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RELATIONS AMONG DERANGEMENT TYPE
NUMBERS OF HIGHER ORDER, BERNOULLI,
STIRLING AND COMBINATORIAL NUMBERS

Elif Bozo and Yilmaz Simsek

Abstract. We study various types of generating functions for higher-order
derangement numbers. We present a generating function for a new class of
binomial-type polynomials with coefficients given by higher-order derangement
numbers. Using this generating function, we derive explicit formulas for these
polynomials, as well as derivative and integral formulas involving Stirling num-
bers and Cauchy numbers of the first kind. By employing this generating func-
tion along with other special formulas, we obtain several new results involv-
ing higher-order derangement numbers, Bernoulli numbers, Stirling numbers,
combinatorial numbers associated with Daehee numbers, Peters-type Simsek
numbers, and special finite sums.

1. Introduction

In combinatorial mathematics, which is one of the important fields of algebra,
probability, and statistics, it is well known that a permutation of the elements of
a set in which no element appears in its original position is called a derangement.
Thus, a derangement is a permutation with no fixed points. Derangements were
first studied by the French mathematician Pierre Raymond de Montmort around
1690. Consequently, these numbers are also called the n-th de Montmort numbers,
representing the number of derangements of a set of size n, also known as the
subfactorial of n or the nth derangement number. The history of these numbers
dates back to 1650, specifically to the Swiss mathematician Nicolaus Bernoulli, one
of the leading mathematicians in the Bernoulli family. Derangement numbers are
extensively used in various branches of number theory, probability, statistics, games
of chance, partition theory, and more. With the discovery of generating functions
for these numbers, their importance in function theory and related areas grew even
more. These generating functions enabled the study of their fundamental properties
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34 BOZO AND SIMSEK

through combinatorial and algebraic approaches, as well as the derivation of various
recurrence relations and computational formulas [3,25].

The motivation of this article is to combine the generating functions for de-
rangement numbers and polynomials with those of the Stirling numbers and other
special numbers. Many new and interesting formulas and finite sums involving
these numbers and polynomials are presented.

There are many notations for these numbers such as !n, Dn, and dn. Here,
we give some well-known (see e.g., [3, 17, 24]) generating functions, which will be
used in the next sections. The Bernoulli numbers and polynomials are defined
respectively by

t

et − 1
=

∞
∑

n=0

Bn

tn

n!
.

The Stirling numbers of the first kind are defined respectively by

(1.1) FS1 (t, k) =
(log (1 + t))

k

k!
=

∞
∑

n=0

S1 (n, k)
tn

n!
,

or

(1.2) (x)n = x (x − 1) · · · (x − n + 1) = n!

(

x

n

)

=

n
∑

k=0

S1(n, k)xk,

where n ∈ N0

The Stirling numbers of the second kind determine the number of times the
elements of a set with n elements can be partitioned into k non-empty subsets.
Stirling numbers for partitioning a set of n elements into subsets were denoted as
S2(m, n). The Stirling numbers of the second kind S2(m, n) are defined by means
of the following generating function:

(1.3)
(et − 1)n

n!
=

∞
∑

m=0

S2(m, n)
tm

m!
.

Some basic properties of these numbers are

S2(m, n) = S2(0, 0) = 1 if m = n or m = n = 0,

S2(m, n) = S2(m, 0) = S2(0, n) = 0 if m 6= 0, n 6= 0 and n > m.

The raising factorial to be used during the operations is defined by

x(n) = (x)(x + 1) · · · (x + n − 1).

We now give some properties of the derangement numbers.

Definition 1.1. Let (j1, j2, . . . , jn) be a permutation of the set {1, 2, . . . , n}.
The point jr is called fixed of this permutation if jr = r, for some fixed r =
1, 2, . . . , n.

According to this definition, the problem of coincidences arising in the compu-
tation of permutations without a fixed point is particularly interesting and deserves
special attention. To help the reader, we note that such permutations are called
derangements, as discussed in [3].
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Example 1.1. Consider the permutations (j1, j2, j3) of the set (1, 2, 3). Clearly
these 6 permutations can be classified according to the fixed points they have as
follows.

(a) The derangements are the following 2:

(2, 3, 1), (3, 1, 2)

(b) The permutations with one fixed point are the following 3:

(1, 3, 2), (3, 2, 1), (2, 1, 3)

(c) There are no permutations with two fixed points, while

(1, 2, 3)

is the only permutation with three fixed points.

The generating function for the derangement numbers dm are given by

(1.4) Fd(t) =
e−t

1 − t
=

∞
∑

m=0

dm

tm

m!
,

for detail, see [3, p. 171] and [25, p. 97].
Using (1.4), for n ∈ N0, we have

(1.5) dm = m!

m
∑

j=0

(−1)j

j!
,

for detail, see [3, p. 171] and [25, p. 97].
By using (1.4), a few values of the derangement numbers dm are given by the

following table:

m 0 1 2 3 4 5 6 7 8 9 10

dm 1 0 1 2 9 44 265 1854 14833 133496 1334961

Generating function for the r-derangement numbers was given by Kim et al. [7].

tre−t

(1 − t)r+1 =
∞

∑

m=0

dr(m)
tm

m!
.

When r = 0, d0(m) reduces to the numbers dm. That is dm := d0(m).
Recently, many papers and books have been published with these numbers

[1,6,15,25].
By using (1.4), the authors have studied the generating function

(1.6) F (t, k) =

(

e−t

1 − t

)k

=

∞
∑

m=0

d(k)
m

tm

m!
.

The authors [1] gave some formulas and open problems for the numbers d
(k)
m , which

are the so-called derangement numbers of order k, see for details [1]. Here we note
that the generating function in (1.6) with degenerate type generating functions for

d
(k)
m were also studied in different topics by Kim et al. [7]. Modification of the
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degenerate generating function of Kim et al. [7] was studied by Kim [4] with the
umbral calculus method.

When k = 1, d
(1)
m reduces to the numbers dm. That is dm := d

(1)
m .

Theorem 1.1. [1] Let m ∈ N and nm ∈ N ∪ {0}. Then we have

nm
∑

k=0

(−1)k

(

nm

k

)

(−m)k

(nm − k)!
dnm−k =

nm
∑

km=0

nm−1
∑

km−1=0

· · ·

n2
∑

k2=0

n1
∑

k1=0

dk1

1

k1!
,

where x(n) denotes the falling factorials.

Theorem 1.2. [1] Let n ∈ N0 and k ∈ N. Then we have

(k)n = n!

n
∑

j=0

kn−j

(n − j)!j!
d

(k)
j .

Simsek [21] defined the following generating functions:

(1.7)
2

λ2t + 2(λ − 1)
=

∞
∑

n=0

Yn,2(λ)
tn

n!
,

which yields

(1.8) Yn,2(λ) = 2−nn!
λ2n

(1 − λ)n+1 .

Here we note that the numbers Yn,2(λ) are called the Peters-type Simsek num-
bers and polynomials of the second kind by Kucukoglu [14], and Kilar [11] see
also [9,10,12,13,23].

By (1.8), first a few values of the numbers Yn,2(λ) are

Y0,2(λ) =
1

(1 − λ)
, Y1,2(λ) = −

λ2

2(1 − λ)2 , Y2,2(λ) =
λ4

2(1 − λ)3 ,

Y3,2(λ) = −
3λ6

4(1 − λ)4 , Y4,2(λ) =
3λ8

2(1 − λ)5 , Y5,2(λ) = −
15λ10

4(1 − λ)6 ,

and so on.

2. Generating Function for a New Class of Binomial Type Polynomials
with the Derangement Numbers of Higher Order Coefficients

In this section, we give a unified generating function a for new class of with bi-
nomial type polynomials with the derangement numbers of higher order coefficients
as follows:

(2.1) G(t, x; k) = (1 − t)x−ke−kt =

∞
∑

m=0

Pm(x; k)
tm

m!
.
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When x = 0, we have Pm(0; k) = d
(k)
m . For |t| < 1, applying the binomial theorem

to (2.1), we obtain
∞

∑

m=0

Pm(x; k)
tm

m!
=

∞
∑

m=0

(−k)m

m!
tm

∞
∑

m=0

(x − k)m

m!
(−1)mtm.

By applying the Cauchy product rule for series to the above equation yields
∞

∑

m=0

Pm(x; k)
tm

m!
=

∞
∑

m=0

(−1)m

( m
∑

j=0

(

m

j

)

km−j(x − k)j

)

tm

m!
.

By comparing the coefficients tm

m! on both sides of the above equation, we arrive at
the following theorem:

Theorem 2.1. Let m ∈ N0 and k ∈ N. Then we have

Pm(x; k) =

m
∑

j=0

(−1)m

(

m

j

)

km−j(x − k)j .

Combining (1.6) with (2.1), we get

∞
∑

m=0

Pm(x; k)
tm

m!
=

( ∞
∑

m=0

d
(k)
m

m!
tm

)( ∞
∑

m=0

(x)m

m!
tm

)

.

By applying the Cauchy product rule for series to the above equation, we get
∞

∑

m=0

Pm(x; k)
tm

m!
=

∞
∑

m=0

m
∑

j=0

(

m

j

)

(x)m−jd
(k)
j

tm

m!
.

By comparing the coefficients tm

m! on both sides of the above equation, we arrive at
the following theorem:

Theorem 2.2. Let m ∈ N0 and k ∈ N. Then we have

(2.2) Pm(x; k) =

m
∑

j=0

(

m

j

)

(x)m−jd
(k)
j .

Combining (2.2) with (1.2), we also get the following relation between the
polynomials Pm(x; k) and the Stirling numbers of the first kind:

Theorem 2.3. Let m ∈ N0 and k ∈ N. Then we have

(2.3) Pm(x; k) =

m
∑

j=0

m−j
∑

e=0

(

m

j

)

S1(m − j, e)d
(k)
j xe.

3. Derivative Formula of the Polynomials Pm(x; k)

Here, we give derivative formulas of the polynomials Pm(x; k). By applying the

derivative operator dv

dxv to (2.1), we get the following derivative equation

dv

dxv
{G(t, x; k)} = ln(1 − t)vG(t, x; k).
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By combining the above equation with (1.1), we get

∞
∑

m=0

dv

dxv
{Pm(x; k)}

tm

m!
= v!

∞
∑

m=0

(−1)mS1(m, v)
tm

m!

∞
∑

m=0

Pm(x; k)
tm

m!
.

Therefore

∞
∑

m=0

dv

dxv
{Pm(x; k)}

tm

m!
= v!

∞
∑

m=0

m−j
∑

j=0

(

m

j

)

(−1)m−jS1(m − j, v)Pj(x; k)
tm

m!
.

By comparing the coefficients tm

m! on both sides of the above equation, we arrive at
the following theorem:

Theorem 3.1. Let m, v ∈ N0 and k ∈ N. Then we have

dv

dxv
{Pm(x; k)} = v!

m
∑

j=0

(

m

j

)

(−1)m−jS1(m − j, v)Pj(x; k).

By applying the derivative operator dv

dxv to (2.3), we get

dv

dxv
{Pm(x; k)} =

m
∑

j=0

m−j
∑

e=0

(

m

j

)

S1(m − j, e)d
(k)
j

dv

dxv
{xe}.

Since
dv

dxv
{xe} = (e)v−1xe−v,

with e > v, otherwise dv

dxv {xe} = 0, we arrive at the following theorem:

Theorem 3.2. Let m, v ∈ N0 and k ∈ N. Then we have

dv

dxv
{Pm(x; k)} =

m
∑

j=0

m−j
∑

e=0

(

m

j

)

S1(m − j, e)d
(k)
j (e)vxe−v.

4. Integral Formula of the Polynomials Pm(x; k)

Here, we give some integral formulas of the polynomials Pm(x; k). Integrating
(2.2) from 0 to 1, we get

∫ 1

0
Pm(x; k)dx =

m
∑

j=0

(

m

j

)

d
(k)
j

∫ 1

0
(x)m−jdx.

By combining the above equation with the definition of the Cauchy numbers of the

first kind: Cm =
∫ 1

0 (x)mdx, [8,18], we get the following theorem:

Theorem 4.1. Let m ∈ N0 and k ∈ N. Then we have

(4.1)

∫ 1

0
Pm(x; k)dx =

m
∑

j=0

(

m

j

)

Cm−jd
(k)
j .
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Integrating (1.2) from 0 to 1, we get

∫ 1

0
Pm(x; k)dx =

m
∑

j=0

m−j
∑

d=0

(

m

j

)

S1(m − j, d)d
(k)
j

∫ 1

0
xddx.

Thus, we get another integral formula for the polynomials Pm(x; k) as follows:

Theorem 4.2. Let m ∈ N0 and k ∈ N. Then we have

(4.2)

∫ 1

0
Pm(x; k)dx =

m
∑

j=0

m−j
∑

d=0

(

m

j

)

S1(m − j, d)d
(k)
j

d + 1
.

With the aid of (4.2) and (4.1), we get the following finite sum:

m
∑

j=0

m−j
∑

d=0

(

m

j

)

S1(m − j, d)d
(k)
j

d + 1
=

m
∑

j=0

(

m

j

)

Cm−jd
(k)
j .

Which gives us the following novel formula:

Theorem 4.3. Let m ∈ N0 and k ∈ N. Then we have

(4.3)

m
∑

j=0

m−j
∑

d=0

(

m

j

)

d
(k)
j

(

S1(m − j, d)

d + 1
− Cm−j

)

= 0.

Observe that using (4.3), we also arrive at the following well-known formula:

(4.4)

m−j
∑

d=0

S1(m − j, d)

d + 1
− Cm−j = 0.

There are many different proofs of (4.4), for details see also [8,16,18,20].

5. Relation Between the Numbers dn and Yn,2(λ)

In this section, using the generating function, we derive a relation between the
numbers dn and Yn,2(λ).

Firstly in [2], we investigate a relation between the numbers Yn,2(λ) and dn.
Using (1.7), we now give this interesting relations as follows:

(1 − λ)

∞
∑

n=0

Yn,2(λ)
tn

n!
= −

∞
∑

n=0

(

λ2

2 − 2λ

)n
dntn

n!

∞
∑

n=0

(

λ2t
)n

(2(1 − λ))
n

n!
.

By applying the Cauchy product rule for series to the above equation, we get

−

∞
∑

n=0

n
∑

k=0

(

n

k

)

dk

(1 − λ)n+1

(

λ2

2

)n
tn

n!
=

∞
∑

n=0

Yn,2(λ)
tn

n!
.

Comparing the coefficients of tn

n! on both sides of the above equation, we get

Yn,2(λ) =

(

λ2

2

)n
1

(1 − λ)n+1

n
∑

k=0

(

n

k

)

dk.
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Combining the above equation with (1.8) yields

(5.1)

n
∑

k=0

k!

k
∑

j=0

(−1)j

j!

(

n

k

)

= n!.

Joining (5.1) with (1.5), we obtain the following theorem:

Theorem 5.1. [2], [25, Problem 4, p. 101] Let n ∈ N0. Then we have

(5.2)

n
∑

k=0

(

n

k

)

dk = n!.

We note that there are many different proofs of (5.2). One of them is now
given in this paper. That is, using the proof of (5.1) and (5.2), we give a solution
to Problem 4 which was given in the book of Wallis and George [25, Problem 4,
p. 101].

6. Relations Among the Numbers dn, d(k), S1(m, j), S2(m, j),
Bernoulli Numbers, and Daehee Numbers

In this section, we give some formulas and relations, which involve some rela-
tions among the numbers dn, d(k), S1(m, j), S2(m, j), the Bernoulli numbers, and
the Daehee numbers.

We now give an explicit formula for the numbers d
(k)
m . Multiplying the function

Fd(t) by itself k times yields F (t, k), and using binomial series for |t| < 1, we get
∞

∑

m=0

d(k)
m

tm

m!
=

( ∞
∑

m=0

(−1)m

(

−k

m

)

tm

)( ∞
∑

m=0

(−k)m tm

m!

)

.

By using the Cauchy rule for the product of series in the above equation, we obtain
∞

∑

m=0

d(k)
m

tm

m!
=

∞
∑

m=0

m
∑

j=0

(−1)m

(

−k

j

)

km−j tm

(m − j)!
.

By comparing the coefficients tm

m! on both sides of the above equation, we arrive at
the following theorem:

Theorem 6.1. Let m ∈ N0 and k ∈ N. Then we have

d(k)
m = (−1)m

m
∑

j=0

(

−k

j

)(

m

j

)

j!km−j.

Applying the binomial theorem to equation (1.6), we get
∞

∑

n=0

d(k)
n

tn

n!
=

(

∞
∑

n=0

(

−k

n

)

tn

)(

∞
∑

n=0

(−1)n kntn

n!

)

.

By using the Cauchy product rule formula on the right-hand side, we get
∞

∑

n=0

d(k)
n

tn

n!
=

∞
∑

n=0

n
∑

j=0

(−1)j

(

−k

n − j

)

kj

j!
tn.
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Comparing the coefficient tn on both sides of the previous equation gives the fol-
lowing theorem:

Theorem 6.2. Let n ∈ N0. Then we have

d(k)
n = n!

n
∑

j=0

(−1)j

(

−k

n − j

)

kj

j!
.

Applying binomial theorem to equation (1.6), we get

∞
∑

n=0

(−1)n kntn

n!
=

( ∞
∑

n=0

(−1)n

(

k

n

)

tn

)( ∞
∑

n=0

d(k)
n

tn

n!

)

.

By using the Cauchy product rule formula on the right-hand side, we get

∞
∑

n=0

(−1)n kntn

n!
=

∞
∑

n=0

n
∑

j=0

(−1)n−j

(

k

n − j

)

d
(k)
j

tn

j!
.

Comparing coefficient tn on both sides of the previous equation yields the desired
theorem:

Theorem 6.3. Let n ∈ N0. Then we have

n
∑

j=0

(−1)j

(

k

n − j

)

d
(k)
j = kn.

Applying the binomial theorem to (1.6), after some calculations, we get

∞
∑

n=0

(

−k

n

)

(−1)ntn =

∞
∑

n=0

n
∑

j=0

(−1)n−j kn−j

(n − j)!j!
d

(k)
j tn.

Comparing the coefficient tn on the both sides of the previous equation yields
desired of the theorem:

Theorem 6.4. Let n ∈ N0. Then we have
(

−k

n

)

=
1

n!

n
∑

j=0

(

n

j

)

kn−jd
(k)
j .

Observe that using
(

−k

j

)

=
(−k)(−k − 1) · · · (−k − j + 1)

j!

= (−1)k k(k + 1) · · · (k + j − 1)

j!
= (−1)k

(

k + j − 1

j

)

,

we [1] also gave the following result,

d(k)
m = (−1)mm!

m
∑

j=0

(

k + m − j − 1

m − j

)

kj

j!
.



42 BOZO AND SIMSEK

Since

(−1)mm! = (m + 1)

m
∑

j=0

S1(m, j)Bj ,

[5,17,19,22], and (−1)mm! = (m+1)Dm, where Dm denotes the Daehee numbers

[5], we get a relation between the numbers d
(k)
m and Dm, with the following theorem:

Theorem 6.5. Let m ∈ N0 and k ∈ N. Then we have

(6.1) d(k)
m = (m + 1)Dm

m
∑

j=0

(

k + m − j − 1

m − j

)

kj

j!
.

We now give a relation among the numbers d
(k)
m , S1(m, n) and Bm. Combining

(6.1) with the above equation

Dm =

m
∑

v=0

S1(m, v)Bv,

[3,5,17,22], we arrive at the following theorem:

Theorem 6.6. Let m ∈ N0 and k ∈ N. Then we have

d(k)
m = (m + 1)

m
∑

v=0

m
∑

j=0

(

k + m − j − 1

m − j

)

S1(m, v)Bv

kj

j!
.

We now give a relation between the numbers S2(m, n) and dm. Using (1.4) and
the negative binomial theorem, we get

∞
∑

m=0

dm

tm

m!
=

1

1 − t

∞
∑

n=0

(

−1

n

)

(et − 1)n.

Combining the above equation with (1.3), after some elementary calculations, since
S2(m, n) = 0 when n − m > 0, we obtain

∞
∑

m=0

dm

tm

m!
=

( ∞
∑

k=0

tk

)( ∞
∑

m=0

m
∑

n=0

(−1)(n)S2(m, n)
tm

m!

)

.

By using the Cauchy product rule formula in the right-hand side, we get

∞
∑

m=0

dm

tm

m!
=

∞
∑

m=0

m
∑

k=0

k
∑

n=0

(−1)(n) S2(k, n)

k!
tm.

Comparing the coefficients of tm on both sides of the aforementioned equations
yields the following theorem:

Theorem 6.7. Let n ∈ N0. Then we have

dm = m!

m
∑

k=0

k
∑

n=0

(−1)(n)S2(k, n)

k!
.
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We now give a relation between the numbers Yn,2(λ) and dm. By using (1.7),
we get

(−1)

(1 − λ2

2(1−λ) t)
= (1 − λ)

∞
∑

n=0

Yn,2(λ)
tn

n!
.

After some calculations in the above equation gives

(−1)

(1 − λ2

2(1−λ) t)

e
−λ

2

2(1−λ)

e
−λ2

2(1−λ)

= (1 − λ)

∞
∑

n=0

Yn,2(λ)
tn

n!
.

Combining the above equation with (6.2), we obtain

−

∞
∑

n=0

λ2n

2n(1 − λ)n
dn

tn

n!

∞
∑

n=0

λ2n

2n(1 − λ)n

tn

n!
= (1 − λ)

∞
∑

n=0

Yn,2(λ)
tn

n!
.

By using the Cauchy product rule on the left-hand side of the above equation, we
also get

−
∞

∑

n=0

n
∑

k=0

(

n

k

)

dk

λ2n

2n(1 − λ)n+1

tn

n!
=

∞
∑

n=0

Yn,2(λ)
tn

n!
.

Comparing the coefficient tn

n! on both sides of the previous equation yields the
desired theorem:

Theorem 6.8. Let n ∈ N0. Then we have

(6.2)
n

∑

k=0

(

n

k

)

dk = −

(

2

λ2

)n

(1 − λ)n+1Yn,2(λ).
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