifn<m<n+|B|,
(assoc2) (Aop B) oy C = (Aoy_ig4+1C)on B if n 4+ |B| < m.

Axiom (assocl) corresponds to the case in which the grafting of C' lands inside
the subtree contributed by B, while (assoc2) corresponds to the case in which the

graftings of B and C' occur at disjoint leaves of A. The following picture illustrates
these two situations:

(assocl)

RS

<k

-4

-

% \/

A standard result from [1] says that two terms of £ are equal modulo J if and
only if they determine the same binary tree.

3.2. Indexed l-factors. To relate the term language £ to permutations, we
pass to an indexed version £!, in which the generator 2 is replaced by countably
many indexed generators 2%, for K € N*. We require that no index occurs more
than once in a term. For A € £ let ind(A) denote the set of indices occurring
in A.
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We now define the recursively generated class of [-factors used throughout the
paper.
DEFINITION 3.2. A term A € L' is an [-factor if it is obtained recursively as
follows:
- 2% is an [-factor for every k € Nt;
- if A is an l-factor, j ¢ ind(A) and r = |{z € ind(A) : z < j}| + 1, then
A o, 27 is an I-factor.
The insertion position r is the rank of j in the increasing order on ind(A)U{j}.
In particular, 1 < r < |A]. For an [-factor A, define its root index recursively by
root(2%) = i, root(A o, 27) = root(A).
The following normalization lemma is central to what follows.

LEMMA 3.1. Let A be an l-factor, i = root(A), and let
L={zeind(A):z<i} and R={recind(A):z>i}.

Let Ay and AR be l-factors with ind(Ar) = L and ind(Ar) = R. Then A is
equivalent modulo J to a term in one of the following forms:

. ZfL,R 7é @, then A =9 (2Z O9 AR) o1 AL,’
. ZfL = @, then A =7 21' Og AR,'
- if R=10, then A =5 201 Ap;
- ifind(A) = {i}, then A = 2°.
PROOF. We argue by induction on N(A) := |ind(A)|. If N(A) = 1, then
A = 2% and the claim is immediate. Assume now that N(A) > 1. By Defi-
nition we may write A = B o, 27 where B is an [-factor, z ¢ ind(B), and
r=|{y € ind(B) : y < 2}|+1. Moreover, root(A) = root(B) = i. Since i € ind(B)
and z ¢ ind(B), we have z # 1.
By the inductive hypothesis, one of the following holds for B:
(1) There exist I-factors Bz, B such that
ind(Br) ={y €ind(B) : y < i}, ind(Bgr)={y €ind(B):y > i},
B =7 (2i O9g BR) o1 BL.
(2) There exists an I-factor B such that
ind(Br) = {y € ind(B) :y > i}, B =52"0yBpg.
(3) There exists an [-factor By, such that
1nd(BL) :{yEIDd(B) y<’t}, B =4 21 o1 Byr.
(4) B = 2%
We distinguish two cases.
Case 1: x < i. Then every index greater than ¢ is also greater than x. If

B =5 (2' 0y Bg) 0y By,

then
{yeindB):y<z}={yeind(By):y <z},
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so the insertion index r is exactly the one prescribed for inserting x into By. In
particular, 1 < r < |Bg|. Applying (assocl) gives

((2" 02 Bg) 01 Br) 0, 2% = (2" 0, Bg) 01 (B, o, 2%).
Set Ay := By 0,.2% Apg:=Bpg. Then Ay is an [-factor, Ag is an [-factor, and
ind(Ap) ={y€ind(A) : y < i}, ind(Ag)={y€ind(A):y>i}.

Thus A =5 (2¢ 0y AR) oy Ap. If either B =5 2?05 Br or B =5 2¢ 0 By, the cases
are proven similarly, while the case where B = 2° is trivial.

Case 2: x > i. Then every index smaller than ¢ is also smaller than z. If
B =; (2" 0 Bg) 01 By,

let s = ’{y € ind(Bg) : y < x}’ + 1. Since every index in By, as well as the root
index 4, is smaller than x, we have r = |Bp| + s and 1 4 |B| < r. Hence (assoc2)
gives

((2° 03 Bg) o1 Br)o, 2% = ((21 02 BR) 0541 2z) o1 Byr.
Now 2 < s+ 1 < 2+ |Bg|, so (assocl) yields (2? 0y Bg) 0541 2% = 2% 0y (Bg 05 27).
Set Ar, := By and Ag := Br os 2*. Then A}, and AR are [-factors, and

ind(Ar) ={y €ind(A) : y < i}, ind(Ag)={y €ind(A):y > i}.

Thus A =5 (2?03 AR) oy Ar. Again, if either B =5 2/ 0 Bg or B =5 2/ 0y By, the
proofs are analogous, with the last case B = 2? being trivial. O

3.3. Soundness of the axioms under evaluation. Let Y = Un>0 Y,. We
define an evaluation map e: £ — Y by forgetting the indices on the generators and
interpreting each 2% as the 2-corolla, and each partial composition o; as grafting at
the i-th leaf. Thus €(A) is the binary tree determined by the term A. We use the
same symbol =y for the congruence on £’ generated by the same axiom schemes
(assocl) and (assoc2).

PROPOSITION 3.1. If t =5 t/, then e(t) = e(t'). FEquivalently, each axiom
scheme (assocl) and (assoc2) preserves the evaluated binary tree.

PROOF. By definition of ¢, the term (A o, B)o,, C is evaluated by first grafting
the tree £(B) onto the n-th leaf of e(A), and then grafting e(C) onto the appropriate
leaf of the resulting tree. In axiom (assocl), the second grafting lands inside the
subtree contributed by B. Thus the two sides describe the same iterated grafting
and evaluate to the same binary tree. In axiom (assoc2), the graftings of B and C
occur at disjoint leaves of £(A). Therefore the order in which these two graftings
are performed does not affect the resulting binary tree, and the two sides again
have the same evaluation.

Since =g is the congruence generated by these axioms, and since ¢ is compatible
with partial composition, € is constant on J-equivalence classes. (]

Dosen and Petri¢ [1] show for the unit-free calculus J” that two terms are equal
in the calculus if and only if they determine the same binary tree. In the present
paper, only the soundness direction of Proposition [3.1]is needed.
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4. The maps as syntactic projections

We now identify Tonks’ map and the Loday-Ronco map with the two syntactic
encodings defined below.

4.1. Encoding permutations. We define two encodings of permutations in
the indexed language £!. The first is the head-insertion encoding, and the second
is the decreasing encoding.

DEFINITION 4.1. Let @ = aj---a, be a word of distinct positive integers.
We define h(a) € L recursively. If n = 1, then h(ay) = 2%. If n > 1, let
a =aj--ap—1. Then h(a) = h(a’) o, 2%, where

r =1+ |{a; occurring in a’ : a; < an }|.
In particular, if 7 € &,,, then h(w) is obtained by applying this construction

to 7 viewed as a word on [n]. The recursive definition of h immediately gives the
following fact.

LEMMA 4.1. For every word a = a; - - - ay, of distinct positive integers, the term
h(a) is an l-factor. Moreover, ind(h(a)) = {a1,...,ay}, root(h(a)) = a;.

We now describe the second encoding.

DEFINITION 4.2. Let a = a;---a, be a nonempty word of distinct positive

integers, and let k(a) = k1 --- K, be the decreasing rearrangement of the letters
of a, so that k1 > kg > -+ > k,. For x occurring in a, let

uq(z) = |{a; to the left of x in a:a; >z }|.
Define f(a) € £! as follows. If = 1, set f(a) = 2F1. If r > 1, set
fla) = (---((2" om,, 2) om,, 27) ) o, 277,
where, for ¢ = 2,...,7, we have m,, = uq(kq) + 1. This is well defined: when 2"

is inserted, the term already contains the generators whose indices are entries of a
greater than ry, namely s1,...,Kq—1. Hence the current arity is ¢, while

0 < ualky) <g—1.

Therefore 1 < my, < ¢, so the insertion index is valid.

In particular, if 7 € &,,, then k(7) = n(n—1)--- 1, and the preceding definition
gives

f(ﬂ—) = ( o ((2n Omgp_1 2n—1) Omgp_2 2n—2) T ) Om, 217

where my, = ur(z) +1 (1 <z <n).

ExaMPLE 4.1. We illustrate the two encodings on the permutation 7= = 312 €
G3. For the head-insertion encoding h, we first compute

h(312) = h(31) 0y 2% = (2% 0; 21) 0y 2%

To compute the decreasing encoding f, we process the values in the order 3,2, 1.

Since ur(2) =1 and ur(1) =1 we have mgy = u,(2) +1 =2, m; = u, (1) +1 = 2.
Hence f(312) = (23 og 22) 0y 21,



THE SYNTAX OF POLYTOPAL PROJECTIONS 9

4.2. Tonks’ projection via h. We now define a recursive insertion map on
permutations and show that it agrees with Tonks’ vertex map ¢. Let t € Y; be the
2-corolla. For T'€ Y, and 1 <¢ <p+1,let T <t € Y,41 denote the binary tree
obtained by grafting the 2-corolla ¢ at the i-th leaf of T

DEFINITION 4.3. For each n > 0, define ngS: &, — Y, recursively. Set qAS((Z)) = x,
where * € Yq is the unique tree with a single vertex. ¢(w) = ¢, if 7 € &1, and
o(m) = p(std(ma -+ 7)) Ay t for m =711 -+ - 70, € &,y with > 1.

~

This is well defined, since std(my - - - 7,) € &,,—1, the tree ¢(std(ms - - - my,)) lies
in Y,,_1, and therefore has exactly n leaves, while m € [n].

At the level of vertices, Tonks’ construction may be described (as in [5]) by the
following evaluation procedure for a product z1xs---Zn4+1. An ordered partition
of [n] records how the n binary compositions are grouped into stages. On vertices,
where the partition consists of singletons, this procedure is determined by a per-
mutation 7 = 7y - - -1, € G,, and the compositions are carried out successively in
the order m,...,m,. In particular, the first step composes the variables ., and
ZTn,+1- On the tree side, this corresponds to grafting a 2-corolla at the m;-st leaf.
After this first composition, the remaining n — 1 steps act on a product of length n,
so their relative order is encoded by the standardized tail std(ma - - - 7). We record
this in the following proposition.

PROPOSITION 4.1. For every permutation 7 € &,, ¢(r) = ¢(r).

Although (E is introduced only as an auxiliary map, it plays an important role
in what follows. It leads to an alternative recursive description of Tonks’ map,
which we denote by ¢. This formulation is better suited to the operadic arguments
developed later, and in particular it will allow us to use the normalization lemma
for [-factors proved earlier in the paper in the proof of our main result on Tonks’
map.

DEFINITION 4.4. For each n > 0, define ¢: &,, — Y,, recursively by ¢(0) = *,
where x € Yq is the unique tree with a single vertex. For 7 = my---m, € G,
(n > 0), set p(r) = (std(m<"™)) V p(std(7~™)), where V denotes grafting at a
new root. If one of the two subsequences is empty, the corresponding tree is * € Y.

THEOREM 4.1. For every permutation m € &, gg(ﬂ') = p(m).

PrOOF. We argue by induction on n. If n = 0, then both () and o(0)
are equal to the unique tree * € Yy. If n = 1, then both maps send the unique
permutation in &; to the unique tree ¢ € Y;. Assume now that n > 1, and let 7 =
w7y € S, Set p=std(my -+ 7m,) € 6,-1. By Deﬁnition a(w) = gg(p) Ly t
By the inductive hypothesis, a(p) = ¢(p). Thus 8(77) = ¢(p) <, t. Since p € &,,_1,
the recursive definition of ¢ yields ¢(p) = (std(p<r 1)) V @(std(p=r~-1)). We
distinguish two cases.

Case 1: m < m,. Then p,—1 =m, — 1. Let
L= p(std(p=r"=1)), R=p(std(p”""")).
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Thus ¢(p) = LV R. The entries of p smaller than p,,_1 are exactly the standardized
images of the entries of 7 that are smaller than m,, except for the first entry m;
itself. Hence, if a = std(7<™), then ay = m and std(az -y, —1) = std(p<r-1).
By Definition and the inductive hypothesis, L <, t = ¢(c) = ¢(a). Moreover,
the entries of p greater than p,,_; are exactly the standardized images of the entries
of 7 greater than 7, so R = p(std(7~™)). Since L € Y, _2, the tree L has exactly
m, — 1 leaves. As m; < m,, the insertion at the global leaf 71 of L V R therefore
occurs inside the left subtree. Therefore (L V R) <, t = (L <, t) V R. Hence

S() = p(std(T=™)) V p(std(w>™)) = ().

Case 2: w1 > m,. Then p,—1 = m,. Let L = ¢(std(p<r=-1)), R = @(std(p~rn-1)).
In this case L = p(std(7<™)). Let 8 = std(w~™). Then the first entry of 3 is
m1 — Tp, and the standardized tail of g is std(p~#~-*). Hence, by Deﬁnition and
the inductive hypothesis, R, _r, t = g/b\(,B) = ¢(B). Since L has exactly 7, leaves,
insertion at the global leaf m; of L V R occurs in the right subtree, at leaf 7 — m,.
Therefore (LV R) g, t = LV (R gy —r, t). It follows that

S() = p(std(T=™)) V p(std(w>™)) = (). U

We now specialize Lemma to the head-insertion encoding. The general
lemma gives a root decomposition for every I-factor. For terms of the form h(a),
the additional point is that the indices of left and right terms in the decomposition
inherit the order of the corresponding subwords of a.

LEMMA 4.2. Let a = ay - - - a, be a nonempty word of distinct positive integers,
let i = aq, and let a<* and a™* denote the subwords of a consisting of the entries
less than © and greater than i, respectively. Then h(a) is equivalent modulo I to a
term in one of the following forms:

—if a<t,a”? # 0, then h(a) =5 (2% og h(a”?)) o1 h(a<?);
-~ if a<t =0, then h(a) =5 2% o5 h(a”?);

—ifa”? =0, then h(a) =5 2¢ o1 h(a<?);

- if a =1, then h(a) = 2.

PROOF. By Lemmald.1] h(a) is an I-factor and i = root(h(a)) = a;. Lemma[3.]]
gives a root decomposition of h(a) as h(a) =g (2% o3 AR) o1 Ay, with the evident
one-sided variants, where

ind(Az) = {z € ind(h(a)) : x < i}, ind(Ag)={z €ind(h(a)): z > i}.

It remains only to check that, for the particular term h(a), the indices appearing in
A and AR occur in the order inherited from the word a. We argue by induction on
the length of prefixes of a. For 1 < t < n, recall that we have defined ag; = a1 - - - a;.
We claim that h(ag;) satisfies the decomposition stated in the lemma, with
aéi and aZi in place of a<? and a”?, respectively. The case ¢t = 1 is immediate.
Assume the claim for a<;, and write agi41 = agiz.
If £ < i, then aéiﬂ = aéix, and aziﬂ = azi. The insertion position of

x in h(agiyr) is 1+ ‘{y €Eagt 1y < x}} Since every entry of aZi is greater
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than z, this is exactly the insertion position of z in h(aéi). Hence the right-hand
term in the root decomposition is unchanged, while the left-hand term becomes
h(aéifﬂ) = h(aéi-i-l)-

The case x > i is analogous: the left-hand term is unchanged, and the insertion
position of x in the right-hand term is precisely the position prescribed in the
construction of h(azix) = h(aziﬂ).

Taking ¢ = n, the induction gives h(a) =5 (2¢ o h(a”")) oy h(a<") when both
subwords are nonempty, and the corresponding one-sided congruences when one of
them is empty. These are precisely the four cases stated in the lemma. O

We now show that the grafting map ¢ is realized by the syntactic encoding h
applied to the reversed permutation. For the rest of the paper, for every nonempty
word a of distinct positive integers, write g(a) = e(h(w(a))).

THEOREM 4.2. For every n > 1 and every permutation m € &, p(m) = g(7).

PrROOF. We argue by induction on n. If n = 1, then 7 = 1, w(w) = 1, and
h(w(r)) = 2!, Hence g(7) is the 2-corolla, which is exactly o(1).

Assume now that the statement holds for all permutations of size < n, and
let m=m - -7y € &, Set a = w(w) = mpmp_1---m1. The first letter of a is m,.
Moreover, the subword of a consisting of letters smaller than 7, is w(7<™), and
the subword consisting of letters greater than m, is w(7>™).

Suppose first that both 7<™ and 7~™ are nonempty. By Lemma

h(w(m)) =y (2™ o2 hw(x>™)) o1 h(w(x ™).

Applying € and using Proposition we obtain g(m) = g(7<™) V g(7>™). Stan-
dardization preserves the relative order of a word. Since the insertion positions in
h depend only on this relative order, h(w(a)) and h(w(std(a))) have the same term
shape and differ only in their indices; after applying ¢, these indices are forgotten.
Therefore g(m<™) = g(std(7<™)) and g(7>™) = g(std(7>™)). By the inductive
hypothesis,

std(m<)) = plstd(m<)),  glstd(r™) = plstd(r™).

Hence g(7) = p(std(7<™)) V @(std(7>™)) = ¢(r).

If 7<™ = (), then Lemma gives h(w(m)) =g 2™ oy h(w(w”>™)). After
applying &, this says g(r) = % V g(7>™). By standardization and the inductive
hypothesis, g(7>™) = g(std(7”™)) = @(std(7>™)). Thus

g(m) = *V p(std(r7™)) = ().

The case m7”™ = () is analogous. Then h(w(r)) =5 2™ oy h(w(x<™)), and
hence g(m) = @(std(m<™)) V * = p(m). O

COROLLARY 4.1. For everyn > 1 and every permutation m € S,,, ¢p(m) = g(n).

Proor. By Proposition and Theorem [4.1} we have ¢(m) = @(m). The
conclusion now follows from Theorem (.2 O
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4.3. The Loday—Ronco map via f. We now relate the Loday—Ronco map
1) to the decreasing encoding f. Recall that ¢ is defined recursively by splitting a
permutation 7 at its maximal entry n. Thus, if viewed as a word on [n] we have
that m# = 7 n g, and then ¢(7) = ¥ (std(nr)) Ve (std(mgr)). To identify ¢ with the
evaluation of f, we first prove a normalization lemma for the decreasing encoding,
analogous to Lemma (3.1

LEMMA 4.3. Let a = ay - - - a, be a nonempty word of distinct positive integers,
and let k(a) = K1 - - - K, be the decreasing rearrangement of the letters of a and write
a = arp, k1 agr, where ay, and agr are the subwords to the left and to the right of k1,
respectively. Let By, =g f(ar) and Br =g f(ar). Then, f(a) is equivalent modulo
J to a term in one of the following forms:

~if ar,ar # 0, then f(a) =5 (2"t 0o Bg) o1 Byr;
- ifap, =0, then f(a) =5 2" 05 Bg;

- if ag =0, then f(a) =5 2! 01 Byp;

- if a = K1, then f(a) = 2",

ProOOF. We argue by induction on r = len(a). If r = 1, then a = k; and
f(a) = 2", so the claim is immediate. Assume now that r > 1. Let o’ be the word
obtained from a by deleting its smallest letter £,. Then f(a) = f(a’) oy, (s,)41 2"
The maximum of o’ is still k3. Write @’ = a k1 a’z. Since each axiom scheme
preserves arity, congruent terms have the same arity.

We distinguish two cases.

Case 1: k, occurs in ay. Then a’;, = ag, while @/, is obtained from a, by deleting
Kr. Moreover, uq (k) = uq, (k), because every letter of a that is greater than k,.
and lies to its left is already contained in ay,.

If both @/, and a’; are nonempty, then by the inductive hypothesis there exist terms
A;,Ar € L1 such that A =4 f(a'L), Agr =9 f(aR), and

f(a’) =7 (an O9 AR) o5} AL.

Since Ay =g f(a}), we have |Ap| = |f(a})| = len(a}) + 1 = len(ar). Hence
1 < ug, (k) +1 <AL, so (assocl) applies:

(2" 02 AR) 01 AL) 0y, (15,041 2" = (2" 02 AR) 01 (AL 0w, ()41 27).

Set Br, := A oy, (,)+1 2", Br:= Ap. Since Ay =g f(a%,), it follows from the
definition of f(ay) that By, =5 f(ar). Therefore f(a) =5 (2" oo Bg) 01 By.

If either o, = 0 and a’y # 0, or af; = 0 and a), # 0, we proceed analogously,
and if a’ = k; this case is trivial.
Case 2: k, occurs in ag. Then a} = ar, while a5 is obtained from ap by deleting
Kr. Put s = uq, (k) + 1. Since every letter of ay,, as well as k1 itself, lies to the
left of x, and is greater than x,., we have uy (k) = len(ar) + tap (k) + 1. Again,
we prove only the main case, since the other cases are similar.

If both a} and a’; are nonempty, then by the inductive hypothesis there exist
terms Az, Ar € L1 such that A =5 f(ar), Ar =5 f(az), and

f(a’) =g (2" 0y ARg) o1 AL.



THE SYNTAX OF POLYTOPAL PROJECTIONS 13

Since Ap =5 f(ar), we have |AL| = |f(ar)| = len(ar) + 1. Therefore u, (k) +1 =
|AL|+ s. Applying (assoc2) gives

((2'{1 09 AR) o1 AL) Oug(kr)+1 2kr = ((2'{1 09 AR) Os+1 ZHT) 01 AL.

Now Ag =g f(a), so |Agr| = |f(as)| =len(a’z) + 1 =len(ar). Hence 2 < s+1 <
2 + |Ag|, and (assocl) yields

(2" 09 AR) 0441 277 = 2"1 oy (AR o4 2"”).

Set By, := Ay, Bg := Apos2%". Since A =g f(a}y), it follows from the definition
of f(agr) that Bg =5 f(agr). Therefore f(a) =5 (2”1 03 Br) 01 By. O

THEOREM 4.3. For every n > 1 and every permutation m € &, (w) =
e(f(m)).

PROOF. We argue by induction on n. If n = 1, then f(1) = 2!, and (f(1))
is the 2-corolla. This is exactly 1(1). Assume now that the statement holds for
all permutations of size < n, and let 7 = 7, nmg € &,. Apply Lemma [£.3] to the
word @ = 7. Since k1 = max(m) = n, the root generator is 2", while the left and
right branches are determined by the subwords 77 and 7g.

If both 7, and 7g are nonempty, Lemma gives f(m) =5 (2" 03 Bg) o1 By,
where By, =5 f(m1), Bk =5 f(7r). Applying ¢ and using Proposition [3.1} we
obtain e(f(m)) = e(f(nL)) Ve(f(mgr)). Standardization preserves the relative order
of a word. Since the insertion positions in the decreasing encoding f depend only on
this relative order, the terms f(a) and f(std(a)) have the same shape and differ only
in their indices for every nonempty word a of distinct positive integers. Applying
e forgets those indices, and hence e(f(a)) = e(f(std(a))). Applying this to a = 7,
and a = g, we get e(f(7)) = e(f(std(mr))), e(f(mr)) = e(f(std(mr))). By the
inductive hypothesis, e(f(std(nz))) = ¥(std(mr)), e(f(std(mgr))) = P (std(mr)).
Therefore e(f(m)) = ¥ (std(wr)) V ¢¥(std(mr)) = (7).

If 77, = 0, then Lemmagives f(m) =5 2" 03 Bg, Bg =5 f(7r). Hence

e(f(m) = ¥(0) ve(f(mr)).
Since wr is nonempty in this case, standardization and the inductive hypothesis
give e(f(mr)) = e(f(std(mr))) = P(std(mr)). Thus
S(f(m) = $(0) v (std(mr)) = ¥().

The case mr = () is analogous. In that case f(7) =5 2" o1 B, By, =5 f(&
and hence e(f(7)) = ¢(std(mr)) V (D) = ¥(m).

COROLLARY 4.2. For every n = 0 and every permutation 1 € &, ¢(7) =
P(rh).

PROOF. We argue by induction on n. If n = 0, then 7 = (J, and both ¢() and
P(0~1) = (D) are equal to * € Yo. If n = 1, the claim is immediate. Assume now
that the statement holds for all permutations of size < n, and let 7 = my -+ -7, €
&,. Set 0 =771 € &,,. Since 0, = n, the recursive definition of ¥ gives

P(o) = P(std(or)) V ¥(std(or)),

L)
O
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where o, = 01+ 0x, -1, OR = On, 41 0pn. Now let &« = 7<™ [ = 7> . The
word oy, consists of the positions, in 7, of the letters of «, listed in increasing order
of their values. Standardizing o, replaces these original positions by their relative
positions among the entries of a. This is exactly the inverse of the standardized

word std(«). Therefore std(o,) = (std(a))fl. The same argument applied to the
entries greater than 7, gives std(og) = (std(ﬁ))_l. By the inductive hypothesis,
P(std(op)) = q{)(std(JL)fl) = ¢(std()), and likewise ¢ (std(ogr)) = &(std(B)).
Hence ¢(n71) = ¢(std(m<™)) V ¢(std(7>™)). By the recursive definition of ¢ and
the equality ¢ = ¢, we also have ¢(m) = ¢(std(7<™)) V ¢(std(w~™)). Therefore
P(r~t) = ¢(m), as required. O

5. Order preservation

We show that Tonks’ map ¢: &,, — Y, is order-preserving from the weak
Bruhat order to the Tamari order. Since the weak Bruhat order is the reflexive
transitive closure of its covering relation, it is enough to consider a cover 7 = auv 3,
p=avuf, u<wv,sothat m <pg p. Set 7 = w(B), v = w(a). Then w(n) =TvuY,
w(p) = Tuv~y. The local difference between w(w) and w(p) lies in the adjacent
block vu versus ww, after the common prefix 7. Since the insertion indices in h
depend only on the letters already processed, the prefix 7 determines the local
comparison.

The case n = 4 is displayed in Figure [2 The red intervals in the weak Bruhat
order are precisely those collapsed by ¢, and the resulting quotient is the 1-skeleton
of the associahedron X?, with vertices indexed by the elements of Y, and ordered
by the Tamari order.

4321
3421 1231 4312
\ /
3412
3241 2431 4213 4132
2341 4123
3142 2413

b A

2314 3121 1342 1493

N

2134 1324 1243

1234

(A) Weak Bruhat order on &4. (B) Induced Tamari order on the quo-
tient 64/ ~.

FicURE 2. Weak Bruhat order on &4 and the corresponding 1-
skeleton of the associahedron X°.
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LEMMA 5.1. Let 7 be a word of distinct integers, and let u < v be integers not
occurring in 7. Let n = k(v;7) and m = k(u;Tv) where
k(a;o) =1+ |{z occurring in o : x < a}|
is the insertion index used in the definition of h. Then
n—m = |{z occurring in T :u <z < v}|.
LEMMA 5.2. Let m = auvf, p=cavupf, u<v, and set 7 = w(B). If (u,v) is
Tonks-independent in w, then h(w(w)) =5 h(w(p)). Consequently, ¢(mw) = ¢(p).

PrOOF. Write w(m) = Tvu~y, w(p) = Tuv~y, where v = w(a). Since (u,v) is
Tonks-independent in 7, there is an entry of § strictly between v and v. Hence 3
is nonempty, and therefore 7 = w(f) is nonempty. Let A = h(7).

Set n = k(v; ), m = k(u; 7v). Since u < v, we also have

k(u; 1) = k(u; 7v) = m.
Since u < v, inserting u before v increases the insertion index of v by 1, so
k(v;tu) =k(v;7)+1=n+1.

Therefore h(Tvu) = (A o, 2¥) o, 2%, h(Tuv) = (A oy, 2%) 0,41 2¥. Since (u,v) is
Tonks-independent in m, there exists € f with u < z < v. Equivalently, there
exists z € 7 with u < z < v. By Lemma[5.1} we have m < n. Hence m+2 < n+1,
because |2%| = 2. We may therefore apply (assoc2) to the term h(7uv), obtaining

(Ao, 2") 0,11 2° = (Ao, 2Y) o, 2%

Thus h(Tuv) =5 h(rvu). The remaining letters, namely the letters of v, are then
inserted in the same order on both sides. At each step the two partial words
contain the same set of letters, so the next insertion has the same index in both
terms. Since =g is a congruence, it follows that h(w(p)) =9 h(w(x)). Applying &
and Corollary we conclude ¢(p) = g(p) = g(7) = ¢(m). O

LEMMA 5.3. Let m =auvf, p=avupB, u<wv, and set 7 = w(B). If (u,v) is
not Tonks-independent in w, then ¢(m) <1 ¢(p).

PROOF. Write w(m) = Tvu~y, w(p) = Tuv~y, where v = w(a).

We first treat the case 7 # (). Let A = h(7) and set n = k(v; 1), m = k(u; v).
Since (u,v) is not Tonks-independent in 7, there is no « € § with u < x < v, hence
no x € 7 with u < x < v. By Lemma [5.1} we have m = n.

Since u < v, we also have k(u; 1) = k(u; 7v) = m = n. Therefore

h(rtvu) = (A o, 2Y) 0, 2.
By (assocl), (A o, 2Y) 0, 2% = A o, (2¥ 01 2"). Moreover, since u < v,
k(v;tu) =k(v;7)+1=n+1.
Hence h(tuv) = (A o, 2%) 0,11 2V. Applying (assocl) again, we obtain
(A on 2%) 0,11 2" = A oy, (2% 05 2Y).
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Now £(2% o1 2") and (2" oy 27) differ by exactly one right rotation, so
e(h(rou)) <t e(h(Tuv)).
If 7 = (), then h(vu) = 2¥ o1 2%, h(uv) = 2% 0y 2V, and therefore again
e(h(vu)) <p e(h(uv)).

It remains to pass from the prefixes 7vu and Tuv to the words w(w) and w(p).
Let the letters of v be inserted one after another. At each step the two partial words
have the same set of letters, and the insertion index for the next letter depends
only on this set. Hence the next insertion has the same index on both sides.

Tamari order is closed under substitution into a fixed leaf context: if S < T,
then replacing the same leaf of any binary tree by S and by T again gives a strict
Tamari inequality. The rotation witnessing S <p T occurs inside the substituted
subtree, while the surrounding context is unchanged. Applying this observation
successively to the common insertions of the letters of v, we obtain g(7) <7 g(p).
Using Corollary we conclude ¢(7) <7 ¢(p). O

THEOREM 5.1. The map ¢: &,, — Y, is order-preserving from the weak Bruhat
order on &,, to the Tamari order on Y,,.

PrROOF. It is enough to consider a cover m<<gp, sothat 71 = auv f, p = avup,
u < v. If (u,v) is Tonks-independent, then Lemma [5.2] gives ¢(m) = ¢(p). If (u,v)
is not Tonks-independent, then Lemma gives ¢(m) <7 ¢(p). In either case,
¢(m) <1 ¢(p). Since the weak Bruhat order is the reflexive transitive closure of its
covering relation, it follows that ¢ is order-preserving. O

6. Conclusion

We have given a syntactic account of the two maps from permutations to binary
trees considered in this paper. Tonks’ map ¢ is obtained by evaluating the head-
insertion encoding h on the reversed permutation, while the Loday—Ronco map
1) is obtained by evaluating the decreasing encoding f on the permutation itself.
Both constructions therefore reside in the same equational calculus J for the free
non-symmetric, non-unital operad on one binary generator.

The comparison also explains the relation between the two recursive descrip-
tions. For Tonks’ map, the relevant decomposition is governed by the first letter of
the reversed word, equivalently by the last letter of the original permutation. For
the Loday—Ronco map, the decreasing encoding is normalized by splitting at the
maximal entry.

In particular, the order-preservation property of Tonks’ map admits a local
operadic explanation. In the independent case, the identification of adjacent swaps
is governed by instances of (assoc2). In the dependent case, the strict Tamari
increase is exposed by the corresponding local rewriting analysis, which yields the
relevant rotation on the tree side.

It remains to ask whether similar normal-form methods apply to other nesto-
hedra where canonical projections and quotient constructions also occur.
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