PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 117 (131) (2025), 83-90 DOI: https://doi.org/10.2298/PIM2531083B

APPROXIMATION OF p-BOUNDED VARIATION
FUNCTIONS BY GENERALIZED DE LA VALLEE
POUSSIN MEANS OF NEGATIVE ORDER

Rameshbhai K. Bera and Bhikha L. Ghodadra

ABSTRACT. The rate of convergence of negative order generalized de la Vallée
Poussin means of the Fourier series of a 2m-periodic function of p-bounded
variation, is estimated. The result can be viewed as generalization of a result
of well-known Weiner’s theorem and quantitative version of it.

1. Introduction

The Dirichlet—-Jordan theorem (see [5] or [8, p.57]) asserts that the Fourier
series of a 2m-periodic function f of bounded variation on [—m, 7] converges at
each point and the convergence is uniform on closed intervals of continuity of f.
Bojanié [3], and Bojanié and Mazhar |[4] have quantified this result by estimating
the rate of convergence of the Fourier series and of Cesaro means of the Fourier
series at each point, respectively. Also, Wiener [7] generalized Dirichlet—Jordan
theorem for functions of p-bounded variation. Here we shall give an estimate of the
rate of convergence of negative order generalized de la Vallée Poussin means of the
Fourier series of a function f, 27w-periodic and of p-bounded variation.

2. Preliminaries

Here we shall recall certain results for pointwise convergence and rate of con-
vergence of a single Fourier series. We need the following definitions.

DEFINITION 2.1. Let f: R — C be a 2m-periodic function, which is Lebesgue

integrable over T := [—m, 7). The Fourier series of f, denoted by S(f,z), is de-
fined by
> . 1 [T )
S(f,xz) = n:Z_OO cne™®,  where ¢, = o [W flwe™du, n€Z.
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The n'" symmetric partial sum of the Fourier series of f, denoted by S, (f,z), is
defined as Sy, (f,z) =Y cje® n=0,1,2,....

j=—n

Motivated by some definitions (see e.g., [1Ll6]), we define the generalized de la
Vallée-Poussin means of a given sequence (S, (f)) as follows.

DEFINITION 2.2. Let A = (\,) be a monotone non-decreasing sequence of
integers (Ao = 0, Ay = 1, Apy1 — A < 1) and (o) (o, > =1, = @ > —1) be
a sequance of real numbers for n € N. Then the generalized de la Vallée-Poussin
mean V.o (f,z) (or (V, a,)-mean) of Sy, (f,z) for —1 < o, < 0 is defined as

Ve (f,x) Aan Z AS NSy (f ) = ZA%*SH k(f,2),

An k=n—2X\, /\nkO

which can be written in integral form as

1 ™
(2.1) vetfa) =1 [ g v
where V% (t) and A% are defined as
1 < sin (V + l)1f
o (t) = ACID(t), Dy(t) = = Ut 20

keN.

Tr 1
A =1, Azn:(“an)_ (<’<f+an+>

k - Tk + DI, +1)°

NoTEe: In definition 22 for a,, = o and A, = n for every n, one gets the
Cesaro (C, o)-mean.

DEFINITION 2.3. Given a function f: [a,b] — R, a real number p, 1 < p < oo,
we say that f € BVP[a,b] (that is, f is of p-bounded variation over [a, b]) if

n 1/p
W fa ) =sup { S 15@) - o <
k=1

where the supremum is extended over all sequences {Ij} of non-overlapping inter-
vals with I, = [ag,bi] C [a,b], k=1,...,n

Note that for p = 1, BVP = BV, the set of all functions of bounded variation
on [a,b]. Also, it is well-known that if f is of p-bounded variation, then f(z 4+ 0)
and f(x — 0) exist at every point z of [a,b]. We define, for x € [a, b],

1

(2.2) s(f,2) = S{f(@+0) + f(z - 0)}
(2.3) G2(t) = flx+1)+ flz—1t) = 2s(f,z), t€ab]

DEFINITION 2.4. The (ordinary) oscillation of a function h: [a,b] — C over a
subinterval J of [a, b] is defined as oscy (h, J) = sup{|h(t) — h(t')| : t,t' € J}.

In the sequel, we will distinguish the subintervals of the non-negative half of the
one-dimensional torus T = [—m, 7] : Ij\n = [Ajn, Aj+1,n], Where Xj,, = A7/ Ang1,
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for j =0,1,2,...n; n € NU{0}. We also denote the variation of function ¢, on
[0,u] by V,(¢e,u) for 1 < p < 0.

Jordan [5] proved that if f is a 2m-periodic function of bounded variation on
[—7, 7], then its Fourier series converges to s(f,z) at each point of z. Bojanié [3]
quantified this result by estimating the rate of convergence of the Fourier series of
f at = by proving the following theorem.

THEOREM 2.1. If f is a 2w-periodic function and is of bounded variation on
[—m, 7], then for all x and n we have |S,(f, ) — s(f,z)| < 23, V(qu, %)

Bojanié¢ and Mazhar [4] have generalized Theorem 211 by proving the following
more general theorem.

THEOREM 2.2. If the condition of Theorem 21l is satisfied, then for —1 < a < 0
and for all x and n, we have

Cp —
o2 0) = sl o)l < e >t (o)

21+a 21+a

Ci1+4 25=C3), and s(f, ) and ¢, (t) are as in Z2) and Z3J),

where Cp, = (1 +
respectively.

On the other direction, Wiener [7] proved that Jordan’s theorem holds true
if the condition “f is of bounded variation” is replaced by the condition “f is of
p-bounded variation” for any 1 < p < oo. In [2], we have quantified this result
by estimating the rate of convergence of Fourier series of functions of p-bounded
variation.

3. Main Result

The main result of our paper is as follows.

THEOREM 3.1. If f is a 2w-periodic function and is of p-bounded variation over
[—7, 7], and if n = O(\,). Then for a,,a € (—1/p,0], we have

B1) V() sl < RS v (0 ),
J

an+1/p 1-1/p—an
A TS A
where

n

1 Pt
Cpan = (1+1/p+ap)(Cr + (21714 Cy [+ Cy fw?H0m )P x (Z W) ’

J=17
C1, Cy, and C3 are some positive constants.

In particular, if a,, = «, for all n then from above Theorem B.I] we get the
following corollary for the rate of convergence of negative order Cesaro means,
which is generalization of Theorem 2.2
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COROLLARY 3.1. If f is a 2w-periodic function and is of p-bounded variation
over [—m,w]. Then for a € (—1/p,0], we have

o Cpa - 1
|Un(fa$) —S(f,.%’)|p < (nJrlp)aJrl/p Zl 1—1/p—a p (qﬁla_.)’
J

where

21/p+a n 1 p—1
pra:(1+1/p+oz)(1+ 02+ 03) <Zm> .

j=1

The right-hand side of ([BJ]) converges to zero as n — oo, since continuity of
¢, (t) at t = 0 implies that V,(¢;,0,0) — 0 as 6 — 04. The following corollary
holds from above Theorem Bl

COROLLARY 3.2. If f is a 2w-periodic function and is of p-bounded variation
over [—m, x|, and if n = O(\,). Then for ay,,a € (—1/p,0], the Fourier series of
fis (V) summable to sum s(f,z) at each point x.

4. Proof

PROOF OF THEOREM [B.Il Let n be fixed and z € T, using representation

1), we have

(4.1) Vi (f,x)—s(f,x) = 1 /ﬁ G (O) V2 () dt

1 m/ Ants an an
L v a2 Z{ //mlwm(t)%(mm))vn (1) dt

™

+/ ¢ (7’]]7 )Va"( )dt} =L +1 +I3, say.
T/ Ant1

Since

A
. .
Ven(t) = E: AL D) = s 3 AT sin(n — k o+ 1/2)t

" A“:k T H0) = A sn(e/2) =" sl =k 12

using the following inequality

An

LS A2 (20— 2k + 1) sin(t/2)

Var Ol < sqar =750
2A)\ sin(t/2) pors

2 1
TS e ansipy
An k=0

first we clearly have

T/ Ant1 T/ An+1
az mi= |2 [ soveoa <2 [T o0 - 0w ol
= O(1>VP(¢17 [07 7T/>\n+1])'
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Now, for -1 < a,, <0, +7— <t < 7, we have

L3
(43) Ve (t) = Tfsm ; kz Apesin B2 2R DE
~m {% ;;) A2 exp(— zkt)}
Inl{expgégg;%)}{(1__;%gank:§3+1Ag"_1exp(ikﬂ}}
~ 247 (sin(lt/Z))Han (sin | (n+ ; +5)e=5)
e

T Au(2sin(t/2))2
where 0] < 1 (see [8], p. 94-95]). Therefore, from [@3]), we have
o _ 1 1 _ Co
Vi (0] = O(t”“n(An) ) +O(t2()\n)) T e (A1)

where Cy is positive constant, and for 1/p + 1/¢q = 1, applying Holder’s inequality
to Iy, we have

(44) 7| =

Be (0 V0 (8) dt\

<) osc(¢s, ]n/ [V, ()| dt
=1 Tim

n

1
& Z )\1+C¥n—1—/p+1/1) 08¢(Pas Ljn)
Jj=1

n 1 n q 1/q
< CQ(Z ()\an/p+1/p2 0sc(¢z, Ij,n)) > ( ( 1+an/q 1/p? ) )
i=1 A i=1
n 1 1/p n 1 1/q
= CQ(Z W(OSC((bI) gn))p) (Z m) )
Jj=1 )\ j=1 )\]

Now, using the partial summation formula, we estimate I3 as

(4.5) 7l =Z¢$(Aj7n) / Von (t) dt

Ijn

Zi% jn) = Gz(Nj—1,n) (z":/l Vi (t )

k=

B 508) ot [ re0)
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_ il((m(kj,n) - ¢1(Ajlv"))</x

because ¢g(Aon) = ¢ (0) =0 and [ L V() dt = 0.
Now, applying second mean value theorem in (@3], we have

/;ﬂ Vo (t) dt } =

™

Ve (t) dt) :

d,m

(4.6)

s 1 < )
- sin
/A DA% (sin(t/2)) +on

_ /7T 20a,, &t
Ay An(2sin(t/2))?

1
< -
DA (sin(Ay,/2)) Fon

4 2o / "l
An Ajin t2
1 Cs
o O(()\n)\j,n)l"'a”) o (ﬂ')\j)l"'o‘" ’

for j = 1,2,...,n. Therefore, from (@3], (£H), and using Holder’s inequality on
the sum of integrand of Iy, we can obtain

(4.7)
mlLs| = [ 3 (00 (Mjin) — do(Nyo10)) /A Vo (1) dt‘
j=1 jon
Cs ~ 1
S altan Z Nitan 05¢(Pa, Lj—1,n)
=1 "
Cs ~ 1
g 771+Otn Z A1+0¢n—1/p2+1/1)2 OSC(¢CEan71,n>
J=1"y
C3 n 1 p 1/]3 n g +q/p2 l/q
< rlton <Z (W 050(¢z,1j—1,n)) > <Z)\j )
j=1 J j=1
n-! /p , n 1/q
C3 1 1
= rltan <Z )\anJrl/p (osc(a, Ij,n))p> <Z W) .
Jj=0 7j+1 j=1 7

Therefore, from (@4) and (4.7), we have

(48) (I +T) < (20741/7C, + s ) i;(osc(qﬁ L)) v
. e ) 3) X 2 Aan'l‘l/ll xyLy,mn

ﬂ-l-i—an _ .
J=0 7j+1

n 1 1/q

x Z A1‘+0tn+1/p ’

Jj=17"
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Now, we define ap = 0 and a; = VP(és,[0,\jn]), 5 = 1,2,...,n + 1. First for
p = 1, we clearly have

OSC(¢za ]n +ZOSC O ]n) S Aj4+1 = OSC(¢ma Jn) "l‘ag aj4+1
=0

= 05¢(¢s, [jn)? < ajp1 — aj.

Now, using partial summation formula, we have

n n

1 1
Z AL/p+an 059 Ljin)" < Z W(%‘ﬂ —ay)
=0 ].,0 J+

1 1
B Z ( Uptan /\l/p-i-an )aj-i-l + Wan-i-l-
=0 A J+2 n+1

Since 1/p > « and the function V)P (¢., [0,]) is nondecreasing for ¢ € [0, 7], we have

n—1
1 ( 1 it+2 1
- - a4t
Z 1/ptom 1/ fan ) aj+1 = Zaﬂﬂ/ 1+1/ptan
/p+an §=0 )\jer Aha g N TP
— i+2 tm
S o]
/_+1 t1+1/p+0‘" Y (¢ [ Ant1

Ant1
:/1 + Mﬁvpp(%[ ’)\Zj)dt

Now, changing variable t by Ap,41/s, wehavet = 1 <= s = A\pj1,t = A1 <=
s —1,and 2 = (—=1)\,41/s%. Therefore

At ¢
1/p+an p( |: - :| )
>\n+1 /1 t1+1/p+ozn, VP ¢m7 0’ )‘n-i-l dt

R W R RIC

n

At
:ZAj Ve (60 [0.5]) (s ) s

j=1
n Aj
Sl ) e
<2 (o 0 5))

Also

@9 e < e e Ve (0 [0. 7))
e SN e A
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Therefore, from (£J)—(Z3), we have

n

/p

1+1/p+ay 1 ™ !

(4.10) |Io + I <( N > N (%, [o, A—D)
n+1 j=1 7 J

2an+1/p 1 n 1 1/q
X ( p. 02+7r2+an03)(27)\1_+%+1/p)
J

Jj=1

and also

(4.11) V, <¢x, {O, %}) < C1<(1 + 11//1011:1’040 f: )\1/qlfo¢,,L VY (¢mv |:0a %D) 1/p

el Ant1 J=1 A
n 1 1/q
X Z )\1_+an+1/p )

Jj=17"

where (' is positive constant.
Therefore, from (@), ({2), EI0), and @II), we have BII). O
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