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APPROXIMATION OF p -BOUNDED VARIATION
FUNCTIONS BY GENERALIZED DE LA VALLÉE

POUSSIN MEANS OF NEGATIVE ORDER

Rameshbhai K. Bera and Bhikha L. Ghodadra

Abstract. The rate of convergence of negative order generalized de la Vallée
Poussin means of the Fourier series of a 2π-periodic function of p-bounded
variation, is estimated. The result can be viewed as generalization of a result
of well-known Weiner’s theorem and quantitative version of it.

1. Introduction

The Dirichlet–Jordan theorem (see [5] or [8, p. 57]) asserts that the Fourier
series of a 2π-periodic function f of bounded variation on [−π, π] converges at
each point and the convergence is uniform on closed intervals of continuity of f .
Bojanić [3], and Bojanić and Mazhar [4] have quantified this result by estimating
the rate of convergence of the Fourier series and of Cesáro means of the Fourier
series at each point, respectively. Also, Wiener [7] generalized Dirichlet–Jordan
theorem for functions of p-bounded variation. Here we shall give an estimate of the
rate of convergence of negative order generalized de la Vallée Poussin means of the
Fourier series of a function f , 2π-periodic and of p-bounded variation.

2. Preliminaries

Here we shall recall certain results for pointwise convergence and rate of con-
vergence of a single Fourier series. We need the following definitions.

Definition 2.1. Let f : R → C be a 2π-periodic function, which is Lebesgue
integrable over T := [−π, π). The Fourier series of f , denoted by S(f, x), is de-
fined by

S(f, x) =

∞
∑

n=−∞

cneinx, where cn =
1

2π

∫ π

−π

f(u)e−inudu, n ∈ Z.
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The nth symmetric partial sum of the Fourier series of f , denoted by Sn(f, x), is
defined as Sn(f, x) =

∑n
j=−n cjeijx, n = 0, 1, 2, . . . .

Motivated by some definitions (see e.g., [1,6]), we define the generalized de la
Vallée-Poussin means of a given sequence (Sn(f)) as follows.

Definition 2.2. Let λ = (λn) be a monotone non-decreasing sequence of
integers (λ0 = 0, λ1 = 1, λn+1 − λn 6 1) and (αn) (αn > −1, αn → α > −1) be
a sequance of real numbers for n ∈ N. Then the generalized de la Vallée-Poussin
mean V αn

n (f, x) (or (V, αn)-mean) of Sn(f, x) for −1 < αn 6 0 is defined as

V αn

n (f, x) =
1

Aαn

λn

n
∑

k=n−λn

Aαn−1
n−k Sk(f, x) =

1

Aαn

λn

λn
∑

k=0

Aαn−1
k Sn−k(f, x),

which can be written in integral form as

(2.1) V αn
n (f, x) =

1

π

∫ π

−π

f(x + t)V αn
n (t) dt,

where V αn
n (t) and Aαn

n are defined as

V αn

n (t) =
1

Aαn
n

n
∑

ν=n−λn

Aαn−1
n−ν Dν(t), Dν(t) =

1

2

ν
∑

j=−ν

eijt =
sin

(

ν + 1
2

)

t

2 sin t
2

,

Aαn

0 = 1, Aαn

k =

(

k + αn

k

)

=
Γ(k + αn + 1)

Γ(k + 1)Γ(αn + 1)
, k ∈ N.

Note: In definition 2.2, for αn = α and λn = n for every n, one gets the
Cesàro (C, α)-mean.

Definition 2.3. Given a function f : [a, b] → R, a real number p, 1 6 p < ∞,
we say that f ∈ BVp[a, b] (that is, f is of p-bounded variation over [a, b]) if

Vp(f, [a, b]) = sup

{ n
∑

k=1

|f(ak) − f(bk)|p
}1/p

< ∞,

where the supremum is extended over all sequences {Ik} of non-overlapping inter-
vals with Ik = [ak, bk] ⊂ [a, b], k = 1, . . . , n.

Note that for p = 1, BVp = BV, the set of all functions of bounded variation
on [a, b]. Also, it is well-known that if f is of p-bounded variation, then f(x + 0)
and f(x − 0) exist at every point x of [a, b]. We define, for x ∈ [a, b],

s(f, x) =
1

2
{f(x + 0) + f(x − 0)}(2.2)

φx(t) = f(x + t) + f(x − t) − 2s(f, x), t ∈ [a, b].(2.3)

Definition 2.4. The (ordinary) oscillation of a function h : [a, b] → C over a
subinterval J of [a, b] is defined as osc1(h, J) = sup{|h(t) − h(t′)| : t, t′ ∈ J}.

In the sequel, we will distinguish the subintervals of the non-negative half of the
one-dimensional torus T̄ = [−π, π] : Ij,n = [λj,n, λj+1,n], where λj,n = λjπ/λn+1,
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for j = 0, 1, 2, . . . n; n ∈ N ∪ {0}. We also denote the variation of function φx on
[0, u] by Vp(φx, u) for 1 6 p < ∞.

Jordan [5] proved that if f is a 2π-periodic function of bounded variation on
[−π, π], then its Fourier series converges to s(f, x) at each point of x. Bojanić [3]
quantified this result by estimating the rate of convergence of the Fourier series of
f at x by proving the following theorem.

Theorem 2.1. If f is a 2π-periodic function and is of bounded variation on

[−π, π], then for all x and n we have |Sn(f, x) − s(f, x)| 6 3
n

∑n
k=1 V

(

φx, π
k

)

.

Bojanić and Mazhar [4] have generalized Theorem 2.1 by proving the following
more general theorem.

Theorem 2.2. If the condition of Theorem 2.1 is satisfied, then for −1 < α < 0
and for all x and n, we have

|σα
n (f, x) − s(f, x)| 6

(2 + α)Cα

(n + 1)α+1

n
∑

k=1

1

k−α
V

(

φx,
π

k

)

,

where Cα =
(

1+ 21+α

π C1 + 21+α

π2+α C2
)

, and s(f, x) and φx(t) are as in (2.2) and (2.3),
respectively.

On the other direction, Wiener [7] proved that Jordan’s theorem holds true
if the condition “f is of bounded variation” is replaced by the condition “f is of
p-bounded variation” for any 1 6 p < ∞. In [2], we have quantified this result
by estimating the rate of convergence of Fourier series of functions of p-bounded
variation.

3. Main Result

The main result of our paper is as follows.

Theorem 3.1. If f is a 2π-periodic function and is of p-bounded variation over

[−π, π], and if n = O(λn). Then for αn, α ∈ (−1/p, 0], we have

(3.1) |V αn

n (f, x) − s(f, x)|p 6
Cp,αn

λ
αn+1/p
n+1

n
∑

j=1

1

λ
1−1/p−αn

j

V p
p

(

φx,
π

λj

)

,

where

Cp,αn
= (1 + 1/p + αn)(C1 + (21/p+αn)C2/π + C3/π2+αn)p ×

( n
∑

j=1

1

λ
1+αn+1/p
j

)p−1

,

C1, C2, and C3 are some positive constants.

In particular, if αn = α, for all n then from above Theorem 3.1, we get the
following corollary for the rate of convergence of negative order Cesàro means,
which is generalization of Theorem 2.2.
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Corollary 3.1. If f is a 2π-periodic function and is of p-bounded variation

over [−π, π]. Then for α ∈ (−1/p, 0], we have

|σα
n (f, x) − s(f, x)|p 6

Cp,α

(n + 1)α+1/p

n
∑

j=1

1

j1−1/p−α
V p

p

(

φx,
π

j

)

,

where

Cp,α = (1 + 1/p + α)
(

1 +
21/p+α

π
C2 +

1

π2+α
C3

)p
( n

∑

j=1

1

j1+α+1/p

)p−1

.

The right-hand side of (3.1) converges to zero as n → ∞, since continuity of
φx(t) at t = 0 implies that Vp(φx, 0, δ) → 0 as δ → 0+. The following corollary
holds from above Theorem 3.1.

Corollary 3.2. If f is a 2π-periodic function and is of p-bounded variation

over [−π, π], and if n = O(λn). Then for αn, α ∈ (−1/p, 0], the Fourier series of

f is (V, αn) summable to sum s(f, x) at each point x.

4. Proof

Proof of Theorem 3.1. Let n be fixed and x ∈ T̄, using representation
(2.1), we have

(4.1) V αn

n (f, x) − s(f, x) =
1

π

∫ π

0
φx(t)V αn

n (t) dt

=
1

π

∫ π/λn+1

0
φx(t)V αn

n (t) dt +
1

π

n
∑

j=1

{
∫ π

π/λn+1

(φx(t) − φx(ηj,n))V αn

n (t) dt

+

∫ π

π/λn+1

φx(ηj,n)V αn

n (t) dt

}

= I1 + I2 + I3, say.

Since

V αn

n (t) =
1

Aαn

λn

n
∑

k=n−λn

Aαn−1
n−k Dk(t) =

1

2Aαn

λn
sin(t/2)

λn
∑

k=0

Aαn−1
k sin(n − k + 1/2)t,

using the following inequality

|V αn

n (t)| 6
1

2Aαn

λn
sin(t/2)

λn
∑

k=0

Aαn−1
k (2n − 2k + 1) sin(t/2)

6
2n + 1

2Aαn

λn

λn
∑

k=0

Aαn−1
k 6 n + 1/2,

first we clearly have

|I1| =

∣

∣

∣

∣

1

π

∫ π/λn+1

0
φx(t)V αn

n (t) dt

∣

∣

∣

∣

6
1

π

∫ π/λn+1

0
|φx(t) − φx(0)||V αn

n (t)| dt(4.2)

= O(1)Vp(φx, [0, π/λn+1]).
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Now, for −1 < αn 6 0, π
λn+1

6 t 6 π, we have

V αn

n (t) =
1

2Aαn

λn
sin t

2

λn
∑

k=0

Aαn−1
k sin

(2n − 2k + 1)t

2
(4.3)

= Im

{

exp
[

i
(

n + 1
2

)]

2Aαn

λn
sin t

2

λn
∑

k=0

Aαn−1
k exp(−ikt)

}

= Im

{

exp
[

i
(

n + 1
2

)

t
]

2Aαn

λn
sin t

2

[

1

(1 − e−it)αn
−

∞
∑

k=λn+1

Aαn−1
k exp(−ikt)

]}

=
1

2Aαn

λn
(sin(t/2))1+αn

(

sin
[(

n +
1

2
+

αn

2

)

t −
παn

2

])

−
2θαn

λn(2 sin(t/2))2 ,

where |θ| 6 1 (see [8, p. 94–95]). Therefore, from (4.3), we have

|V αn

n (t)| = O
( 1

t1+αn(λn)αn

)

+ O
( 1

t2(λn)

)

=
C2

t1+αn(λn+1)αn
,

where C2 is positive constant, and for 1/p + 1/q = 1, applying Hölder’s inequality
to I2, we have

π|I2| =

∣

∣

∣

∣

n
∑

j=1

∫

Ij,n

(φx(t) − φx(λj,n))V αn

n (t) dt

∣

∣

∣

∣

(4.4)

6

n
∑

j=1

osc(φx, Ij,n)

∫

Ij,n

|V αn

n (t)|dt

6 C2

n
∑

j=1

1

λ
1+αn−1/p2+1/p2

j

osc(φx, Ij,n)

6 C2

( n
∑

j=1

( 1

λ
αn/p+1/p2

j

osc(φx, Ij,n)
)p

)1/p( n
∑

j=1

( 1

λ
1+αn/q−1/p2

j

)q
)1/q

= C2

( n
∑

j=1

1

λ
αn+1/p
j

(osc(φx, Ij,n))p

)1/p( n
∑

j=1

1

λ
1+αn+1/p
j

)1/q

.

Now, using the partial summation formula, we estimate I3 as

πI3 =
n

∑

j=1

φx(λj,n)

∫

Ij,n

V αn

n (t) dt(4.5)

=

n
∑

j=1

(φx(λj,n) − φx(λj−1,n))

( n
∑

k=j

∫

Ik,n

V αn

n (t) dt

)

+ φx(λ0,n)

( n
∑

k=1

∫

Ik,n

V αn

n (t) dt

)

− φx(λ0,n)

(
∫ π

λn+1,n

V αn

n (t) dt

)
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=

n
∑

j=1

(φx(λj,n) − φx(λj−1,n))

(
∫ π

λj,n

V αn
n (t) dt

)

,

because φx(λ0,n) = φx(0) = 0 and
∫ π

λn+1,n
V αn

n (t) dt = 0.

Now, applying second mean value theorem in (4.3), we have

∣

∣

∣

∣

∫ π

λj,n

V αn
n (t) dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ π

λj,n

1

2Aαn

λn
(sin(t/2))1+αn

(

sin
[(

n +
1

2
+

αn

2

)

t −
παn

2

])

dt(4.6)

−

∫ π

λj,n

2θαn

λn(2 sin(t/2))2 dt

∣

∣

∣

∣

6
1

2Aαn

λn
(sin(λj,n/2))1+αn

∣

∣

∣

∣

∫ π

λj,n

(

sin
[(

n +
1

2
+

αn

2

)

t −
παn

2

])

dt

∣

∣

∣

∣

+
2θαn

λn

∣

∣

∣

∣

∫ π

λj,n

1

t2 dt

∣

∣

∣

∣

= O
( 1

(λnλj,n)1+αn

)

=
C3

(πλj)1+αn
,

for j = 1, 2, . . . , n. Therefore, from (4.5), (4.6), and using Hölder’s inequality on
the sum of integrand of I22, we can obtain

π|I3| =

∣

∣

∣

∣

n
∑

j=1

(φx(λj,n) − φx(λj−1,n))

∫ π

λj,n

V αn

n (t) dt

∣

∣

∣

∣

(4.7)

6
C3

π1+αn

n
∑

j=1

1

λ1+αn

j

osc(φx, Ij−1,n)

6
C3

π1+αn

n
∑

j=1

1

λ
1+αn−1/p2+1/p2

j

osc(φx, Ij−1,n)

6
C3

π1+αn

( n
∑

j=1

( 1

λ
αn/p+1/p2

j

osc(φx, Ij−1,n)
)p

)1/p( n
∑

j=1

λ
−q−αn+q/p2

j

)1/q

=
C3

π1+αn

( n−1
∑

j=0

1

λ
αn+1/p
j+1

(osc(φx, Ij,n))p

)1/p( n
∑

j=1

1

λ
1+αn+1/p
j

)1/q

.

Therefore, from (4.4) and (4.7), we have

(4.8) π(I2 + I3) 6
(

2αn+1/pC2 +
C3

π1+αn

)

( n
∑

j=0

1

λ
αn+1/p
j+1

(osc(φx, Ij,n))p

)1/p

×

( n
∑

j=1

1

λ
1+αn+1/p
j

)1/q

.
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Now, we define a0 = 0 and aj = V p
p (φx, [0, λj,n]), j = 1, 2, . . . , n + 1. First for

p > 1, we clearly have

osc(φx, Ij,n)p +

j−1
∑

i=0

osc(φx, Ij,n)p 6 aj+1 =⇒ osc(φx, Ij,n)p + aj 6 aj+1

=⇒ osc(φx, Ij,n)p 6 aj+1 − aj .

Now, using partial summation formula, we have

n
∑

j=0

1

λ
1/p+αn

j+1

osc(φx, Ij,n)p 6

n
∑

j=0

1

λ
1/p+αn

j+1

(aj+1 − aj)

=

n−1
∑

j=0

( 1

λ
1/p+αn

j+1

−
1

λ
1/p+αn

j+2

)

aj+1 +
1

λ
1/p+αn

n+1

an+1.

Since 1/p > α and the function V p
p (φx, [0, t]) is nondecreasing for t ∈ [0, π], we have

1

1/p + αn

n−1
∑

j=0

( 1

λ
1/p+αn

j+1

−
1

λ
1/p+αn

j+2

)

aj+1 =

n−1
∑

j=0

aj+1

∫ λj+2

λj+1

1

t1+1/p+αn
dt

6

n−1
∑

j=0

∫ λj+2

λj+1

1

t1+1/p+αn
V p

p

(

φx,
[

0,
tπ

λn+1

])

dt

=

∫ λn+1

1

1

t1+1/p+αn
V p

p

(

φx,
[

0,
tπ

λn+1

])

dt.

Now, changing variable t by λn+1/s, we have t → 1 ⇐⇒ s → λn+1, t → λn+1 ⇐⇒
s → 1, and dt

ds = (−1)λn+1/s2. Therefore

λ
1/p+αn

n+1

∫ λn+1

1

1

t1+1/p+αn
V p

p

(

φx,
[

0,
tπ

λn+1

])

dt

= λ
1/p+αn

n+1

∫ 1

λn+1

( s

λn+1

)1+1/p+αn

V p
p

(

φx,
[

0,
π

s

])

(−1)
(λn+1

s2

)

ds

=

n
∑

j=1

∫ λj+1

λj

V p
p

(

φx,
[

0,
π

s

])( 1

s1/q−αn

)

ds

6

n
∑

j=1

1

λ
1/q−αn

j

V p
p

(

φx,
[

0,
π

λj

])

∫ λj+1

λj

ds

6

n
∑

j=1

1

λ
1/q−αn

j

V p
p

(

φx,
[

0,
π

λj

])

.

Also,

(4.9)
1

λ
1/p+αn

n+1

an+1 6
1

λ
1/p+α
n+1

n
∑

j=1

1

λ
1/q−αn

j

V p
p

(

φx,
[

0,
π

λj

])

.
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Therefore, from (4.8)–(4.9), we have

|I2 + I3| 6

(

1 + 1/p + αn

λ
1/p+αn

n+1

n
∑

j=1

1

λ
1/q−αn

j

V p
p

(

φx,
[

0,
π

λj

])

)1/p

(4.10)

×
(2αn+1/p

π
C2 +

1

π2+αn
C3

)

( n
∑

j=1

1

λ
1+αn+1/p
j

)1/q

and also

(4.11) Vp

(

φx,
[

0,
π

λn+1

]

)

6 C1

(

(1 + 1/p + αn)

λ
1/p+αn

n+1

n
∑

j=1

1

λ
1/q−αn

j

V p
p

(

φx,
[

0,
π

λj

])

)1/p

×

( n
∑

j=1

1

λ
1+αn+1/p
j

)1/q

,

where C1 is positive constant.
Therefore, from (4.1), (4.2), (4.10), and (4.11), we have (3.1). �
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