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ABSTRACT. Here we introduce topologically multiply F-recurrent collections
{T:}tes of bounded linear operators on a Banach space X, where F is a
Furstenberg family for a semigroup S. Then, we give some equivalent con-
ditions for a collection {74, w; }tes of weighted translation operators on an
Orlicz space in the context of a locally compact hypergroup to be topologically
multiply F-recurrent.

1. Introduction and preliminaries

Recall that if X is a Banach space, an operator 7" on X is called topologically
multiply recurrent if for each N € N and every nonempty open set O in X there is
an m € N with

0N T,m(o) N Tf2m(o) N---N TﬁNm(O) 7é @7

where for any k € Nand A C X, T~F(A) denotes the inverse image of A by T*, and
TF:=ToTo---oT (k-times). If this condition holds for N = 1, then T is called
recurrent; see [LT] for more details. An operator T acting on a Banach space X is
called topologically transitive whenever for any two nonempty open sets O,V C X,
there is an n € N such that T-"(0)NV # (). Any topologically transitive operator on
a separable Banach space X is recurrent. Recently, topologically transitive weighted
translations on Lebesgue spaces and Orlicz spaces were studied in [I3HI5]. See also
[16][25[27] for a characterization of topologically transitive weighted translations
on a general Banach function space in the context of a measure space.

In [8, Proposition 5.3], Costakis and Parissis characterized topologically mul-
tiply recurrent bilateral weighted shifts. Moreover, Chen [9] explored topologically
multiply recurrent weighted translations on LP-spaces over locally compact groups.
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Furthermore, in [10], he characterized topologically multiply recurrent weighted
translations on Orlicz spaces over locally compact groups.

Recently, in the motivating article [I1] Chen gave an equivalent condition for
a weighted translation operator 7, ,, on an Orlicz space in the context of a locally
compact group G to be topologically multiple recurrent, where a € G is an aperiodic
element and w is a bounded weight on GG. Note that the Orlicz spaces are important
generalization of the Lebesgue spaces. Also, aperiodicity of the fixed element a € G
plays a key role in the proof of main result of the article [11].

On the other hand, the concepts F-transitivity and dF-transitivity, which re-
cently were introduced in [4,[19][21] are interesting generalizations of the usual
topologically transitivity and disjoint topologically transitivity [3L[5] related to a
Furstenberg family F. Recall that a collection {T}}:cs of operators on a Banach
space X is called F-transitive if for each nonempty open sets O,V C X,

{tesS:0NT (V) #0} €T

The concept of topological F-recurrence was defined in [7], where JF is a Fursten-
berg family of subsets of Ny, and it was also studied in [112].

In this paper, we first initiate the concept of topological multiply F-recurrence
for a collection {T};}tes of bounded linear operators on a Banach space X, where
F is a Furstenberg family of subsets of a semigroup S (see Definition 22)). This
notion would be a generalization of the current concept of topological multiple re-
currence. Also, we introduce F-aperiodic and strongly F-aperiodic subsets {a:}tes
of a hypergroup X, where S is a semigroup. Then, by some technical proofs, we
give equivalent conditions for a collection {Ty, w, }tes to be topologically multiply
J-recurrent, where any Ty, ., is a weighted translation operator on an Orlicz space
in the context of a locally compact hypergroup. So, in this work, we improve the
main result of [I1] in two directions: the context structure will be replaced by hy-
pergroups which are extensions of locally compact groups, and also the usual notion
topologically multiply recurrence will be replaced by the more general concept of
topological multiply F-recurrence. Hence, although the main results are given for
the hypergroup case, they would be novel for the group case too.

For the convenience of readers, in three subsections, we recall some basics
regarding locally compact hypergroups, Orlicz spaces, and weighted translations
on an Orlicz space in the context of a locally compact hypergroup.

1.1. Locally compact hypergroups. Locally compact hypergroups as gen-
eralizations of locally compact groups were introduced in [18,20L[26]; see also [6]
as a monograph for hypergroups. In contrast of the group case, necessarily there
is no action between elements of a hypergroup while there exists some convolution
among the regular measures of it.

We denote the space of all complex Radon measures on a locally compact
Hausdorff space X by M(X). Also, the set of all nonnegative measures in M(X) by
M (X). The support of each u € M(X) is denoted by supp(p), and &, denotes the
Dirac measure at a point x € X.
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DEFINITION 1.1. A locally compact Hausdorff space K equipped with a con-
volution product * on M(X) and an involution x — & is called a locally compact
hypergroup if:

(1) (M(X),+, *) is a Banach algebra.

(2) For each z,y € X, 6, * 4, is a probability measure with compact support.

(3) The function (z,y) — 6, *d, from K x K into MT(X) is continuous, where
M (X) is equipped with the cone topology.

(4) The mapping (z,y) — supp(d; * ) from K x X into the family of all
nonempty compact subsets of K, C(X), is continuous, where C(X) is
equipped with the Michael topology.

(5) The involution z + Z is an involutive homeomorphism from X onto X
such that for each z,y € K, (0, 5y5 = 0y * 0z.

(6) There exists an element e € X (called identity) such that for each z € X,
0z * 0 = e % 05 = ;. Moreover, for each z,y € K, e € supp(dy * dy) if
and only if y = &.

Any locally compact group, equipped with the usual convolution and the inverse
mapping as involution, is a hypergroup.

A nonzero nonnegative regular measure A on a hypergroup X is called a (left)
Haar measure if for each x € K, 6, x A = A.

Every compact or commutative hypergroup admits a (left) Haar measure (see
[20] and [26]).

In the sequel, K denotes a locally compact hypergroup and X\ is a left Haar
measure on K.

The convolution of two subsets A, B C X is defined by

Ax B := U supp(dy * dy),
r€A,yeEB

and also A := {#: z € A}. For every a € K we simply denote a * A := {a} * A.
The center of K is defined by

Ma(XK) :={x € KX : 0, 0z = 0z * 0z = Je},

which is the maximal subgroup of X. For every x € Ma(X) and y € K, 0, *d, is a
Dirac measure; see [20, Section 10.4] and [24].

1.2. Orlicz spaces on hypergroups.

DEFINITION 1.2. Let ® be a Young function. The set of all measurable func-
tions f: K — C such that for some ¢ > 0 we have [, ®(c|f|) d\ < oo, is denoted by
L®(X), and is called the Orlicz space. Two elements of L®(X) are considered the
same if they are equal almost everywhere. The Luxembourg norm of any f € L?(X)

is defined by
1
1£1le := inf{a >0 / o(=If]) ar < 1}.
K (0%
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By [22], (L®(X),] - |lo) is a Banach space. See the monographs [22,123] for
more details and facts regarding Orlicz spaces. For each r > 0 and f € L?(X) we
denote

B(f;r) ={g € L*(%) : ||f — glla <r}.

1.3. Weighted translations on L%(K). Any bounded continuous function
w: K — (0,00) is called a weight on XK.

DEFINITION 1.3. Let ® be a Young function, a € X and w be a bounded weight
on K. We define the mapping T}, ,,: L*(X) — L*(X) by

Tow(f)(x) :==w(z) f(a*x), where f(a*z):= /g{fd(éa*éz).

Then, T, ., is a bounded linear operator on L*(X) with ||, .| < ||w|/co, and is
called a weighted translation operator. If % is also bounded, then T} ,, is invertible
and its inverse is denoted by Sq 4.

2. Main results

DEFINITION 2.1. Let S be a nonempty set, and F be a proper nonempty col-
lection of subsets of S. Then, J is called a Furstenberg family on S, if for every
AecFand AC BC S we have B¢ F.

DEFINITION 2.2. Let S be a semigroup, F be a proper Furstenberg family on
S, X be a Banach space, and {T}}ies be a collection of bounded linear operators
from X into X. Then, {T;}ies is called topologically multiply F-recurrent if for
every nonempty open subset O C X and n € N we have

(2.1) {teS:0nNT7HO)NTZ (0)N---NTLN0) #0} € F.

DEFINITION 2.3. Let G be a locally compact group. An element a € G is
called compact if the subgroup of G generated by a is relatively compact. Any
noncompact element of G is called aperiodic.

If G is a second countable locally compact group, an element a € G is aperiodic
if and only if for every compact subset F' C G there exists N € N such that for
everyn > N, a"FNF =(.

Note that if G is a noncompact locally compact group, then it contains some
aperiodic elements because the set of all compact elements of a locally compact
group G is a compact subset of G.

DEFINITION 2.4. Assume that F is a Furstenberg family on a semigroup S.
Then, {a:}tes C K is called

(1) F-aperiodic if for every nonempty compact subset £ C X, F € F and
n € N, there exists some ¢ € F such that (a; x E) N E = ( for all
ji=1,2,...,n.

(2) strongly F-aperiodic if for every nonempty compact subset F C K, every
sequence (Fy)ren in F and every n € N, there exists some ¢, :=tg n € F)
such that (ati x EYNE = ( for all j = 1,2,...,n, and also the set
{tx : k € N} belongs to F.
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EXAMPLE 2.1. Assume that G is a locally compact group. Let a € G be an
aperiodic element. Then, by [12, Lemma 2.1}, for every E € C(G) there is some
N(F) € N such that for each n > N(E), a"E N E = (), where C(G) is a collection
of some nonempty compact subsets of G such that for every compact set F' C G,
there is an element E € C(G) with E C F. The minimum of the numbers N(E)
satisfying the above condition is denoted by a(E). Put B := {a(FE) : E € C(G)}.
Assume that F denoted the collection of all subsets A of N with B C A. Now, one
can easily see that the sequence {a™}2°; is F-aperiodic.

EXAMPLE 2.2. Assume that {k,}%2; C N with k, > 2, is a strictly increasing
sequence. Thanks to the last remark, setting C(R) as the collection of all segments
[—kn, kn], where n € N the sequence {2n}52 ; is F-aperiodic, where F is the family
of all subsets E of N with {k, +1:n € N} C E.

THEOREM 2.1. Let K be a hypergroup equipped with a left Haar measure. As-
sume that ® is a Young function. Let S be a semigroup and F be a proper Fursten-
berg family on S. Let {ai}ics be an F-aperiodic family of elements of Ma(X) and
{wi}tes be a collection of weights on X such that for every t € S, ||1/w]lc < 0.
For every t € S, let Ty denote the weighted translation operator T, ., on L*(X).
Then, (i) = (ii):

(i) The collection {Tt}ics is topologically multiply F-recurrent.
(if) For eachn € N and compact E C K, there exist a sequence (Ey )72, of Borel
sets and a collection {ty}ren C S such that for allk € N, Ey,, C E,

lim [[xXE<g ., lle =0,
k—oco

and for any j € {1,2,...,n},

. . XEk n
lim ||xa kB Wy = lim =0.
k—o0 ty ’ kll® k—o0 W, j &
k

PROOF. Suppose that {T};}+cs is topologically multiply F-recurrent. Let E C
X be compact set. Then, we have g € L*(X). Fix n € N. Then, for every k € N
we have

Fon i ={t €S VnNT, ' (Vi) N T (Vi) N N TN (V) # 0} € 7,
where V. := B(xg; 77 ). Simply, we denote F, := Fj,. Hence, since {a;}1es € K

is an F-aperiodic collection, for every k € N there is an element ¢; € Fj, such that
EN(a, *E)=0forall j=1,2,...,n. For every k € N, since
k

Ve N TN (Ve) N Ttgl(\?k) A---N Ttgl(Vk) # 0,
there is some f;, € L?(X) such that

1 1
fon =xmlle < 5z and |1, (fu) = xplls < 3z
for all j =1,2,...,n. For each k € N, we put 4y := {zGE: |feo () — 1] > 2% .

Then for every x € E \ Ay, |fi, (z) — 1| < 35. We claim that |[xa,[le < 5% for all
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1 .
k€ N. We have 0 < 5r.x4, <|ft, —1lxa, <|ft, —xgl| Since f;, —xE € L% (X),

1
o <o = xelle < 55

So 3¢ [Ixa.lle < 7. Hence, [[xa, /e < 5¢- Now, for every j =1,2,...,nand k € N,
set

1
[

1
B i= {2 € B+ Ty (fu)(@) — 11 > 5t }.
Then |Tti(ftk (z)] >1— 5% (x € EX Bjy) and

1
<7y o) = xlly < -

H ok Xy
This implies that ||z, ,[le < 5. For each k € N, put
Ek,n = FE (Ak U Bl,k J---uJ Bn,k)
Then,
> [Ty (Fo) = Xl > X (T (Fi) = x5) g
- Hxatiwk,n G )lla = I =mtg fo (g ),
- HX&t}i*Ekv"’ (dti * ')wti (éti ) fol|
- HXEk,nwti (éti * ')ftk-Hq>

> H(XEk,n% (Gyg *)) (1 B 2%) H

1
= (1 - 2_k) "thi*Ek,nwti I

So,
H y w H < 1/4k
Xatj *E e S 1/2k'

This implies that limy_, Xaj*Ek Wy = 0 in L‘I’(JC). For every t € S, let S,
denote Sq, ,. Similarly, for each k € N and ji=12,.

1
2 = 1o = xslly

1 .
= ||Sti (Ttiftk) - XE||<I> - Hwtj (dtj—* .)Ttiftk (ati- * ) - XEH@
k k
> ! T, a,j
=z ’ Xa‘i *E {m tiftk (ati * ) — XE:| H(I)
k k
Xaj*Ekn

et [

_ * - = T,

Hwtj (dtj * ) ftk( 4 H@ Wy tiftk ®

)

P

(1 g e
k
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so, limy 00 X B, /s = 0 in L®(X). Also,
’ k

IXE<Ey . |le = [IXAwWB, (UBs wU-UB, k@

< lxaplle + Ixsi i lle + [IxXBoslle + -+ x5, . @

1
< (TL + ]‘)2_kﬂ
and hence, limy oo XE<E,, =0 in L®(X). This completes the proof. O

COROLLARY 2.1. Assume that ® is a Young function. Let S be a semigroup
and F be a proper Furstenberg family on S. Let {a:}ics be an F-aperiodic collection
of elements of a locally compact group G and {w;}ies be a collection of weights on
G such that for every t € S, ||[1/w]|,, < co. For every t € S, let T; denote the
weighted translation operator Ty, ., on L*(G). Then, (i) = (ii):

(i) The collection {T;}ies is topologically multiply F-recurrent.
(ii) For eachn € N and compact E C G, there exist a sequence (Ej )72, C B,
and {tr}ren C S such that for allk €N, E, , C E,

lim ||XE\Ek,n,||q> = 05
k— o0
and for any j € {1,2,...,n},

=0.
P

lim ||X —1 w;H = lim XBun
k—o0 ati Eopn T N0 7 g wt{ﬂ
THEOREM 2.2. Let X be a hypergroup equipped with a left Haar measure. As-
sume that ® is a Ag-reqular Young function. Let S be a semigroup and F be a
proper Furstenberg family on S. Let {a;}ies be a subset of Ma(XK) and {w;}ies be
a collection of weights on X such that for every t € S, ||1/w||, < co. For every
t € S, let Ty denote the weighted translation operator Ty, ., on L®(X). Then,
(i) = (i):
(i) The collection {T};}ies is topologically multiply F-recurrent.
(ii) For each n € N and compact E C K, there exist a sequence {E,}72, C B,
and {titren € F such that for allk €N, E,, C E,

klinc}o ||XE\Ek,n,||q> = 05

for every distinct i,j € {1,2,...,n},

1. H 1

un < Xa j*a,; *BEy n, Wi

koo llwyi (G *ayy «-) " 070" T
k k k

>
and for any j € {1,2,...,n},

=0.

I XEem
lim ||—/—*
’LUtj D

k—o0

PROOF. Assume that (ii) holds. Let O be a nonempty open subset of L®(X),
and n € N. Since C.(X) is dense in L®(X), we have 0N C.(X) # 0, so one can pick
some f € ONC.(X). Put E := supp(f). Hence E is compact. Then by (ii) there
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exist (Egn)52; and {tx : k € N} € F, where Ej,, C E are Borel sets, satisfying
condition (ii). Hence, for every distinct ¢,5 € {1,2,...,n},

17, Sty (Fxm o = g ()Sig (x|
= Jlwyg (@ %) (S (Fxee,)Oll

. 1 .
= et g e g
1
= Hw at{ﬂ * Ay x )wt};()(fXEk’n)( )H
. 1
<Moo 10 <ati g« ) e O
= Hf”oonZ atl *at " ) i X&ti*a”*Ekn — 0
as k — oo. Also,
1
H t;ﬂ(fXEk,n)HQ wti(éti *.>(.]P>(E1c,n)(a/t;C * ) o
= [ BEes] < ]2, >0

forall j =1,2,...,n. Also, limp_e0 f — fXEk,n =0in L?(X). Now, for each k € N
put

Uk = fXBe, + S0 (fXEL ) + S (fXE,) + 0+ S (fXE.)-
We have

ok = Fllg < 1 xmen = Fllp + D 1180 (Fxee) s
i=1
and for every j =1,2,...
HTt;;vrflllp 1 xEw = f||q>+Z|| 186 (Fxeea) |l
Z#J

which implies limy o0 [|Uk — fll = liMz—00 || tj'Uk*qu) =0forallj=1,2,...,n.
k
So, ON ﬂ?zl thl(O) # (). This implies that
k
{ty : kzeN}C{teS Omﬂ #@}
r=1
hence, since F is a Furstenberg family, {t € §: O N Nj=1 T;1(0) # 0} € F, so (i)
holds. (]

COROLLARY 2.2. Assume that ® is a As-regular Young function. Let S be a
semigroup and F be a proper Furstenberg family on S. Let {a;}tes be a subset of a
locally compact group G and {w;}ies be a collection of weights on G such that for
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everyt € S, ||1/w||, < co. For everyt € S, let Ty denote the weighted translation
operator Ty, w, on L*(G). Then, (i) = (i):

(

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

(i) The collection {Tt}ics is topologically multiply F-recurrent.

i) For each n € N and compact E C G, there exist a sequence {Ey,}72, C B,
and {txtren € F such that for allk € N, Ey , C E, limy_,00 ||)(E\E,m||(I> =0,

for every distinct i,j € {1,2,...,n},

1
lim H X, -1 wyll =0
(=1 aa, By t) )
k—oo wt};(at;‘; ati.) ti th klld
and for any j € {1,2,...,n},
. XEk,n
lim ‘— =0.
k—o0 'LUtj P
k
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