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GENERALIZED ABSOLUTE
MATRIX SUMMABILITY FACTORS

Hikmet Seyhan Ozarslan and Bagdagiil Kartal Erdogan

ABSTRACT. We generalize a theorem dealing with absolute summability
factors of an infinite series to absolute matrix summability under weaker
conditions by using an almost increasing sequence.

1. Introduction

Let (pn) be a sequence of positive numbers such that P, = > I"_,p, — 00 as
n— oo, (P_;=p_;=0,i>1). Let >_a, be a given infinite series with the partial
sums (s,,) and A = (an,) be a normal matrix, i.e., a lower triangular matrix of non-
zero diagonal entries. Then A defines the sequence-to-sequence transformation,
mapping the sequence s = (s,) to As = (An(s)), where A,(s) = >0'_ anvSu,
n=0,1,... Let (p,) be any sequence of positive real numbers. The series > a,, is
said to be summable ¢ — |A; 8|k, k > 1 and § > 0, if (see [11])

DA A(s) = A (5)]F < oo,
n=1

If we take § = 0 and ¢, = 5—", then ¢ — |A;d|; summability reduces to |A, py, |k
summability [18]. If we take ¢,, = n for all values of n, then ¢ —|A; d|; summability

reduces to |A4; §|, summability [10]. Also, if we take § = 0, ¢, = % and an, = %‘;,

then we get |N,pn|r summability [2]. Furthermore, if we take § = 0, ¢, = n,
Uny = B and p,, = 1 for all values of n, then ¢ — |A;d[; summability reduces to
|C, 1| summability [4].

2. Known result

In [3], Bor has proved the following theorem dealing with absolute Riesz summa-
bility of an infinite series.
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78 OZARSLAN AND ERDOGAN
THEOREM 2.1. Let (py,) be a sequence of positive numbers such that
P, =O(np,) as n— oo.

If (X,,) is a positive monotonic non-decreasing sequence such that

(2.1) A | Xm =O0(1) as m — oo,
(2.2) D nXa|A’X\|=0(1) as m o0
n=1
S Pn ko
F|tn| =0(Xmm) as m — oo,
n=1""

where A%\, = A(AN,), ANy = Ay — g1 and t, = n+r1 > oo, vay, then the series
S anAn is summable [N, pp|p, k > 1.

3. Main result

Some different works on absolute matrix summability methods have been done
[BH7,12H15L[17]. The purpose of this article is to generalize Theorem [ZT] by us-
ing an almost increasing sequence instead of a positive monotonic non-decreasing
sequence. Before giving general theorem, let us mention the definition of almost
increasing sequence and some further notations. A positive sequence (b,,) is said
to be almost increasing if there exist a positive increasing sequence (c¢,) and two
positive constants K and M such that K¢, < b, < M¢, [d].

Let A = (apn,) be a normal matrix, two lower semimatrices A= (@ny) and
A = (Gny) as follows:

n
(3.1) Opy = E Gniy My, =0,1,...,
1=v
(3.2) Gpo = Qoo = A0y Gno = Gny — Gn-1,0, N =1,2,...,

(3.3) An(s) = zn:am,sv = i T AAn(s) = zn:&,wav.
v=0 v=0 v=0

THEOREM 3.1. Let A = (any) be a positive normal matriz such that

(3.4) =1, n=01,...,
(3.5) p—1p = Gny, for n>=v+1,
(3.6) nn = o(%ﬁ),
(3.7) |, v+1] = OV Ay (@no)l),
m+1
(3.8) Z ‘szk|Av(&nv)| = O(Sﬁgkil) as  m — o0,

n=v+1



GENERALIZED ABSOLUTE MATRIX SUMMABILITY FACTORS 79

where Ay (dny) = Gny — Gno+1- Let (X,,) be an almost increasing sequence and

©npn = O(Py,). If conditions 1), (Z2) of Theorem [Z1] and

(3.9) Z k=1t |* = O0(X,,) as m— oo

are satisfied, then the series | an\, is summable o—|A; 8|k, k > 1 and0 < 6 < 1/k.

LEMMA 3.1.[9] If (X,,) is an almost increasing sequence, then under the con-

ditions 210 and [22), we have

(3.10) nXp | AN, |=0(1) as n— oo,
(3.11) > Xn | AN, < 0.
n=1

PRrOOF OF THEOREM Bl Let (T},) denotes A-transform of the series > apAy.
Then, by 33]), we have AT, = > @Ay = D0y “"’;j)‘ va,. Applying Abel’s

transformation, we have
n—1 ~ v N n
A C"’77/'UA'U ann)\n
AT, E AU( E ra, + —— g ra,
n
v=1 r=1 r=1

n—1
n+1 v+1
nn)\ t AU Anv )\UtU
ata + 3 LA i)

v=1
n—1 n—1
v+1, . ty
+ Z v an,v-i—lA)\Ut'u + Z an,v—i—l)\v-l-l?
v=1 v=1

= 4in,1 + Tn,2 + Tn,3 + Tn,4-

For the proof of Theorem [3.I by Minkowski’s inequality, it is sufficient to show
that > 02 | @ok+h=1 | T, |F< oo, for i = 1,2,3,4. First, using (B8], we get

ZSQSkJrk 1|T Z Sk+k—1 k |/\n|k|tn|k
Z Ok+k— 1( ) |)\ |k 1|)\ ||t |k

Now, using condition (ZT]) and the fact that (X,,) is an almost increasing sequence,
we obtain that |\,|*~! = O(1). Also, using Abel’s transformation, we have

Z(,D(%Jrk 1|Tn,1|k Z(pzik 1|)\n||tn|k
n=1

m—1 n
DY AN e ]t + o) IAWIZwi’“ Htal®.
v=1

n=1

3
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Thus, we get
m—1
Z STl = 0(1) Y 1AA X + O(1) A X = O(1) a5 m — o0,
n=1

by ng% GIIID7¢ZID' ’
Applying Holder’s inequality with indices k and k', where k > 1 and %—i—% =1,
we get

m—+1 m—+1

n—1 k—1
> AT = 0 3 ol 1(Z|A DAl |k) (va(amﬂ) |
v=1

n=2
Here, we have
Av (anv) = Qpy — Qnv+1
= Qpy — afnfl,v - afn,erl + afnfl,qul
= Qnv — An—1,v,

by 82) and I)). Thus BH), BI) and F4) imply

n—1 n—1
(312) Z |Av(&n7j)| = Z(anfl,v - anv) S
v=1 v=1
Hence, using (312), (3.8) and B3), we get
m+1 m+1 n—1
2 e T (1) 3 ¢ 3 1Al Aol
v=1
m—+1
1)Z|/\U|k|tv|k Z cpfzk|Av(anv)|
v=1 n=v+1

m
1) Z ‘ng_ll)‘v||tv|k-

Then, as in Ty 1, we get S0 @Ok+k=1|T, o1k = O(1) as m — oo. Now, using
condition [B7) and Holder’s inequality, we get

m—+1 m—+1 n—1 k
> A Talf= 01) 3 o (Dol @180
n=2 n=2 v=1
m—+1 n—1 n—1 k—1
(03 o (Dl A ) )(DAU on)l)
n=2 v=1
Then,
m+1 m+1 n—1
Z 506k+k " Z 50 |A>‘v|)k|tv|k|Av(anv)|
v= 1

m—+1

:0(1)2(U|A/\v|)k|tv|k Z ‘szk|Av(anv)|

n=v+1
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by using (E12), ().
Now, again using the fact that (
condition (ZI0), we have (v|A),])*

m—+1

Zgo‘””k 1|Tn13|k ZSQ(% 1’U|A/\ﬂ||tv|k.

81
n) is an almost increasing sequence and the

= O(1), and also using (B3)), we obtain

Here, using Abel’s transformation, we have

m—+1

m—1 v m
Z (pék-‘rk 1|T"73|k _ 0(1) Z A(’U|A)\U|) Z(pik—l‘tTVC + O(l)m‘A)\m| Z(pgk_”tv‘k'
v=1 r=1 v=1
Then, we get
m—+1 m—1 m—1
ST AT, 5F = 0(1) 30X AN+ 0(1) D7 |AN X, + O1)m| AN, [ X
n=2 v=1 v=1

=0(1) as m — oo,

by (B:g)’ ([ZZ)» (B:EID’ m

Finally, again using Holder’s inequality, and conditions (377), (312) and (3.6),
we get

m—+1 m+l r
Z (Pflk+k_1‘Tn,4|k Z (,96k+k 1(2 ‘A ||/\v+1Ht ‘)
n=2
m+1 ! A
Z POk th 1(2@ BIPELTS |k><Z\AU(&nv)|)
v=1
m+1 n—1
)3 o X vt Do
Then,
m+1 m e
D Tl = OM) 3 Ponalitel* 30 @08 (i)
n=2 = n=vtl
Z‘Pék 1|)‘v+1||tv|k
by using [B.8).

Then, as in T, 1, we have

m+1

Z s05k+k 1 |k

Hence, the proof of Theorem [3.1]is completed.

O(1) as m — oo.
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4. Conclusions

In the special case, when we take (X,,) as a positive monotonic non-decreasing
sequence, d = 0 and ¢,, = 5—", then we get a theorem dealing with |A, p,|r summa-

bility (see [16]). If we take (X,,) as a positive monotonic non-decreasing sequence,

0=0,p, = 5—" and an, = &=, then we get Theorem 2Tl Also, if we take (X,,) as a
positive monotonic non-decreasing sequence, § = 0, @, = n, ap, = %> and p, =1

for all values of n, then we get a theorem about |C, 1|, summability of an infinite
series (see [8]).
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