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WRAPPED FLOER HOMOLOGY

AND THE CIRCULAR RESTRICTED

THREE-BODY PROBLEM

Filip Broćić and Urs Frauenfelder

Abstract. Using the wrapped Floer homology, we prove the existence of
consecutive collisions at the primaries in the circular restricted three-body
problem. We also prove the existence of a symmetric periodic orbit. These
existence results are obtained for energy hypersurfaces slightly above the first
critical value.

1. Introduction

The purpose of this article is to provide a different viewpoint on a recent the-
orem by Kang and Ruck [14] on the existence of consecutive collisions in the re-
stricted three-body problem slightly above the first critical value. While the proof
of Kang and Ruck uses explicit computations in equivariant Rabinowitz Floer ho-
mology, our proof is based on surgery techniques in wrapped Floer homology due
to Irie [13] and the first author of this paper [7]. In [2], it was shown that the pla-
nar restricted three-body problem below and slightly above the first critical value
admits a contact structure. After regularizing collisions for each energy value below
the first critical value, the energy hypersurface can be interpreted as a fiberwise
starshaped hypersurface in the cotangent bundle of S2. In the regularization, the
role of position and momentum was interchanged, and therefore the sphere corre-
sponds to the momenta, and the fiber T ∗

∞S
2 over the north pole corresponds to

collisions. In particular, by a result of Abbondandolo and Schwarz [4], the wrapped
Floer homology of this fiber is isomorphic to the homology of the based loop space
of the sphere

HW∗(T∞S
2) ∼= H∗(Ω(S2)).

In [12], this fact was used to prove the existence of a periodic collisional orbit or
infinitely many consecutive collisions. As discovered by Ruck [16], finer information
on consecutive collisions can be obtained by taking into account that the restricted
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three-body problem is invariant under an antisymplectic involution ρ. In the origi-
nal coordinates, the existence of this antisymplectic involution is based on the fact
that the restricted three-body problem is invariant under reflection at the axis on
which the primaries lie. For the definition of ρ see Subsecion 3.1.

The fixed point set Fix(ρ) of an antisymplectic involution is a Lagrangian
submanifold. In the regularized coordinates, the fixed point set corresponds to the
conormal bundle of a meridian in T ∗S2. By a result of Abbondandolo, Portaluri,
and Schwarz [3], it follows that the wrapped Floer homologies are given by

HW∗(T∞S
2,Fix(ρ)) ∼= H∗(P∞,S1 )

respectively

(1.1) HW∗(Fix(ρ)) ∼= H∗(PS1,S1).

Here PN,Q denotes the space of paths in the ambient manifold, starting on N
and ending on Q. Since the meridian S1 ⊂ S2 is contractible in S2 we have
P∞,S1 ≃ Ω(S2) × S1 and PS1,S1 ≃ Ω(S2) × S1 × S1.

Generators of HW∗(T∞S
2,Fix(ρ)) are chords starting in a collision and ending

in a fixed point of ρ. Since the collision Lagrangian T ∗
∞S

2 is invariant under the
antisymplectic involution ρ, it follows that with the help of the antisymplectic
involution, each such chord can be doubled to get a consecutive collision which
has the additional property that it is invariant under simultaneously reversing time
and applying the antisymplectic involution. These special types of consecutive
collision orbits are referred by Ruck [16] as symmetric consecutive collisions. In
particular, it follows from [16] that there are infinitely many symmetric consecutive
collisions or a periodic symmetric consecutive collisions for energies below the first
critical value. By using the fact that the Hamiltonian of the restricted three-
body problem is analytic in the mass parameter, an argument by Kang and Ruck
[14] even shows that for generic mass parameters, there have to exist at least two
consecutive collisions.

From (1.1) existence of chords from the fixed point set of the Hamiltonian
involution to itself is obtained. Such chords can be doubled as well and give rise to
symmetric periodic orbits.

Slighly above the first critical value, energy hypersurfaces of the restricted
three-body problem are still of contact type, and passing the critical value corre-
sponds to contact connected sum [2]. Above the first critical value, collisions with
both primaries, the earth and the moon, are possible. We refer to Le as the La-
grangian corresponding to collisions with the earth and to Lm as the Lagrangian
corresponding to collisions with the moon. We still have the antisymplectic invo-
lution ρ and its fixed point set Fix(ρ). Using surgery in wrapped Floer homology
as in [7,13] we compute the corresponding wrapped Floer homologies. Namely

Theorem 1.1. Slightly above the first critical value, the wrapped Floer homolo-

gies of the three Lagrangians Le, Lm, and Fix(ρ) are given by

HW∗(Le,Fix(ρ)) ∼= HW∗(Lm,Fix(ρ)) ∼= H∗(Ω(S2) × S1)(1.2)
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HW∗(Le, Lm) ∼= HW∗(Lm, Le) ∼= {0}(1.3)

HW∗(Le) ∼= HW∗(Lm) ∼= HW∗(Ω(S2))(1.4)

HW∗(Fix(ρ)) ∼= H∗(Ω(S2) × S1 × S1) ⊕H∗(Ω(S2) × S1 × S1).(1.5)

From (1.4) we obtain an alternative proof of the theorem of Kang and Ruck
of the existence of infinitely many consecutive collisions or a periodic consecutive
collision where both collisions are at the moon, respectively, the earth. From (1.5)
it follows that symmetric periodic orbits also have to exist slightly above the first
critical value. From (1.2) we get that there are either infinitely many symmetric
consecutive collisions or a symmetric periodic consecutive collision. Generators of
HW∗(Le, Lm) are consecutive collisions where the first collision is with the earth
and the other with the moon, and similarly for HW∗(Lm, Le) with the roles of
earth and moon interchanged. Since this homology vanishes, one cannot directly
deduce the existence of consecutive collisions starting at one of the primaries and
ending at the other one. However, the computation of this homology gives rise to
a forcing result - if there is one nondegenerate consecutive collision from the earth
to the moon, there has to be a second one, and similarly for consecutive collisions
starting at the moon and ending at the earth. It is an intriguing question if it
might be possible to show that the chain complexes are nevertheless nontrivial,
although the homology vanishes. This would require a deeper understanding of
the Fukaya category of the restricted three-body problem slightly above the first
critical value. We expect that the careful study of Lagrangian subcritical surgery
of the first author of this paper [7], which led to the current note, can as well give
insight into the underlying Fukaya categories.

1.1. On the proof. Even though the strategy is clear, here we include how to
collect all the pieces. The Lagrangians Le and Lm are not affected by the surgery.
However, the Lagrangian Fix(ρ) before the surgery has two connected components
ν∗S1

e ⊔ ν∗S1
m, each one being inside the corresponding component of the filling

T ∗S2
e ⊔ T ∗S2

m of the regularized energy hypersurfaces Σ
e

c ⊔ Σ
m

c of the restricted

three body problem. For the description of Σ
e

c and Σ
m

c see Subsection 3.3 and
Theorem 3.1. After the surgery, Fix(ρ) is diffeomorphic to the pair of pants surface.
This is the case since both components of Fix(ρ) before the surgery contain the

points in Σ
e

c ⊔ Σ
m

c where the surgery is taking place.

Now, denote by W the filling of the regularization Σ
e,m

c of the energy hyper-
surfaces above the first critical value (see Section 4.1). The Liouville domain W is

obtained by boundary connected sum of the Liouville domains filling Σ
e

c and Σ
m

c .
It follows from Theorem 2.3 that we have

HW∗(Le,Fix(ρ);W ) ∼= HW∗(Le, ν
∗S1

e ⊔ ν∗S1
m;T ∗S2

e ⊔ T ∗S2
m).

Since before the surgery Le = T ∗
∞S

2
e and ν∗S1

m ⊂ T ∗S2
m do not interact we get

HW∗(Le,Fix(ρ);W ) ∼= HW∗(T ∗
∞S

2, ν∗S1) ∼= H∗(Ω(S2) × S1).
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In the same fashion, one gets the result for HW∗(Lm,Fix(ρ)), which proves part
(1.2). For part (1.3), we get the result since Le and Lm do not interact be-
fore the surgery, hence by the invariance theorem we have HW∗(Le, Lm;W ) ∼=
HW∗(Lm, Le;W ) ∼= 0. Since Le and Lm are not affected by the surgery we get
from Theorem 2.3:

HW∗(Le;W ) ∼= HW∗(Le;T ∗S2
e ⊔ T ∗S2

m) = HW∗(T ∗
∞S

2
e ;T ∗S2

e ) ∼= H∗(Ω(S2)),

and by the same argument we get the result for HW∗(Lm), concluding part ((1.4)).
For HW∗(Fix(ρ);W ) we get

HW∗(Fix(ρ);W ) ∼= HW∗(ν∗S1
e ⊔ ν∗S1

m;T ∗S2
e ⊔ T ∗S2

m)

= HW∗(ν∗S1
e ;T ∗S2

e ) ⊕ HW∗(ν∗S1
m;T ∗S2

m),

combining this with (1.1) leads to part (1.5).

1.2. Organization of the paper. In Section 2, we recall the definition of
the wrapped Floer homology. In Subsection 2.1, we cover the handle attachment
and the invariance theorem for wrapped Floer homology under subcritical handle
attachment. In Section 3 we give a background on the restricted three-body prob-
lem, and in Section 4, we describe what happens with the bounded component of
the energy hypersurface above the first critical value.

2. Wrapped Floer homology

The wrapped Floer homology is a Lagrangian counterpart of the symplectic
homology. It was introduced in [4] for the case of a fiber T ∗

q N in the cotangent
bundle T ∗N , extended to the case of conormal bundle ν∗Q of a submanifold Q ⊂ N
in [3] and generalized in [5] to the class of exact cylindrical Lagrangians in Liouville
manifolds. Here we give a brief overview of the definition of the wrapped Floer
homology; for more details, see [1,6,7,13,15].

A triple (M,λ,X) is a Liouville domain with a contact boundary ∂M if (M,
ω := dλ) is a compact symplectic manifold with boundary ∂M , and if the vector
field X given by iXω = λ is positively transverse to ∂M . Transversality of X to
∂M ensures that the form α := λ|∂M is contact. The Liouville vector field X can
be used to complete (M,λ,X) to a Liouville manifold by attaching the positive
symplectization (∂M × [1,∞), d(rα)) of (∂M,α) to the boundary of (M,dλ). We

denote the completion of a Liouville domain by (M̂, dλ̂, X̂). Note that X̂ = r∂r

on ∂M × [1,∞). We will consider time-dependent, ω̂-compatible almost complex
structures J which are time independent in the symplectization and satisfy

λ̂ ◦ J = dr on {r > 1}.

A Lagrangian L̂ ⊂ M̂ is called cylindrical if we have X̂(p) ∈ TpL̂ whenever p =
(x, r) ∈ ∂M × [1,∞). Equivalently, there is a Legendrian Λ ⊂ ∂M such that

L̂ ∩ ∂M × [1,∞) = Λ × [1,∞). For our purposes, it is enough to assume that the

Liouville form λ̂ vanishes along Lagrangians, in general, it is assumed that λ̂ is

exact when restricted on L̂ meaning that there is a function f
L̂

: L̂ → R such that
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λ̂|
L̂

= df
L̂

. Since L̂ is cylindrical f
L̂

is locally constant. Additionally, we assume
that the relative Chern class

2c1(M,L) ∈ H2(M,L) vanishes.

This assumption ensures that we can have a globally defined Z grading on the Floer
groups. We could also assume that the Maslov class µL ∈ H1(L) vanishes, which
implies 2c1(M,L) = 0, and is sufficient for our applications.

Let Rα be the Reeb vector field for (∂M,α). Given a Legendrian Λ define the
action spectrum of (Λ, α) :

A(Λ, α) :=

{∫
γ∗α : γ is a Reeb chord with boundary on Λ

}
.

Analogously, define the action spectrum for two Legendrians Λ0,Λ1 to be

A(Λ0,Λ1, α) :=

{∫
γ∗α : γ is a Reeb chord from Λ0 to Λ1

}
.

Given a Hamiltonian function H : [0, 1] × M̂ → R, the Hamiltonian vector field

XHt
is defined by iXHt

ω̂ = −dHt. A Hamiltonian is called admissible for L̂
(resp. (L0, L1)) if

H(x, r) = ar + b, on ∂M × [1,∞),

for constants a > 0,b and a /∈ A(Λ, α) (resp. a /∈ A(Λ0,Λ1, α)). We set H to be
the set of all admissible Hamiltonians. We call the number a > 0 the slope of Ht.
Hamiltonian Ht is non-degenerate if ϕ1

Ht
(L) ⋔ L (resp. ϕ1

Ht
(L0) ⋔ L1), here ϕt

Ht

is the flow of XHt
. The assumption that the slope a is not in the action spectrum

follows from the non-degeneracy of a Hamiltonian which has slope a at infinity. Let
Hx ⊂ H be the set of all non-degenerate admissible Hamiltonians.

The action functional on the space of paths

PL := {x : [0, 1] → M̂ : x(0), x(1) ∈ L}

is defined by

AHt
(x) =

∫
x∗λ̂−

∫ 1

0
Ht(x(t))dt.

The critical points of AHt
are Hamiltonian paths x : [0, 1] → M̂ with x(0), x(1) ∈ L.

Here, we have used that λ̂|L = 0, for a general exact Lagrangian, the action func-
tional should involve the term fL(x(1)) − fL(x(0)). We denote the set of critical
points by crit(AHt

). Analogously one defines the action functional on the space of
paths PL0,L1

with endpoints on L0 and L1 whose critical points are Hamiltonian

paths x : [0, 1] → M̂ with x(i) ∈ Li for i ∈ {0, 1}. Since the slope is not in the ac-
tion spectrum, the images of all elements in crit(AHt

) are contained in the compact

part M ⊂ M̂ .

The Floer chain group for an admissible Hamiltonian H is defined by

CFk(L,H, J) =
⊕

x∈crit AHt
,

µ(x)=k

Z2〈x〉,
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here µ(x) is the Maslov index. We normalize µ so that if x is a critical point of
H which is a C2 small extension of a C2 small Morse function on L then µ(x) =
n−mf (x) where mf (x) is the Morse index of x as a critical point of f .

Given x−, x+ ∈ crit(AHt
) the moduli space M(x−, x+, H, J) is the set of

u : R × [0, 1] → M̂ which satisfy the Floer equation:

(2.1) ∂su+ Jt(∂tu−XHt
) = 0,

with the boundary conditions u(s, 0), u(s, 1) ∈ L, and with asymptotic conditions
lims→±∞ u(s, t) = x±(t). For a generic Ht the moduli space M(x−, x+, H, J)
is a smooth manifold of dimension µ(x+) − µ(x−). There is an R action on
M(x−, x+, H, J) by translation in s direction. Denote

M̄(x−, x+) = M(x−, x+, H, J)/R.

When the index difference µ(x+) −µ(x−) is 1, standard compactness results imply
that M̄(x−, x+) is a finite number of points.

The differential d : CFk(L,H, J) → CFk−1(L,H, J) is defined on generators
y ∈ crit(AHt

) by

dy =
∑

x,
µ(x)=k−1

#2M̄(x, y)x,

and extended to CFk(L,H, J) by linearity. By the standard gluing and compactness
arguments, we have that d2 = 0. We denote HFk(L,H, J) the homology of the
complex (CFk(L,H, J), d)

Fix two admissible Hamiltonians H− and H+ with slopes a− and a+. If a+ 6

a−, one can define a continuation map

ΦHs
: CFk(L,H+, J+) → CFk(L,H−, J−).

Let M(x−, x+, Hs, Js) be the moduli space of solutions

(2.2) ∂su+ Js,t(∂tu−XHs,t
) = 0,

with the same boundary conditions and analogous asymptotic conditions as in
(2.1). Here Hs,t is a homotopy between H− and H+ satisfying Hs = H− for
s 6 −s0, Hs = H+ for s > s0 and ∂sHs 6 0. The last condition ensures that
we can apply the maximum principle, which is needed for the compactness of the
moduli space M(x−, x+, Hs, Js). Domain dependent almost complex structure Js,t

is a homotopy between J− and J+. For a generic choice of the homotopy Hs,
the moduli space is a smooth manifold of dimension µ(x+) − µ(x−). The map
ΦHs

: CFk(L,H+, J+) → CFk(L,H−, J−) is defined on generators by

ΦHs
(y) =

∑

x,
µ(x)=µ(y)

#2M(x, y,Hs, Js)x.

Note that since Hs depends on s, solutions are not translation invariant, so we do
not have an R action. By the standard gluing and compactness arguments, one
shows that ΦHs

is a chain map, and we denote again with ΦHs
the map induced
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on the homology. By considering homotopies of homotopies, one can show that the
map ΦHs

on homology does not depend on the choice of Hs.

Analogously one defines the Floer groups CFk(L0, L1, H, J) and continuation
maps ΦHs

: CFk(L0, L1, H+, J+) → CFk(L0, L1, H−, J−), with appropriate change
of the boundary conditions in (2.1) and in (2.2).

On the space of admissible Hamiltonians Hx, there is a partial order

H1 4 H2 if and only if a1 6 a2,

where ai is the slope of Hi. The continuation map Φs : HF (L,H1) → HF (L,H2)
is well defined if H1 4 H2. The wrapped Floer homology of L is defined by

HW∗(L;M) := lim
−→

H∈H
x

HF∗(L,H).

Similarly, one defines the wrapped Floer homology of the pair (L0, L1):

HW(L0, L1;M)∗ := lim
−→

H∈H
x

HF∗(L0, L1, H).

If we choose a sequence of Hamiltonians Hi ∈ Hx such that the slopes ai form an
increasing unbounded sequence, then Hi is a cofinal sequence in Hx and we have

HW(L) ∼= lim
−→

i

HF (L,Hi).

The same argument holds for HW(L0, L1).

An alternative approach to define wrapped Floer homology groups is to take
a single Hamiltonian H which is of the form 1

2r
2 on ∂M × [1,∞). One can show

that HF (L,H) ∼= HW(L), for this comparison see [6, 15]. The approach with the
slopes is more convenient for us for the invariance of the wrapped Floer homology
group under the subcritical surgeries, as we will see in section 2.1. The approach
with the quadratic Hamiltonian was used in [3,4].

For us, the important case is when M̂ is the cotangent bundle T ∗N of a closed
smooth manifold N with the standard symplectic structure, and Li are conormal
bundles ν∗Qi of closed submanifolds Qi ⊂ N . In particular, we will consider the
case N = S2 and Qi are either the north pole {N} ∈ S2 or a great circle S1 ⊂ S2

passing through the north and south poles. Let PQ0,Q1
be the space of W 1,2 paths

x : [0, 1] → N with x(i) ∈ Qi for i ∈ {0, 1}. In [3] they showed the following

Theorem 2.1. There is an isomorphism

HW∗(ν∗Q0, ν
∗Q1) ∼= H∗(PQ0,Q1

).

The special case when both Qi are points qi in N was established in [4], then
Pq0,q1

is homotopy equivalent to the based loop space Ωq(N). Theorem 2.1 holds
with arbitrary coefficients; for our purpose, it is enough to consider the Z2 co-
efficients. In this case, we can avoid additional complications with the coherent
orientations of the moduli spaces.
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2.1. Handle attachment. In [13], it was shown that the wrapped Floer
homology is invariant under the subcritical handle attachment. This is motivated
by [8], where it was shown that the same holds for symplectic homology. In [9,10]
Fauck discovered and corrected a small gap in the choice of the cofinal family of
Hamiltonians in [8]. This gap was carried over in [13]. Following ideas from [9,10],
this was corrected in an expository article [7].

Recall the construction of the contact surgery from [17]. Let S ∼= Sk−1 be
an isotropic sphere of a contact manifold (Y, ξ) with a trivial conformal symplectic
normal bundle CSN(S) := (TS)⊥ω/TS. Here ω is the symplectic structure on ξ
uniquely determined up to a conformal factor. One obtains a new manifold Y ′

from Y by the surgery along S. This new manifold can be equipped with a contact
structure, and the trace of the surgery W is a Liouville cobordism between Y and
Y ′.

To describe this more precisely, we need to introduce a standard handle. On
(R2n, ωst) consider a Liouville form given by

λk =

k∑

i=1

(2xidyi + yidxi) +
1

2

n∑

i=k+1

(xidyi − yidxi),

the corresponding Liouville vector field is

X =

k∑

i=1

(2xi∂xi
− yi∂yi

) +
1

2

n∑

i=k+1

(xi∂xi
+ yi∂yi

).

The handle will be a region between two contact type hypersurfaces, that are
transverse to X . These hypersurfaces are determined by functions φ and ψ. First,
let us define:

φ =
1

2

k∑

i=1

(2x2
i − y2

i ) +
1

4

n∑

i=k+1

(x2
i + y2

i ),

and Σ− = {φ = −1}. A neighborhood U of the isotropic sphere S = {x = z = 0,
y = 1} is identified with a neighborhood of S ⊂ Y . Hence, we will choose ψ so that
Σ− coincides with Σ+ = {ψ = −1} outside of U . Following [7,10], for ǫ we set

g(t) =

{
1

1+2ǫ t, t 6 1,

1, t > 1 + 3ǫ,

so that 0 > g′ > 1/(1 + 2ǫ). Define functions x, y, z : R2n → R by

x =

k∑

i=1

x2
i , y =

1

2

k∑

i=1

y2
i , z =

1

4

n∑

i=k+1

(
x2

i + y2
i

)
.

The function φ takes the form φ = x− y + z. Given δ > 0 set

ψδ = x− y + z − (1 + ǫ) + (1 + ǫ)g(y + (x+ z)/δ).
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The parameter δ is used to ensure that Σ+ defined by ψ := ψδ and Σ− coincide
outside of a small neighborhood of S. The handle is defined by

H2n
k := {φ > −1} ∩ {ψδ 6 −1}.

Using the Liouville vector field X on the handle, we see that the outcome of the
surgery carries a contact structure, i.e., we have the following

Theorem 2.2. [17] Let (Y, ξ) be a closed manifold with co-oriented contact

structure, and let S ⊂ Y be an isotropic sphere with trivialized conformal symplectic

normal bundle CSN(S). The outcome Y ′ of the surgery of Y along S carries a

contact structure. Furthermore, there exists a Liouville cobordism from Y to Y ′.

It follows from [8, Lemma 2.6] that if an isotropic sphere S is contained in the
Legendrian Λ ⊂ Y , one gets an exact Lagrangian cobordism from Λ to Λ′, where
Λ′ is obtained by surgery on Λ, along S, by attaching Dk × Sn−k−1 × {0} ⊂ H2n

k

and the Lagrangian cobordism is obtained by attaching the imaginary part of the
handle H2n

k given by Hn
k := {(0, . . . , 0, y1, . . . , yn) ∈ H2n

k }. Now we are in a position
to state the invariance theorem.

Theorem 2.3. [7, 13] Given two exact, graded, cylindrical Lagrangians Li ⊂
M , we have

HW∗(L0, L1;M) ∼= HW∗(L0, L1 ∪S H
n
k ;M ∪S H

2n
k ).

In the case when L = L0 = L1 we have HW∗(L;M) ∼= HW∗(L ∪Hn
k ;M ∪H2n

k ).

One can see from the proof that it is also possible to show invariance theorem
for linear Lagrangians different from Hn

k ⊂ H2n
k that passes through the origin, so,

it is possible to take L1 = ∅, or, L1 can intersect S along some sphere of lower
dimension in such a way that the glued Lagrangian coincides with the Lagrangian
plane in the handle, see [7, Remark 1.1].

3. The restricted three-body problem

3.1. The Hamiltonian. The restricted three-body problem describes the mo-
tion of a massless particle attracted according to Newton’s law of gravitation by two
massive bodies, the primaries. We refer to the two primaries as the earth and the
moon and to the massless body as the satellite. In the circular case, one assumes
that in the inertial system, the earth and the moon move on a circle around their
common center of mass. We further consider the planar case in which the satellite
moves in the eccliptic, i.e., the same plane as the earth and the moon. Since the
earth and the moon are moving, the Hamiltonian for the satellite depends period-
ically on time in the inertial system. For that reason, one considers the system in
rotating coordinates in which both the earth and the moon are at rest. In such
a rotating system, the Hamiltonian does not depend on time anymore, i.e., it is
autonomous and therefore preserved along the flow of its Hamiltonian vector field.
We scale the total mass of the earth and the moon to one, and denote by µ ∈ (0, 1)
the mass of the moon. The mass of the earth is then given by 1 − µ. We assume
without loss of generality in the following that µ 6 1

2 , otherwise we just interchange
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the roles of the moon and the earth. As our length unit, we choose the distance
between the earth and the moon, and choose our coordinates such that the earth
lies at e = (−µ, 0) ∈ R

2 and the moon at m = (1 − µ, 0) ∈ R
2. The center of mass

lies at the origin. The phase space for the satellite is then the cotangent bundle

T ∗
(
R

2
r {e,m}

)
=

(
R

2
r {e,m}}

)
× R

2

and the Hamiltonian for the satellite becomes

H : T ∗(R2
r {e,m}) → R, (q, p) 7→

1

2
‖p‖2 −

µ

‖q −m‖
−

1 − µ

‖q − e‖
+ p1q2 − p2q1.

The first term is the kinetic energy of the satellite, the second term is the gravita-
tional potential of the moon, and the third term is the gravitation potential of the
earth. A bit more surprising is the last term p1q2 − p2q1. This last term is the an-
gular momentum whose Hamiltonian vector field generates the rotation. Since we
are considering the system in rotating coordinates and not in the inertial system,
we have to add this term to the Hamiltonian. In particular, due to the addition of
angular momentum, the Hamiltonian of the restricted three-body problem is not a
mechanical Hamiltonian consisting just of kinetic and potential energy. However,
we can complete the squares and rewrite the Hamiltonian as follows

H(q, p) =
1

2

(
(p1 + q2)2 + (p2 − q1)2)

−
µ

‖q −m‖
−

1 − µ

‖q − e‖
−

1

2
‖q‖2.

The last three terms only depend on position q and not on momentum p. We
summarize them in the function

U : R2
r {e,m} → R, q 7→ −

µ

‖q −m‖
−

1 − µ

‖q − e‖
−

1

2
‖q‖2

referred to as the effective potential. The effective potential does not just consist of
the gravitational potentials of the earth and moon, but of an additional third term
− 1

2 ‖q‖2 which gives rise to the centrifugal force experienced in a rotating system.
With the help of the effective potential, we can rewrite the Hamiltonian as

(3.1) H(q, p) =
1

2

(
(p1 + q2)2 + (p2 − q1)2)

+ U(q).

We see that the Hamiltonian of the restricted three-body problem is an example of
a magnetic Hamiltonian, consisting of a potential and a twisted kinetic energy. The
physical interpretation of the twist in the kinetic energy is the Coriolis force. In
contrast to centrifugal force, the Coriolis force is velocity dependent, as the Lorentz
force of a magnetic field.

Another remarkable property of the Hamiltonian of the restricted three-body
problem is that it is invariant under the antisymplectic involution

ρ : T ∗
R → T ∗

R (q1, q2, p1, p2) → (q1,−q2,−p1, p2)

which on configuration space R2 restricts to orthogonal reflection at the axis through
earth and moon under which the effective potential is invariant, so that we get

H ◦ ρ = H.

We refer to [11] for more details.
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3.2. Lagrange points and Hill’s regions. By (3.1) we see that the foot-
point projection π : T ∗

R
2 → R

2, (q, p) 7→ q from phase space to configuration space
gives rise to a bijection between critical points

Π := π
∣∣
crit(H) : crit(H) → crit(U)

with inverse

Π−1 : crit(U) → crit(H), (q1, q2) 7→ (q1, q2,−q2, q1).

There are five critical points of U referred to as the five Lagrange points ℓ1, . . . , ℓ5.
The first three Lagrange points ℓ1, ℓ2, and ℓ3 lie on the x-axis, i.e., on the axis
through the earth and the moon. The first Lagrange point ℓ1 lies between the
earth and the moon, ℓ2 lies to the right of the moon, and ℓ3 lies to the left of
the earth, so that they are arranged in the order ℓ3 < e < ℓ1 < m < ℓ2. They
are nondegenerate saddle points of the effective potential U and therefore in view
of (3.1) their preimages under Π are critical points of Morse index one of the
Hamiltonian H . The Lagrange points ℓ4 and ℓ5 are nondegenerate maxima of
the effective potential and therefore their preimages under Π are critical points of
Morse index two of H . Each of them forms together with the earth and the moon
an equilateral triangle. In particular, reflection at the x-axis interchanges ℓ4 and ℓ5

in agreement with the fact that the effective potential is invariant under reflection
at the x-axis.

From (3.1) we infer that the critical values of the effective potential and the
Hamiltonian coincide, i.e., we have

(3.2) U(ℓi) = H(Π−1(ℓi)), 1 6 i 6 5.

In the case µ < 1
2 , i.e., the moon is less heavy than the earth the critical values of

U and therefore in view of (3.2) also the ones of H satisfy

U(ℓ1) < U(ℓ2) < U(ℓ3) < U(ℓ4) = U(ℓ5).

In the case where µ = 1
2 the earth and the moon have the same weight. This leads

to an additional symmetry since now the earth and the moon can be interchanged.
In this case, the effective potential is not only invariant under reflection at the
x-axis, but as well under reflection at the y-axis, and the Hamiltonian H becomes
invariant under the antisymplectic involution

σ : T ∗
R

2 → T ∗
R

2, (q1, q2, p1, p2) 7→ (−q1, q2, p1,−p2)

which commutes with the antisymplectic involution ρ and whose product ρσ = σρ
coincides with the symplectic involution (q, p) 7→ (−q,−p) on T ∗

R
2. In this case,

ℓ1 = 0 coincides with the barycenter of the earth and the moon, and reflection at
the y-axis interchanges the second and third Lagrange point, so that we have

ℓ2 = −ℓ3.

In the case µ = 1
2 , there are not four but only three critical values, and one has

U(ℓ1) < U(ℓ2) = U(ℓ3) < U(ℓ4) = U(ℓ5).
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Since the Hamiltonian H is autonomous, it is preserved under its Hamiltonian flow.
In particular, for any c ∈ R the level set

Σc = H−1(c) ⊂ T ∗(R2
r {e,m})

is invariant under the flow. If c is a regular value of H , and therefore by (3.2) of U ,
the level set Σc is a three-dimensional hypersurface in the four-dimensional phase
space referred to as an energy hypersurface. To understand the topology of these
energy hypersurfaces, we introduce the notion of Hill’s region. Hill’s region is just
the shadow of the energy hypersurface on configuration space, namely

Kc := π(Σc) ⊂ R
2
r {e,m}.

In view of (3.1) it coincides with a sublevel set of the effective potential

Kc =
{
q ∈ R

2
r {e,m} : U(q) 6 c

}
.

The boundary of the Hill’s region ∂Kc has a special physical significance. These are
the zero-velocity curves where the satellite stops for an instance but is immediately
accelerated again.

If the energy c lies below the first critical value U(ℓ1) the Hill’s region Kc has
three connected components Kc = K

e
c ∪K

m
c ∪K

u
c . The first two of them are bounded,

the earth e lies in the closure of Ke
c , and the moon m lies in the closure of Km

c , i.e.,
the satellite either is close to the earth, close to the moon or is a comet and lies
in the unbounded component K

u
c . Below the first critical value the satellite cannot

travel from the earth to the moon, since the earth and the moon lie in the closures
of different connected components of Hill’s region. This changes if the energy lies
above the first critical value. In this case, a neck opens at the first Lagrange point,
the two regions K

e
c and K

m
c get connected and there is no obvious obstruction

anymore for the satellite to travel from the earth to the moon.

3.3. Regularization below the first critical value. For c < U(ℓ1) we
abbreviate

Σe
c := {(q, p) ∈ Σc : q ∈ K

e
c}, Σm

c := {(q, p) ∈ Σc : q ∈ K
m
c }

the components of the energy hypersurface around the earth and the moon. Al-
though Hill’s regions K

e
c and K

m
c are bounded the components Σe

c and Σm
c are

noncompact. This is due to collisions of the satellite with the earth, respectively
the moon. However, two-body collisions can always be regularized. We explain
here the regularization technique of Moser, in which one interchanges the roles of
position and momentum. For any base point b ∈ R

2 We consider the symplecto-
morphism

σb : T ∗
R

2 → T ∗
R

2, (q, p) 7→ (p, b− q).

We think of R
2 as a chart of the two-dimensional sphere S2 using stereographic

projection at the north pole. This gives rise to an embedding

ι : R2 → S2 = R
2 ∪ {∞}
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which induces a symplectic embedding ι∗ : T ∗
R

2 → T ∗S2. We consider the embed-
dings

ι∗σe(Σe
c) ⊂ T ∗S2, ι∗σm(Σm

c ) ⊂ T ∗S2.

Since the original momentum p was always finite, both of the embeddings avoid
the fiber over the north pole T ∗

∞S
2 which corresponds to infinite momentum. To

regularize collisions we consider the closures

Σ
e

c := ι∗σe(Σe
c) ⊂ T ∗S2, Σ

m

c := ι∗σm(Σm
c ) ⊂ T ∗S2.

Theorem 3.1. [2] The regularized energy hypersurfaces Σ
e

c and Σ
m

c are fiber-

wise starshaped.

This theorem implies that the regularized hypersurfaces are diffeomorphic to
the unit tangent bundle of the two-dimensional sphere which itself is diffeomorphic
to three-dimensional real projective space RP 3. Moreover the Liouville one-form
λ ∈ T ∗S2 restricted to Σ

e

c, respectively Σ
m

c gives a contact form on these spaces.
The embedding into T ∗S2 gives a filling so that the underlying contact structures
are actually tight. Since there is just one tight contact structure on RP 3 we can
refer to this contact structure as the tight contact structure on RP 3.

The fibers over the north pole C
e
c := Σ

e

c ∩ T∞S
2 and C

m
c := Σ

m

c ∩ T∞S
2

correspond to collisions with the earth, respectively the moon. It holds that

Σ
e

c = ι∗σe(Σe
c) ∪ C

e
c, Σ

m

c = ι∗σm(Σm
c ) ∪ C

m
c .

Note that the two collision circles Ce
c respectively Cm

c are Legendrians. Geometri-
cally the regularization corresponds to compactifying the energy hypersurface by
adding a Legendrian circle.

The other fibers T ∗
pS

2 for p ∈ R
2 ⊂ S2 have from the point of physics a bit

strange interpretation. They correspond to some fixed momentum p but arbitrary
position q.

What is however, remarkable is that the antisymplectic involution ρ extends
to the regularizations. Consider the meridian {0} ×R∪ {∞} ⊂ R

2 ∪ {∞} = S2 Let
ρ̄ : T ∗S2 → T ∗S2 be the antisymplectic involution which is obtained as the compo-
sition of the symplectic involution induced by reflection at this meridian and the
antisymplectic involution mapping each cotangent vector to its inverse. Then the
regularizations interchange the antisymplectic involution ρ with the antisymplectic
involution ρ̄. Note that the extended involution leaves the collision Legendrians
invariant.

4. Contact structures for Hamiltonian manifolds

Before discussing contact structures for the restricted three-body problem above
the first critical value, we first discuss abstractly contact structures for Hamiltonian
manifolds and their behaviour under antisymplectic involutions. Assume that Σ is
a closed, connected, orientable odd-dimensional manifold of dimension 2n − 1. A
Hamiltonian structure on Σ is a two-form ω ∈ Ω2(Σ) satisfying the following two
conditions
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(i) ω is closed, i.e. dω = 0,
(ii) The kernel ker(ω) is a one-dimensional distribution on TΣ.

For any x ∈ Σ the two-form ωx induces a symplectic form on the vector space
TxΣ/ ker(ω). In particular, the quotient bundle TΣ/ ker(ω) is canonically oriented
by the Hamiltonian structure. Since Σ is orientable the line bundle ker(ω) is ori-
entable as well and a choice of orientation on Σ induces an orientation on ker(ω).
We refer to the tuple (Σ, ω) as a Hamiltonian manifold.

A contact form on a Hamiltonian manifold (Σ, ω) is a one-form λ ∈ Ω1(Σ)
satisfying the following conditions dλ = ω, λ ∧ ωn−1 6= 0. These two conditions
imply λ∧(dλ)n−1 6= 0 so that a contact form on the Hamiltonian manifold (Σ, ω) is
in particular a contact form on the manifold Σ. However, on Hamiltonian manifolds
a contact form additionally has to satisfy some compatibility with the Hamiltonian
structure ω.

A real Hamiltonian manifold is a triple (Σ, ω, ρ) where (Σ, ω) is a Hamiltonian
manifold and ρ : Σ → Σ is a smooth involution satisfying ρ∗ω = −ω and which
reverses the orientation on the line bundle ker(ω). Suppose now that (Σ, ω, ρ) is a
real Hamiltonian manifold and λ ∈ Ω1(Σ) is a contact form for (Σ, ω). We define

λρ :=
1

2
(λ− ρ∗λ) ∈ Ω1(Σ).

Note that since ρ is an involution λρ is antisymmetric with respect to ρ, i.e.

ρ∗λρ = −λρ.

We have the following lemma, which tells us that if a real Hamiltonian manifold
(Σ, ω, ρ) admits a contact form it admits as well an antisymmetric contact form
defining the same contact structure on Σ.

Lemma 4.1. The antisymmetric one-form λρ is as well a contact form on (Σ, ω)
and the contact structures (Σ, kerλ) and (Σ, kerλρ) are contactomorphic.

Proof. We abbreviate

vol := λ ∧ ωn−1 = λ ∧ (dλ)n−1 ∈ Ω2n−1(Σ)

the volume form on Σ induced from λ. Since ρ is orientation reversing on the line
bundle ker(ω) and satisfies ρ∗ω = −ω we see that ρ is orientation preserving iff n
is even, which we write as

(−1)nρ∗ vol > 0.

We have

−ρ∗λ ∧ ωn−1 = (−1)nρ∗λ ∧ (ρ∗ω)n−1 = (−1)nρ∗(λ ∧ ωn−1) = (−1)nρ∗ vol > 0.

For t ∈ [0, 1] we abbreviate

λt := (1 − t)λ− tρ∗λ.

The above computation shows that

λt ∧ ωn−1 = (1 − t) vol +t(−1)nρ∗ vol > 0.
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Moreover, we have

dλt = (1 − t)dλ − tρ∗dλ = (1 − t)ω − tρ∗ω = (1 − t)ω + tω = ω

so that for every t ∈ [0, 1], λt is a contact form for (Σ, ω). In particular,

λρ = λ1/2

is a contact form on (Σ, ω) and since the family λt gives rise to a smooth homotopy
between λ and λρ it follows from Gray stability that the contact structures (Σ, kerλ)
and (Σ, kerλρ) are contactomorphic. This finishes the proof of the lemma. �

We further note the following. If L ⊂ Σ is a Legendrian submanifold for λ
which is invariant under ρ, then L is as well Legendrian for λρ.

4.1. Contact structures above the first critical value. For energies c ∈
(U(ℓ1), U(ℓ2)) between the first and second critical value, Hill’s region has just
two connected components Kc = K

e,m
c ∪ K

u
c , where the first one K

e,m
c is bounded

and contains both the earth and the moon in its closure, while the second one is
unbounded. Again, we are interested in the bounded component and abbreviate
for the connected component of the energy hypersurface lying above the bounded
component

Σe,m
c := {(q, p) ∈ Σc : q ∈ K

e,m
c }.

The Lagrange point ℓ1 is a saddle point of the effective potential and therefore its
lift Π−1ℓ1 is a critical point of Morse index one of the Hamiltonian H . Therefore,
crossing the first critical value means topologically taking the connected sum of
the components of the energy hypersurface around the earth and the one around
the moon. If one regularizes collisions with the earth and the moon, one obtains
a closed energy hypersurface Σ

e,m

c which is diffeomorphic to the connected sum of
two three-dimensional real projective spaces

Σ
e,m

c = RP 3#RP 3.

Theorem 4.1. [2] There exists ǫ ∈ (0, U(ℓ2) − U(ℓ1)] such that for every

c ∈ (U(ℓ1), U(ℓ1) + ǫ) as a Hamiltonian manifold Σ
e,m

c admits a contact form λ,

such that the contact structure (Σ
e,m

c , kerλ) equals contact connected sum of two

tight RP 3.

The contact structure is obtained by careful interpolation in the neck region
around the Lagrange point ℓ1 between the contact structures around the earth
and the moon. In particular, the collision circles Ce

c and Cm
c are still Legendrian

submanifolds for λ. The antisymplectic involution ρ of the restricted three-body
problem restricts and extends to a real structure on Σ

e,m

c . By Lemma 4.1 we can
assume without loss of generality that the contact form is antiinvariant under the
involution ρ. Since the Legendrians C

e
c and C

m
c are invariant under the involution,

they stay Legendrians after averaging the contact form.

Acknowledgmenets. This project was supported by the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) – 517480394.



16 BROĆIĆ AND FRAUENFELDER

References

1. M. Abouzaid, On the wrapped Fukaya category and based loops, J. Symp. Geom. 10 (2012),
27–79.

2. P. Albers, U. Frauenfelder, O. V. Koert, G. P. Paternain, Contact geometry of the restricted

three-body problem, Comm. Pure Appl. Math. 65 (2012) 229–263.
3. A. Abbondandolo, A. Portaluri, M. Schwarz, The homology of path spaces and Floer homology

with conormal boundary conditions, J. Fixed Point Theory Appl. 4 (2008) 263–293.
4. A. Abbondandolo, M. Schwarz, On the Floer homology of cotangent bundles, Comm. Pure

Appl. Math. 59 (2006) 254–316.
5. M. Abouzaid, P. Seidel, An open string analogue of Viterbo functoriality, Geom. Topol. 14

(2010) 627–718.
6. F. Broćić, D. Cant, E. Shelukhin, The chord conjecture for conormal bundles, Math. Ann.

392 (2025) 3959–4021.
7. F. Broćić, Wrapped Floer homology and subcritical handle attachment, available at

https://arxiv.org/abs/2507.23290
8. K. Cieliebak, Handle attaching in symplectic homology and the Chord Conjecture, J. Eur.

Math. Soc. 4 (2002) 115–142.
9. A. Fauck, Rabinowitz-Floer homology on Brieskorn manifolds, PhD thesis, Humboldt-

Universität zu Berlin, 2016.
10. , On manifolds with infinitely many fillable contact structures, Int. J. Math. 31 (2020).
11. U. Frauenfelder, O. Van Koert, The Restricted Three-Body Problem and Holomorphic Curves,

1st ed., Springer, 2018.
12. U. Frauenfelder, L. Zhao, Existence of either a periodic collisional orbit or infinitely many

consecutive collision orbits in the planar circular restricted three-body problem, Math. Zeit.
291 (2019) 215–225.

13. K. Irie, Handle attaching in wrapped Floer homology and brake orbits in classical Hamiltonian

systems, Osaka J. Math. 50 (2013) 363–396.
14. J. Kang, K. Ruck, Consecutive collision orbits in the restricted three-body Problem above the

First Critical Energy Value, available at https://arxiv.org/abs/2506.01735
15. A. Ritter, Topological quantum field theory structure on symplectic cohomology, J. Topol. 6

(2013) 391–489.
16. K. Ruck, Lagrangian Rabinowitz Floer Homology and its application to powered flyby orbits

in the restricted three body problem, PhD thesis, Universität Augsburg, 2024.
17. A. Weinstein, Contact surgery and symplectic handlebodies, Hokkaido Math. J. 20 (1991)

241–251.

Institute for Mathematics (Received 05 09 2025)
University of Augsburg (Revised 12 11 2025)
Augsburg
Germany
filipvbrocic@gmail.com

urs.frauenfelder@uni-a.de

https://arxiv.org/abs/2507.23290
https://arxiv.org/abs/2506.01735

	1. Introduction
	2. Wrapped Floer homology
	3. The restricted three-body problem
	4. Contact structures for Hamiltonian manifolds
	References

