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CERTAIN CURVATURE CONDITIONS ON
RIEMANNIAN MANIFOLDS ADMITTING
THE SPACE MATTER TENSOR

Fusun Nurcan, Sanjib Kumar Jana, and Bijita Biswas

ABSTRACT. We extend the work applied to Einstein spaces by A.Z. Petrov to
some spaces that can be considered as modified forms of this space. For this
purpose, the first study which was done on the quasi Einstein manifold con-
tinued with the generalized quasi-Einstein and the pseudo generalized quasi-
Einstein manifolds in this article and our evidences are supported by several
examples in the last section.

1. Introduction

In 1949, the celebrated theorem [4] showing the existence of three types of
Einstein space with signature (—, —, —, +) and the corresponding three canonical
forms were established. During this study, the gravitation fields are classified on the
basis of the algebraic structures of the space-matter tensor. A. Z. Petrov proposed
and studied a (0,4) tensor field P as follows:

(1.1) P:R+§(gAT)—aG.

Here R, T', o and k denote respectively the Riemann curvature tensor, the energy-
momentum tensor, the energy density and a cosmological constant. g A T is the
well-known Kulkarni-Nomizu product of two (0,2) tensors g and 7. The (0,4)
tensor G is given by

G(Vla ‘/2) ‘/3) V4) = g(Vla V4)g(‘/2) ‘/3) - g(Vla ‘/3)9(‘/2) V4)
for all V1, Vs, V3, Vy € x(M), the Lie-algebra of smooth vector fields on M. The

(0,4) type tensor P is called the space-matter tensor (SMT) of M.
Einstein’s field equation (EFE) having cosmological constant A is presented by

(1.2) KT =5+ (A= 5)g,
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98 NURCAN, JANA, AND BISWAS

where as usual r denotes the curvature scalar and S stands for the Ricci tensor.
Then (L)) changes into

(1.3) P:R—(o—)\ng)GJr%(g/\S),

by virtue of (2.
If T is of Codazzi type and o is constant in our manifold, then the SMT satisfies
the second Bianchi identity [3] i.e.,

(VxP)(U1,U,Us,Us) + (Vu, P)(Uz, X,Us,Uy) + (Vu, P)(X,U,Us, Uy) = 0.

In Section 2 we deal with several characteristics of SMT satisfying different
curvature conditions on the Riemannian manifolds.

In 2001 Chaki introduced the notion of generalized quasi Einstein manifolds [1].
A Riemannian manifold of dimension greater than three is defined to be generalized
quasi-Einstein manifold iff its Ricci tensor S is non-zero and satisfies the relation

(1.4) (X1, X2) = 119(X1, X2) +720(X1)0(X2) +73[0(X1)v(X2) + v(X1)9(X2)],

where 1, v2(# 0), 73 are scalars and ¥, v are (non-zero) 1-forms such that 9(X;) =
g(s3, X1), v(X1) = g(s4, X1) for all X7 and g3, ¢4 are the unit vector fields. This class
of manifolds is classified by the symbol G(QFE),,. The significance of a G(QF),, rests
in the fact that such a four dimensional semi Riemannian manifold is applicable to
the study of a general relativistic fluid spacetime admitting heat flux [5], where ¢3
is taken as the velocity vector field of the fluid and ¢4 is considered as the heat flux
vector field.

Further the notion of G(QFE), was generalized by Shaikh and Jana [6]. A
Riemannian manifold of dimension greater than three is called a pseudo generalized
quasi-Einstein manifold [6] if S is non-zero and it satisfies

(1.5) S(X1, Xa) = 019(X1, Xo)+02H (X1)H(X2)+03F(X1)F(X3)+64D(X1, Xa).

Here 41, 02, 03, d4 are non-zero scalars and H, F' are (non-zero) 1-forms such that
H(X)=9(s,X), F(X) = g(ss,X) for all X and g5, ¢¢ are unit vector fields; D is
a symmetric (0,2) tensor with zero trace such that D(s5, X) = 0 for all X. Such
type of manifold of dimension n is denoted by P(GQE),. The significance of a
P(GQE), lies in the fact that such a four dimensional semi Riemannian manifold
is applicable to the study of a general relativistic fluid spacetime admitting heat
flux and admitting EFE [6], where ¢ is taken as the velocity vector field of the
fluid, ¢ is considered as the heat flux vector field and D is taken as the anisotropic
pressure of the fluid.

Sections [B] and M deal with generalized quasi Einstein manifolds and pseudo
generalized quasi Einstein manifolds with SMT respectively. Some interesting ex-
amples are given in the last section.
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2. Preliminaries

Here we refer to some basic properties of P under certain curvature conditions.
Let {e1,ea,...,en} be an orthonormal frame field on M. Then we have

n

S(X1, X2) = 9(QX1, X2) = Z (€a, X1, X2, €q),

Here @ is the symmetric endomorphlsm related to S.
Let us discuss on Riemannian manifolds admitting different restrictions on the
space-matter tensor.

2.1. Vanishing SMT. Let M be of dimension at least three. If P vanishes
identically, then (L3]) reduces to

(2.1) R:(af/\Jr )Gf—(g/\S)
Contracting (Z1)) we get
r
nS+Tg+2(/\f§ 70)(7171)9:0.

Further contraction of the last relation leads to the following relation

_2(n—1) Y
(2.2) 7= 7@ =3 (A ).

Thus we have the following:

LEMMA 2.1. In a Riemannian manifold with dimension greater than three if
SMT vanishes then the scalar curvature takes the form ([2.2).

2.2. Symmetric SMT. If P is symmetric in a Riemannian manifold of di-
mension greater than three, then we know that

(2.3) VP =0.

Covariant differentiation of (I3]) and then use of (Z3)) yields

(2.4) 2(VxR)(Y,Z,UV)+g(Z,U)(VxS)(Y,V)+ g, V)(VxS)(Z,U)
—9(Z,V)(VxS)(Y,U) —g(Y, U)(VxS5)(Z,V)
—2[do(X) + %dr(X)]G(Y, Z,U,V)=0.

Contracting (Z4]) over V' and Y, one obtains

(2.5) n(VxS)(Z,U)—g(Z,U){2(n—1)do(X)+ (n —2)dr(X)} = 0.

Putting Z = e, = U in ([Z3) and then taking sum over a, we find

(2.6) 2(n — 1)do(X) + (n — 3)dr(X) =0.
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Further contraction of ([ZH) over X and U yields
(2.7) 2(n—1)do(Z) + (n —4)dr(Z) = 0.
By the virtue of (Z.6]) and (2.7, it follows

(2.8) do(X)=0=dr(X)
for all X € x(M). Again using (Z.8) in (Z3]), we have
(2.9) VS =0.

Finally using (Z.8) and (2.9) in (24]), we obtain
(2.10) VR =0.

If (2I0) holds, then the relations (Z9) and (2.8)) also hold and consequently differ-
entiating (3] covariantly we obtain

(2.11) (VxP)=—do(X) oG,
using (Z8) and 23). Thus it leads to the following:

LEMMA 2.2. In a Riemannian manifold with dimension greater than three if
SMT is symmetric then the relation (2ZI1I) holds.

2.3. Recurrent SMT. In a Riemannian manifold of dimension greater than
three admitting EFE we consider that the SMT is recurrent VP = L o P, where L
is the (non-zero) 1-form of recurrence. By using the relations [2] (8)—(10)] and by
performing some calculations, we find

(2.12) r= 2(:7:31)()\ — o), since L #0.
Further contraction of [2], (9)] over X and U yields

(n—4)dr(Z) —4(n — 1)do(Z) =2[(n — 2)r +2(n — 1)(c — N\)]L(Z) — 2nL(QZ),
which gives

(2.13) mL(QZ)=rL(Z)+dr(Z)+6(n—1)do(Z) forall Z e x(M),

by the virtue of [2] (10)]. By using the relation [2], (7)] in [2] (5)] and after some
calculations, we get

2n

where 79 = (n — 1)[2(n — 2)(A — o) — (n — 4)r] and ¢g(X, p) = L(X), by virtue of
(2I3). Thus we have the following:

(2.14) L(QZ) = 22 L(Z), which yields S(Z,p) = ;—Og(Z, o),
n

LEMMA 2.3. In a Riemannian manifold with dimension as greater than three,
admitting EFE and having recurrent SMT, the Ricci tensor satisfies the relation

1.
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2.4. Weakly symmetric SMT. We assume that the SMT in a Riemannian
manifold of dimension greater than three admitting EFE, is weakly symmetric [7]
in nature. Then there exist three 1-forms A;, A; and Az (non-zero simultaneously)
such that the following relation holds:

(2.15) (VxP)Y,Z,UV)=A(X)P(Y,Z,UV)+ A(Y)P(X, Z,U,V)
+ A(Z)P(Y, X, U, V)+ As(U)P(Y, Z, X, V)
+ As(V)P(Y, Z,U, X).

Here p1, p2, p3 be metrically equivalent to Ay, As, Az respectively.

Contracting Y and V on (ZI5)) and using [2] (4)], we have
-1

(2.16) Ha(QX) = -~

[(n —4)r +2(n = 2)(c — A)|H2(X),
which gives
(2.17) S(X, 1) =rig(X, ),

where 1 = 2=1[(n — 2)(A — o) — 25%] and g(X,72) = H2(X) = (A2 — A3)(X) for

every X. So we have the following:

LEMMA 2.4. In a Riemannian manifold with dimension as greater than three,
admitting FFE and having weakly symmetric SMT, the Ricci tensor satisfies rela-

tion (ZI7).
3. Generalized quasi-Einstein manifold possessing SMT

In the present section we deal with generalized quasi-Einstein manifold [1],
with SMT having certain curvature restrictions.

From (L4) it follows that
(3.1) S(szis3) =7 +72, Ssa,a) =m,  S(cs,64) =73
If possible let P = 0 in the considered manifold. Then by the virtue of (L4, the
relation (2] reduces to
(3.2) R:[U—A—l—%—m}G—%g/\ﬁ'—%g/\u',

where 19/(X1,X2) = 19(X1)19(X2) and V/(Xl,XQ) = 19(X1)V(X2) + V(Xl)ig(XQ)
Taking contraction of ([B.2)), we have

(3.3) S(X1,X2) = [(n — 1)(0 - A+ g — 71) - %(vg +73)}9(X1,X2)
n—2
2

[’)Qﬂl(Xl, XQ) + 73I/I(X1, XQ)]
Replacing X7 and X5 by ¢3 in (B3), we get

(34) Sl =m-D(o-A+s—m) -0+~

2 ) V2-
Again replacing both X; and X3 by ¢ in (8.3]), we find
r 1
(3.5) Sty ) = (n—l)(o—)\+§ —m) - S ).
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Now using B1)), (34) and @5, we get v2 = 0, which is not possible. Hence we
state the following:

THEOREM 3.1. The SMT never vanishes in a G(QE)y (n > 3) admitting EFE,
if v2 # 0.

From (2.2 we obtain
(3.6) 2(n—=1)(c =N+ (n—=3)(ny1 +72) =0,
by the virtue of (I4). Hence we have the following:

THEOREM 3.2. o, A, 1, V2 are connected by the relation B8) in a G(QE),
(n > 3) admitting EFE and non-vanishing SMT.

Using (IL4) and (Z.8), we get ndyi(X) + dy2(X) =0 for all X. Due to the
arbitrariness of X, this relation gives

(3.7) ngrady; + gradye = 0,
which leads to the following:

THEOREM 3.3. 1 and 2 are connected by B.1) in a G(QE), (n > 3) admitting
EFFE and symmetric SMT.

Putting X = p in [2], (10)], we get
(38)  (n—3)ndn(p) +dva(p) — nm — ] +2(n — Dldor(p) — o+ A] = 0.
Hence we get the following:

THEOREM 3.4. p, o, A\, 71, V2 are connected by BA) in a G(QE), (n > 3)
admitting EFE and recurrent SMT.

In view of (IL4)), we find that
(3.9) n=3)nm +y2)+2(n—1)(c—A) =0
from ([ZI2)). We now get the following:

THEOREM 3.5. If v1, v2 and o are constants in a G(QE), (n > 3) admitting
EFE and recurrent SMT, then they are connected by (B9).

Using (L4), the equation [ZI4) can be converted into the following relation
L(QZ):TQL(Z)v i e, S(Zap):TQQ(va)v
where ry = 2=L[(n — 2)(A — o) — Z5%(n7y; + 72)]. This gives the following:
THEOREM 3.6. If T is of Codazzi type in a G(QE), (n > 3) admitting EFE
and recurrent SMT, then o is an eigen value of S with respect to the eigen vector
p, defined by g(X, p) = L(X), provided that o is constant.

Applying (L) in (ZI6]), we find
Hy(QX) =r3Ha(X), 1 e, S(X,72)=r39(X,m),

where r3 = 2Z=L[(n — 2)(A — o) — 252 (ny1 + 72)] and Hy(X) = g(72, X) = (A2 —
A3)(X) for all X. Hence we have the following:
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THEOREM 3.7. r3 is an eigen value of S with respect to the eigen vector 1o in
a G(QE), (n > 3) admitting EFE and weakly symmetric SMT.

Now applying (ZI6), (I4) and [2] (21)], we get
(n? —2n — D) ndy(X) + dy2(X)] +2(n — 1)(n + 2)do(X)
=[(n* —=n —4)(nm +2) + (n = 1)(n +2)(0 — X H3(X) — 2nH5(QX),
where H3(X) = g(13,X) = (41 + A2 + A3)(X) for all X. Now if 71, 72 and o are

constants, then we have

H3(QX) = %[(n2 —n—4) (7 +72) + (n—1)(n + 2)(0 — M| Hz(X),

from the above relation, i.e.,
S(X,75) = 5-[0% =~ ) +72) + (n 4+ 2~ (o~ V]g(X, 7).
Again performing (ZI0), (L4) and [2] (21)], we get
(n? —dn + 4)[(ndy, + dy)(X)] +2(n — 1)(n — 2)do(X)
=2nHy(QX) + (n — 1)[(n — 4)(nm1 +72) + 2(n — 2)(0 — A) | H4(X),

where Hy(X) = g(14,X) = (A1 — Ay — A3)(X) for all X. If 71, 72 and o are
constants, then we also get, from the above relation,

Hy(QX)=r Hy(X), ie., S(X,7q)=r49(X, 1),
where r4 = %L1[2(n — 2)(\ — o) — (n — 4)(ny1 + 12)]. So it leads towards the

2n
following theorem:

THEOREM 3.8. If o is constant in a G(QE), (n > 3) admitting EFE and
weakly symmetric SMT, then rs and ry are the eigen values of S corresponding to
the eigen vectors T3 and T4 respectively, provided ~y1, o are constants.

4. Pseudo generalized quasi-Einstein manifolds possessing SMT

The section studies with pseudo generalized quasi-Einstein manifolds with SMT
satisfying some curvature restrictions.
Now from (LEH]) we have

(4.1)  S(ss,65) =01+ 02, S(S6,%6) =01 + 03 + 04D (s6,56), S(s5,%) = 0.
By virtue of (LH), 1) becomes the following
0o )
RgANH — BgAF —2gAD
59 A 59 A 29 AND,
where HI(Xl,XQ) = H(Xl)H(XQ) and FI(Xl,XQ) = F(Xl)F(XQ) for all Xl, X2.
Contracting ([@.2]), we have

5
(4.2) R:[af/\Jrgfél}Gf 5

(4.3) S(Z,U) = [(n= 1o =X+ —a) - 9(2.U)

2
[0,H'(Z,U) + 63F'(Z,U) + 64D(Z,U)].

02 + 63
2

n—2
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Setting Z = ¢5 = U in ([@3), we get

1 -2
(4.4) S(§5,§5):(nf1)(07)\+gf51)7§(52+53)7 (n )62.
Further setting Z = ¢ = U in (&3)), we get
1 -2
(49) () = (0100 =X 5 =00 = 5000 0) = 5 o Dl o)

Using (&) in (£4) and ([&3), we have S(c5,¢5) = 01 + d2 = S(5,6)-

THEOREM 4.1. The scalar 61+ 2 is the Ricci curvature in the directions of both
the generators s and s in a P(GQE), (n > 3) admitting EFE and vanishing SMT.

In view of (L), [22) reduces to the following equation
n—3

(4.6) (n—1(c— N+ (nd1 + 62 + 03) = 0.
Thus we get:

THEOREM 4.2. 0, A, 01, 62 and 03 are related by (LQ) in o« P(GQE), (n > 3)
admitting EFE and vanishing SMT.

In view of (LA, [Z]) reduces to d(nd; + d2 + J3)(X) = 0 for each X. Since X
is arbitrary, from the above relation, we have

(4.7) ngrad d; + grad do + grad 3 = 0,
which leads to the following:

THEOREM 4.3. 01, d2 and 03 are connected by the relation (&) in a P(GQE),
(n > 3) admitting EFE and symmetric SMT.

Putting X = p in [2] (10)], we get
(4.8) (n—3)d(ndy + d2 + 83)(p) +2(n — 1)[do(p) — o + A]
= (n — 3)(71(51 + 89 + 53)
So we have the following:

THEOREM 4.4. p, 0, A, §1, d2 and 03 are connected by the relation [3]), in a
P(GQE),, (n > 3) admitting EFE as well as recurrent SMT.

In the view of (LH), (ZI2) is reduced to the following form
(4.9) (n—3)(ndy 4+ d2 4+ d3) + 2(n — 1)(c — A) = 0.
This calculation directs to

THEOREM 4.5. If 01, 02, 03 and o are constants in a P(GQE), (n > 3) ad-
mitting EFE and recurrent SMT, then they are related by the relation (£3]).
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By the virtue of (ILH]), ZI4) changes into the following form

L(QZ) =

which implies

n—1

—[2(n = 2)(A = o) = (n — 4)(nd1 + 02 + 83)1L(2),

n— n—4

S(Z,p) =

1[(% 2\ — o) — (nd1 + 8 +53)}g(Z, 0).

This gives the following:

THEOREM 4.6. If T is of Codazzi type in a P(GQE),, (n > 3) admitting EFE
and recurrent SMT, then (712—;1) 2(n—2)(A—0) — (n—4)(nd1 + 02 + J3)] is an eigen
value of S with respect to the eigen vector p, defined by g(p, X) = L(X), for all X,
provided that o is constant.

In view of (A), (Z.I6) reduces to the following:
n—1 [n —4

Hy(QX) = —

which implies

(nd1 + 85 + 83) + (n — 2)(0 — A)} Hy(X),

n—1 —4

S(X,Tg) =

n
[(n—Q)()\—o)— (ndy +52+53)}9(X,T2),
where Hy(X) = g(X, 1) = (A2—A3)(X) for all X. Hence it directs to the following:

THEOREM 4.7. S possesses an eigen value "= [(n—2)(A—0)— 252 (nd1+062+63)]
corresponding to the eigen vector 1o in a P(GQE),, (n > 3) equipped with EFE and
weakly symmetric SMT.

In view of (2I6), (I5) and [2] (21)], we get
(n* — 2n — 4)[ndéy (X) + doo(X) + do3(X)] + 2(n — 1)(n + 2)do(X)
=[(n® —n —4)(ndy + 52+ 63) + (n — 1)(n + 2)(0 — N)]H3(X) — 2nH3(QX),
where H3(X) = g(X,m3) = (A+ B+ E)(X) for all X. If ¢1, d2, d3 and o are

constants, then from the above we have

H3(QX) = %W — = 4)(ndy + 03 + 83) + (n? — 3n + 2)(0 — \)|Hs(X),

which gives
S(X,m3) = %[(n2 —n—4)(nd; + 02+ 03) + (n — 1)(n+2)(c — N)]g(X, 73).

Again by (ZI6), (LH) and [2] (21)], we get
(n?® — 4n + 4)d(ndy + 02 + 63)(X) + 2(n — 1)(n — 2)do(X)
— 9HL(QX) + (n — D[(n — 4)(ndy + 6> + 85) + 2(n — 2)(0 — NJHa(X),
where Hy(X) = g(74,X) = (A1 — Ay — A3)(X) for all X. If 01, 2, d5 and o are

constants, then we get from the above relation

Hy(QX)

7n—1
2

2(n —2)(A—0) — (n —4)(ndy + da + 03)|Ha(X),
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which implies
n—1
S(X;ma) = T[Q(” —2)(A—0) — (n—4)(ndy + 92 + 03)]g(X, 74).
Hence we have the following:

THEOREM 4.8. In a P(GQE),, (n > 3) satisfying EFE and weakly symmetric
SMT, then 53=[(n®> —n —4)(ndy + 62 + &3) + (n — 1)(n + 2)(c — A)] and S2[2(n —
2)A = 0) — (n —4)(nd1 + d2 + 3)] are eigen values of S attached with the eigen
vectors T3 and T4, respectively, provided that o, 01, d2 and J3 are constants.

5. Some illustrative examples

Let us deal with various examples of Riemannian manifolds satisfying EFE and
SMT satisfying certain curvature restrictions.

EXAMPLE 5.1. Let M* be R* with coordinates (x%), i = 1,...,4 and be en-
dowed with the Riemannian metric
(5.1) ds® = gijdz"da?

where g1 = e’ = 933, 922 = 1, gaa = 4 and g;; = 0, otherwise. Thus only
non-zero components of R, S and the curvature scalar are given by

2 2
(5.2) Rigiz = —€®® = Rasa3, Riziz = —e**;
' Sll = 2@2z2 = 533, 522 = 2; r=06.

To verify that M* is a G(QFE), we consider the 1-forms 9, v and the scalars 1, 72,
3 as follows:

(5.3) 191-:{4 fori =14 Vi:{l fori=4

0 otherwise, 0 otherwise,

(5.4) Y1=2; yw=-2 =3
Accordingly (L4 is reduced to
(5.5) Sii = 119ii + V299 + 2y39,;v;,  for all possible 1.

By virtue of (BI)—(E4), it follows that r.h.s. of (&0 = 2g;;—29;0;+69,v; = 2¢27° —

Lh.s. of (B3] for ¢ = 1. Putting similar arguments it can be shown that the relation

(5.5) holds for the remaining values of i. So M* with considered g is a G(QE)4.
Now, considering o as a constant, we calculate the (non-vanishing) components

of SMT.
222 422
Pioo1 =e ()‘ - U) = P2332a Pi331 =€ ()\ — a’),
Pus =A4¢* (=2 + X —0) = —Paza, Paasz =4(—2+ X —0)

and its covariant derivatives Pp;jr,; = 0 for all h, 4, j, k,I. Also it can be calculated
that Rpsjr,; = 0 for all h,4,5,k,1 =1,2,3,4. Therefore here M* is symmetric also.
Hence we have the theorem as follows:
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THEOREM 5.1. The smooth manifold (M*,g) admitting EFE and symmetric
SMT and equipped with the Riemannian metric given in (B0 is a G(QE)4 with
non-vanishing curvature scalar. It is also a symmetric manifold.

EXAMPLE 5.2. Let M* = R* with coordinates(z?), i = 1,...,4 be endowed
with the Riemannian metric
(5.6) ds* = e””l(clacl)2 + e (da?)? + e2ll(d$3)2 + e (dzh)?.

To verify that the manifold under consideration is a G(QF)4, we take the 1-forms
¥, v and the scalars 71, 72, 3 as follows:

~1 fori=1 e —1 -
(5.7) 9; = or % ' Vi = 5 fori=1
0 otherwise, 0 otherwise,
1
e 7 gl !
(5.8) N=Tg pEoet; m=e
Thus (L4) is reduced to the following equations
(5.9) Sii = 1gii + 7200 + 2730w, i€ {1,2,3,4}.

By virtue of (58), (5.7), (58)), it can be proved that (5.9) is true. Therefore M*
with the considered metric ¢ in (5.0) is a G(QFE)4. We take o = A (a constant) and
consider L as follows:

0 -1, i=1
5.10 o(LY=r,=! "
( ) ( oxt ) { 0 otherwise.

Calculating the non-zero components of SMT and its covariant derivatives, the va-
lidity of the following relations with the 1-form given by (5.I0]) can be checked easily:

Pij1510 = L1iPij1y,  Pikje,1 = L1 Pjkjk,
where j and k run from 2 to 4 and j # k. Thus we have

THEOREM 5.2. The smooth manifold (M*,g) admitting EFE and recurrent
SMT and equipped with the Riemannian metric given in (5.6) is a G(QE)4 with
non-vanishing curvature scalar and such that o = A.

EXAMPLE 5.3. Let M* be R* with coordinates (x%), i = 1,...,4 and be en-
dowed with the Riemannian metric

(5.11) ds® = g;;dz"da?

where g11 = e = g22 = g33 = gaa and g;; = 0, otherwise. Let us consider the
1-forms ¢, v and the scalars 71, 72, 3 as follows:

1. i=1 e 1
19( 8-):191': e V( a'):w: o =l
Oxt 0 otherwise, Ox! 0 otherwise,

72x1, 7211_ —og!
ey =2 3 =Tem

=2
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With these considerations it can be easily shown that M* is a G(QFE)4. Let us take

o=XA—2e"2" 4+ ye%" where v is an arbitrary(non-zero) constant and consider
the 1-forms as follows:

221 .
A(55) - SEe (=1 g0
Ox* 0 otherwise, Ox'

5 #1)
E( ) A
oxt {0

One can check easily find the non-zero components of SMT and its covariant deriva-
tives and also check the validity of the following relations with the above 1-forms:

2 -
B: = —24pe—2xt) i=1
(2 .
0 otherwise,

1=1

i =

otherwise.

Pijij1 = AiPijij + BiPijiy + BjPiy + E1 Py + Ej P,
Pikjk1 = A1 Pk + BjPikjk + BiPjijk + Ei Pijrik + ExPjj,
where j and k run from 2 to 4 and j # k. Hence we have

THEOREM 5.3. The smooth manifold (M*, g) admitting EFE and weakly sym-
metric SMT and equipped with the Riemannian metric given in (BI1) is a G(QE)4
with non-zero curvature scalar and such that o = X\ — 2e=2®" 4 pe=4e’
an arbitrary non-zero constant.

, where v s

EXAMPLE 5.4. Let M* be R* with coordinates (z¢), i
nished with the Riemannian metric

(5.12) ds? = g;jdz'da?

1,...,4 and be fur-

where g11 = 1+ sinz? = ga2 = g33 = gaa, gij = 0, otherwise and sin2? # —1. Let
us consider the 1-forms H, F', a symmetric (0,2) tensor D and the scalars 01, da,
03, 04 as follows:

Nt 2 r=1=7
[3+SIDI ] 2 fori=1 7 for 4 1 J
H, = 3 —2 fori=2=j
0 otherwise, b 124 J
i = — 35 fOI' 7= 3 :j

st o211 o J 28
Fl:{[ﬁTP fori=1 7% fori=4=3j

0 otherwise, 0 otherwise,

1 3 7

01==; dog=03=——; 64==

1 49 2 3 47 4 2

With these considerations it can be easily shown that (M*
taking o as any arbitrary function of 2! only, it can be easily proved that Pp;jr; = 0
for all h,1,j, k,I. Also it can be shown that Rp;jr,; = 0 for all h, 4, j,k,I. Thus our
manifold M* is symmetric. Hence we have

,9) is a P(GQE)4. Now

THEOREM 5.4. The smooth manifold (M*,g) admitting EFE and symmetric
SMT and equipped with the Riemannian metric given in (312) is a P(GQE)4 with
non-zero curvature scalar. It is also a symmetric manifold.
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EXAMPLE 5.5. Let M* be R* with coordinates (%), i = 1,...,4 and be fur-
nished with the Riemannian metric

(5.13) ds® = g;;dz"da?

where g11 = 62:”1, g22 = ezl, 933 = gaa = 1, g;; = 0, otherwise. Also let us consider
the 1-forms H, F, a symmetric (0,2) tensor D and the scalars 01, da, 03, 04 as
follows:

3(673:1 76723:1)

REE R _ Be” —e ™) fori=1=
g [[E= =1 L f _727]_
0 otherwise, b S orr=s=7
o={  3e % T
gt sy 0T L =
Fi = 3 B fori=4=j
0 otherwise, 20 ]
0 otherwise,
—_og! —2zt

e Je )

01 = i 0 =103 =— i g = .

1 1 2 = 03 1 4= 3

With these it can be shown that our (M*,g) is a P(GQE)4. Let us take o = A,
and take the 1-form L as follows:

L( 3l) _L, - -2, fori=1
ox* 0 otherwise

at any point of M. Calculating the non-zero components of SMT and its covariant
derivatives, it can be verified easily the validity of the following relations with the
above 1-forms: Pljlj,l = Llpljlj; ijij = Llpjkjk7 where ] and k run from 2 to
4 and j # k. So the considered manifold is recurrent. Hence we have

THEOREM 5.5. The smooth manifold (M*,g) admitting EFE and recurrent
SMT such that o = X and equipped with the Riemannian metric given in (BI3) is
a P(GQE)4 with non-zero curvature scalar. It is also a recurrent manifold.

EXAMPLE 5.6. Let M* be R* with coordinates (%), i = 1,...,4 and be fur-
nished with the Riemannian metric

(5.14) ds® = g;;dz"da?

where g1 = xQezl, 922 = g33 = gaa = 1, g;; = 0, otherwise and 22 > 0. Let us
suppose the 1-forms H, I’ and the scalars 01, 02, d3, d4 as follows:

H( o )_H_ [3126;1+5}% for i=1 @ fOI‘iZIZj
ox? i 0 otherwise, 5 _4(:012)2 for 1=2=3
—— |=Dij={ —gzzz fori=3=j
BZzeml 5 3 . (axlaaﬂ) J 4(502)2

F(aai):Fi:{[ i8]d o =1 ke forizd=j
v 0 otherwise, 0 otherwise,

1 1 1

0 = ; 0 =03=——5=; 4= —.

PR TP T 2@ Tt 2
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With these choices, our (M4, g) is a P(GQE),. Lastly let us take ¢ = \, and the
1-forms as

<a)_A,_ -2 fori=2 (8)—3-— L fori=2
oxt’ "0 otherwise, ozt ' )0 otherwise,
0 fori=2
E(=)=E,; = o
( Ozt ) 0 otherwise.

One can now easily calculate the non-zero components of SMT and its covariant
derivatives. Also,the validity of the following relations can be verified with the
above 1-forms:

Pijij2 = AsPijij + B1Pojij + BjPio1j + E1Pijoj + EjPijio,
Pijk,2 = Ao Pjijk + BjPoyjr + BiPjoji + E; Piror + Ei Pjrjo.
Hence we have

THEOREM 5.6. The smooth manifold (M*, g) admitting EFE and weakly sym-
metric SMT such that o = X and equipped with the Riemannian metric given in
EI4) is a P(GQE)s with non-zero curvature scalar.

6. Conclusion

We have obtained several interesting results on the basis of purely geometric
view point. For example, there is no mathematical constraint which can force SMT
to vanish identically in case of generalized quasi-Einstein manifolds. We expect
that the results obtained will be useful in studying physical behaviours of different
cosmological models.

Acknowledgement. The authors express their sincere thanks and gratitude
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