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IMPACT OF STRUCTURE VECTOR FIELD
¢&-ON POINTWISE SEMI-SLANT
CONFORMAL SUBMERSIONS
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ABSTRACT. We introduce the idea of pointwise semi-slant conformal submer-
sions from Sasakian manifolds onto Riemannian manifolds. We discuss the
impact of a structure vector field &-by considering it horizontally as well as
vertically and investigate the necessary and sufficient conditions for distri-
butions to be integrable and totally geodesic. Because the distributions are
neither integrable nor totally geodesic when £-is vertical, therefore we examine
the conditions of integrability and totally geodesicness by changing the role of
£.

1. Introduction

The theory of submersions and immersions was originally developed and in-
troduced by O’Neill [21I] and Gray [12] to study the geometric properties of the
Riemannian manifolds and establish certain Riemannian equations for them. The
subject of submersions theory becomes particularly captivating when examining
the interplay between differentiable structures in differential geometry.

Riemannian submersions have found extensive applications in both mathe-
matics and physics, notably in theories such as Yang—Mills and Kaluza—Klein
[8,16,19[33]. In 1976, Watson [32] investigated Riemannian submersions from
almost Hermitian manifolds to Riemannian manifolds. Building upon this work,
Sahin [24] explored the geometry and properties of anti-invariant Riemannian sub-
mersions onto Riemannian manifolds. Subsequent authors delved further into this
area, examining anti-invariant submersions [324], semi-invariant submersions [25],
slant submersions [1026], and semi-slant submersions [I522], among other topics.
As a generalized case of semi-invariant and semi-slant submersions, Tastan, Sahin,
and Yanan [31] defined and studied hemi-slant submersions from almost Hermitian
manifolds.

2020 Mathematics Subject Classification: 53D10; 53C43.
Key words and phrases: Sasakian manifolds, Riemannian submersions, pointwise semi-slant
conformal submersions, conformal submersions.
Communicated by Stevan Pilipovié.
127



128 KHAN, SHUAIB, AL-DAYEL, AND OZEL

Lee and Sahin in [18] further extended the concept of slant submersions by
introducing pointwise slant submersions from almost Hermitian manifolds to Rie-
mannian manifolds. They not only provided examples illustrating this type of
submersion but also established characterizations for pointwise slant submersions.
Fuglede [13] and Ishihara [I7] introduced the concept of conformal submersion as
a generalization of Riemannian submersions and discussed some of their geometric
properties. It is worth noting that a conformal submersion with dilation A = 1
reduces to a Riemannian submersion. Gudmundsson and Wood [14] investigated
conformal holomorphic submersions as a generalization of holomorphic submer-
sions, and they established the necessary and sufficient conditions for harmonic
morphisms of conformal holomorphic submersions. Akyol and Sahin later studied
and defined conformal anti-invariant submersions [23l[27)], conformal semi-invariant
submersions [4], conformal slant submersions [2], and conformal semi-slant sub-
mersions [I]. Recently, geometric studies have been conducted on conformal hemi-
slant submersions [29,[30], conformal bi-slant submersions [5], and quasi bi-slant
conformal submersions [6], accompanied by several decomposition theorems. Fur-
thermore, the notion of pluriharmonicity was extended to almost contact metric
manifolds from almost Hermitian manifolds.

The focus of this study lies in investigating pointwise semi-slant conformal sub-
mersions from a Sasakian manifold to a Riemannian manifold, where we consider
the Reeb vector field £ in both its vertical and horizontal aspects. The paper is
organized as follows: In Section 2] we introduce almost contact manifolds, specif-
ically the Sasakian manifold, which possesses the necessary characteristics for our
investigation. In Section 3 we define pointwise semi-slant conformal submersions
and present intriguing results by considering the Reeb vector field £ in its horizontal
form. Section @ delves into the detailed discussion on the integrability and total
geodesicity of the distributions, considering the vector field ¢ in its vertical aspect.

Note: In this paper, we use the abbreviation PWSSCS for Pointwise semi-slant
conformal submersion.

2. Preliminaries

We start with some definitions and conclusions which will be very helpful in
our research and will help in exploring the main subject of the paper.

DEFINITION 2.1. [32] Let IT: (©1,91) — (©2,92) be a smooth map between
two Riemannian manifolds having dimensions m; and my, respectively. Then II is
called horizontally weakly conformal or semi conformal at = € ©1 if either

(i) I, =0, or
(ii) II., maps horizontal space H, = (ker(Il.,))* conformally onto Ti1.(2) i.e.,
I, is surjective and there exits a number A(z) # 0 such that

for any XY € H,.
Equation 1)) can be re-written as (I1.g2)a |#, x#, = A@)9(2) |1, x#,, -
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A point z satisfies (i) in the above definition if and only if it is a critical point
of II. A point, satisfying (ii) is called a regular point. At a critical point, II,,
has rank 0; at a regular point, II,, has rank n and II defines a submersion. The
number A(z) is called the square dilation (of IT at z); it is necessarily non-negative.
Its square root A(z) = y/A(x) is called the dilation of IT at 2. The map II is called
horizontally weakly conformal or semi conformal on O if it is horizontally weakly
conformal at every point of ©;. It is clear that if IT has no critical points, then we
call it a (horizontally) conformal submersion.

DEFINITION 2.2. [7] Let II be a Riemannian submersions between two Rie-
mannian manifolds. Then II is called a horizontally conformal submersion, if there
is a positive function A such that

1
(2.2) g1(U1, V1) = FQQ(H*UlaH*Vl)v

for any Uy, Vy € I'(kerI1,)*. It is obvious that every Riemannian submersions is a
particularly horizontally conformal submersion with A = 1.

Let II: (©1,91) — (O2,92) be a Riemannian submersion. A vector field X on
O, is called a basic vector field if X € I'(ker I1,)* and Il-related with a vector field
X on O3 ie. II,(X(q)) = XII(g) for g € ©.

The two formulae of (1,2) tensor fields 7 and A are given by O’Neill as:

(2.3) -AElFl =HV g, VFI + VVyp, HEFY,
(2.4) TElFl =HVye, VFI + VVyg HF,

for any Eq, Fy € T'(T©1) and V is the Levi-Civita connection of ¢g;. Note that a
Riemannian submersion II: (01, ,&,7n,91) — (©2,92) has totally geodesic fibers if
and only if 7 vanishes identically. From equations (2:3) and ([24]), we can deduce

(2.5) Vo,Vi = Tu, Vi +VVy, Vi,
(2.6) Vu, X1 =Tp, X1 + HVy, Xy,
(2.7) Vx,Ur = Ax,Ur + V1V x, Uy,
(2.8) Vx, Y1 =HVx, Y1+ Ax 1

for any vector fields Uy, Vi € I'(kerIL,) and X1,Y; € I'(ker I1,)+ [11].
It is obvious that 7 and A are skew-symmetric, that is

(2.9) 9(AxEL, F1) = —g(E1, AxF1), g(TvE\, Fi)=—g(Ey, TvF1),

for any vector fields Eq, Fy € T'(T©4). For the special case when II is horizontally
conformal submersion, we have

PROPOSITION 2.1. Let IT: (O1,¢91) — (O2,92) be a horizontally conformal sub-
mersion with dilation A and X,Y be the horizontal vectors, then

Axy = VX Y] - (XY ) arady (55) )

measures the obstruction integrability of the horizontal distribution
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The second fundamental form of the smooth map II is provided by the formula
(2.10) (VIL)(Uy, V1) = Vi, LV, — 1LV, Vi,

and the map will be totally geodesic if (VIL,)(Uy, V1) = 0 for all Uy, V; € T(TO5)
where V and VI are the Levi-Civita and pullback connections.

LEMMA 2.1. Let II: ©1 — ©4 be a horizontal conformal submersion. Then, we
have
(1) (VH*)(Xl, Yl) = X1 (hl /\)H* (Yl) + Y1 (111 )\)H* (X1> —aq1 (Xl, Yl)H* (grad In A),
(ii) (VIL)(U1, V1) = —IL(Tu, V),
(iii) (VIL)(X1,U1) = —1L(Vx,U1) = —IL.(Ax, Uy)
for any horizontal vector fields X1,Y1 and vertical vector fields Uy, Vi [T].

Let M be a (2n 4+ 1)-dimensional almost contact manifold with almost contact
structures (¢,&,n), where a (1,1) tensor field ¢, a vector field £ and a 1-form 7
satisfying

(2.11) > =-I4+n®E ¢£=0, nogp=0, n¢ =1,

where [ is the identity tensor. An almost contact structure on M is said to be
normal if the induced almost complex structure J on the product manifold M x R,
defined by

J(U, A%) - (¢>U . )\f,n(U)%),

is integrable, where U is a vector field tangent to M, t is the co-ordinate function
on R and A is a smooth function on M x R. There exists a Riemannian metric g on
an almost contact manifold which is compatible with the almost contact structure
(¢,&,7m) in such a way that

(2.12) 90U, V) = g(U, V) = n(U)n(V),

from which it can be observed that n(U) = g(U,§), for any U,V € I'(TM). Then
(¢, &, m, g)-structure is called an almost contact metric structure. A normal contact
metric structure is called a Sasakian structure, which satisfies

(2.13) (Vuo)V = g(U,V)§ —n(V)U

where V is the Levi-Civita connection of g. For a Sasakian manifold, we can deduce
that

(2.14) Vi€ =—oU.
The covariant derivative of ¢ is defined by
(2.15) (Vx@)Y =VxoY — ¢VxY,

for all vector fields X,Y in M.
Now, we recall the definition of pointwise slant submersion defined by Sepet
and Ergut [28].
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DEFINITION 2.3. Let II be a Riemannian submersion from almost contact met-
ric manifold (01, ¢,&,7n,g1) onto Riemannian manifold (©3,¢2). If at each given
point ¢ € ©4, the wirtinger angle 6(X) between ¢X and the space kerII, is inde-
pendent of choice of the non-zero vector field X € T'(ker IT,.) — (£), then we say that
II is a pointwise slant submersion. In this case, the angle # can be regarded as a
function on ©1, which is called slant function of the pointwise slant submersion.

A pointwise slant submersion called slant submersion if its slant function 6 is
independent of the choice of the point on ©;. Then 6 is called the slant angle of
the slant submersions.

3. Pointwise semi-slant conformal submersions
with horizontal vector field-£

This section will review the definition that will enable us to comprehend and
investigate the concept of pointwise semi-slant conformal submersions from almost
contact metric manifolds by taking the Reeb vector filed £ horizontal into consid-
eration.

DEFINITION 3.1. Let II: (©1,¢,£,m,91) — (O2,¢g2) be a horizontal conformal
submersion where (01, ¢, £, 7, g1) is an almost contact metric manifold and (63, g2)
is a Riemannian manifold. A horizontal conformal submersion I is called a point-
wise semi-slant conformal submersion with ¢ € T'(ker IT)* if there exists a distribu-
tion © such that kerII, = D @& DY, $(D) = D and for any given point ¢ € ©; and
X € (9%),, the angle § = 6(X) between ¢X and space (D), is independent of
choice of non-zero vector X € (D%),, where D? is the orthogonal complement of D
in kerIL.. In this case, the angle 6 can be regarded as a slant function and called
pointwise semi-slant function of submersion.

If we suppose m; and mq are the dimensions of ® and ®Y, then we have the
following:

(i) If m; =0, ma # 0 and 0 < 6 < 7, then Il is a pointwise slant submersion.
(ii) If my # 0 and mg = 0, then II is a invariant submersion
(iii) If my # 0, mg # 0 and 0 < @ < T, then II is a pointwise semi-slant
submersion.

Let IT be a PWSSCS from an almost contact metric manifold (01, ¢,&,1, g1)
onto a Riemannian manifold (03, g2). Then, for any W € (kerII,), we have

(3.1) W =PW + QW

where P and Q are the projections morphism onto ® and ©?. Now, for any W €
(kerIL,), we have

(3.2) SW = W + (W

where W € T'(kerI1,) and (W € I'(kerIL,)*. From @) and [B.2), we have
U = ¢(PW) + o(QW) = ¢ (PW) + ((PW) + (QW) + ((QW).

Since ¢ = D, we have ((PW) = 0, we have ¢U = ¢(PW) + (QW) + ((QW).
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Now, we have the following decomposition (ker IT,)* = (D @ i, where y is the
orthogonal complement to (DY in (kerIl,)* such that u is invariant with respect
to ¢. Now, for any X € I'(kerIL,)*, we have

(3.3) pX =BX +CX
where BX € T'(kerIL,) and ¢X € I'(kerII,)".

LEMMA 3.1. Let (©1,¢,&,m,91) be almost contact metric manifold and (02, g2)
be a Riemannian manifold. If II: ©1 — O9 is a PWSSCS, then we have

~U = —*U+BCU, (YUHECU =0, —X =(BX+E2X, n(X)é = ¢YBX+BEX,
for any vector field U € T'(kerIL,) and X € I'(kerIL,)~*.
PROOF. By considering (2.11]), (3:2) and 3], the proof of Lemma exists. [

Let us now present some beneficial results that will be used throughout the
study since II: ©; — O, is a PWSSCS.

LEMMA 3.2. Let II be a PWSSCS from an almost contact metric manifold
(©1,6,&,m,91) onto a Riemannian manifold (O2,gs); then ¥?W = (—cos? )W,
for any vector fields W € T'(D?).

LEMMA 3.3. Let II be a PWSSCS from an almost contact metric manifold
(©1,0,&,1,91) onto a Riemannian manifold (O, ga); then

(i) 1(Z, W) = cos® 09:(Z, W), (i) g1(CZ,(W) = sin®6g:1(Z, W),
for any vector fields Z, W € T'(D9).

PROOF. The proof of the preceding Lemmas is identical to the proof of Theo-
rem 2.2 of [9]. As a result, we omit the proofs. O

Assuming that (©1,¢,£,m,91) is a Sasakian manifold and (63,¢2) is a Rie-
mannian manifold. The effect of the Sasakian structure on the tensor fields 7 and
A of PWSSCS II: (©1,0,&,m,91) = (O2, g2) is presently being examined.

LEMMA 3.4. Let I1: ©1 — Oy be PWSSCS with semi-slant function 6 where,
(©1,0,&,1,91) Sasakian manifold and (B2, g2) be a Riemannian manifold, then we
have

(i) AxCY + VVxBY = BHVxY + v AxY,
(ii) HVxCY + AxBY = €HVxY + CAxY + 1 (X, Y)§ —n(V) X,
(i) VWxyV + Ax(V = BAxV +pVVxV,
(iv) AxYV + HVxCV = CAxV + (VV XV,
(v) VWiBX + TyeX =4¢Ty X + BHVy X +n(X)V,
(vi) TvBX + HVyEX =(Ty X + CHVy X,
(vil) VWV + TuCV = VVyV + BTV,
(vill) TtV + HVuCV = €TpV + (VW V - g1 (U, V)E,

for any vector fields U,V € I'(kerIl,) and X,Y € I'(kerIL,)*.
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PRrROOF. By using (213), 2I5) and 2.8) B3), we get first two relations (i)
and (ii). Similarly, by considering (ZI3)), (ZI3) (Z3), (Z3)-23) and B2) (B:{I)

the desired results hold good.

We will now go through some key conclusions that can be utilised to examine
the geometry of PWSSCS II: ©; — ©5. From the direct calculations, we can
conclude the following:

(a) (Vup)V =VVyypV —9VVyV,

(b) (VuQ)V =HVu(V = VVyV,

(C) (Vx%)y =VVx'BY — SB’HVXY,

(d) (Vx@)Y =HVxCY — HV XY,

for any vector fields U,V € I'(kerIL.) and X,Y € I'(kerIL,)~ .

LEMMA 3.5. Let I1 : ©1 — O3 be a PWSSCS with semi-slant function 6 from
Sasakian manifold onto a Riemannian manifolds; then
(i) (Voy)V =BTV - Tu(V,
(i) (VuQV =Ty V = TupV + g1(U, V)§,
(iii) (VxB)Y =y AxY — AxCY,
(iv) (Vx€)Y = CAxY — AxBY — (V)X + g1(X, Y,
for all vector fields U,V € T'(kerIL.) and X,Y € I'(kerIL.)*

ProOOF. By using ([ZI5), 25)—(Z8) and formulae (a)—(d) from above, we can
obtain the results. O

The tensor fields ¢ and (, if they are parallel with regard to the Levi-Civita
connection V of @1, then we obtain BTV = Ty ¢V, €TyV + g1(U, V)¢ = TuypV
for any vector fields U,V € T'(TO).

4. Necessary and sufficient conditions
for integrability and totally geodesic

The PWSSCS from Sasakian manifolds onto Riemannian manifolds is discussed
in this section. We assume that the Reeb vector field £ is horizontal and investi-
gate the integrability of both invariant and slant distributions. Aside from this,
we likewise look at the important and adequate circumstances for the leaves of
distributions to be characterize total geodesic foliation:

THEOREM 4.1. Let I1: ©1 — ©4 be a PWSSCS with semi-slant function 6 such
that ¢ € T'(ker I1,)* where (©1,¢,&,1,91) is a Sasakian manifold and (O3, g2) be a
Riemannian manifold. Then the invariant distribution © is integrable if and only
if VW xyW € T(D?), for any vector fields X,Y € I'(D) and W € I'(D?).

PROOF. For all vector fields X,Y € T'(®), W € I'(®?) and by using 211,
Z13) and ZI5), we have g1([X,Y],W) = g1(Vx oW, dY) — g1(Vy oW, ¢X). By
using (Z0)), (Z6) and B2)), we get

a([X, Y], W) = gi(VVxypW + Tx (W, 4Y) — it (VVy W + Ty (W, X).

From this, we get the desired result. (|
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THEOREM 4.2. Let Il be a PWSSCS with semi-slant function 6 from Sasakian
manifold (©1,0,€,1m,91) onto a Riemannian manifold (©2,g2) such that
¢ € T(kerIL,)*. Then DY is integrable if and only if

W(TzCW = Tw(Z) = (TwCZ + TzCyW),
for any vector fields Z,W € T(®%) and U € T'(D).

PROOF. By using equation (2I1)), (ZI3) and (ZI3), we may yield
91 ([Z W], U) = 91(Vz9W, 0U) — 1 (Vw o Z, ¢U),
for every vector fields Z, W € T'(©?) and U € I'(®). On using ([3.2), we can write
91([Z,W],U) = =1 (V2 W, ¢U) — 1 (Vw e Z, ¢U)
+91(V2CW, 0U) — g1 (Vw(Z, ¢U).

By using (2.I0) and (2.0) in the third and fourth terms, the above equation can be
written as

(4.1) a([Z,W],U) = g1(Vz2oyW,U) + g1 (Vw oy Z,U)
+ 91(TzCW, oU) — g1(Tw(Z, 9U).
Taking into account the fact from (3:2]) and Lemma in the first term, we have

91(V2pypW,U) = sin20Z(0)g1 (W, U) — cos® 0g1 (VzW,U) + g1(VzCpW, U).
Similarly, the second term can be written as:

G (VwoZ,U) = sin 20W (0)g1(Z,U) — cos? 091 (Vw Z,U) + g1 (Vw Y Z, U).
By using calculation in the second term, [@I]) can be written as —g1 (Vw ¢y Z,U) =
— 082091 (Vw Z,U) + g1 (Vw (¥ Z,U). By using the calculations with (2.8]), finally
the above equations takes the form

sin® 0g1([Z, W], U) = g1 (Tw ¢ Z,U) — g1 (TzCpW, U) + g1 (Tz(W — Tw(Z, ¢U).
From which, we can conclude the result. (Il

Since II: (01, ¢,£,1m,91) — (O2,92) be a PWSSCS which ensures the availabil-
ity of the slant distribution. Following our discussion of the distributions’ integra-
bility condition, we will look at the necessary and sufficient conditions that make
it possible for distributions leaves to establish a totally geodesic foliation on ©7.

THEOREM 4.3. Let II be PWSSCS with semi-slant function 6 from Sasakian
manifold (©1,0,€,1m,91) onto a Riemannian manifold (©2,g2) such that
¢ € T(kerIl, ). Then ® defines totally geodesic foliation on ©1 if and only if

ToCYZ = =¢(TuCZ)  and  g1(VVupV,BX) + g1(TuypV,€X) =0,
for any vector fields U,V € T(D), Z € T(D?) and X € T'(kerI1,)*.

PRrOOF. For any vector fields U,V € I'(®), Z € T'(D?) and by using orthog-
onality of V and Z, we get ¢1(VyV,Z) = —¢g1(Vy Z, V). Further, in the light of
equations (ZTI), (I3, €15 and () E5), we get

0 (VuV,Z) = —gi(Vu?Z,V) + 1 (Vo Z,V) — g1(TuCZ, 6V).
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Since, IT is a PWSSCS with semi-slant function 6, then by using Lemma [3.2]in first
term of the above equation, finally this will take the form
sin? 091 (Vo V, Z) = g1 (VuCZ, V) = g1(TuCZ, ¢V).

From this we can get the first part of the theorem. Now, for any vector fields

U,V eI'(D) and X € I'(kerIL,)* with using @11), @13), @I5), 3) and B.3),
B2), we can write ¢1(VyV, X) = g1(VVuoV,BX) + ¢1(TuyV, €X). from which
the second part of the theorem holds good. (I

The slant distribution is mutually orthogonal to invariant distribution. After
discussion geometry of leaves of invariant distribution, it is quite interesting to
study the leaves of the slant distribution with geometrical point of view in the
following manner.

THEOREM 4.4. Let II: (©1,6,&,1,91) — (O2,92) be PWSSCS with semi-slant
function 0 such that ¢ € T'(ker IL,)* where, (01, ¢,&,1m,91) a Sasakian manifold and
(©2,92) a Riemannian manifold. Then DY defines totally geodesic foliation on ©;

if and only if Y(TzCQW) € I'(D?) and
sin 20X (0)91(QZ, W) — g1(AxCQZ, W) — cos?0g1(VxQZ, W)
= g1(TxCQZ,YW) — g1([Z, X], W) + g1(X, grad In A) g1 (CQRZ, (W)
+ 91(CQZ, gradIn \) g1 (X, (W) — g1 (CW, grad In M) g1 (X, (QZ)

1
for any vector fields Z,W € I'(D%), U € I'(D) and X € T'(kerIL,)"*.
PROOF. Let us consider for any vector fields Z, W € T'(®%) and U € T'(D). In

light of (2Z11)), 213), 2I5) with decomposition [B.J) and ([B.2)), we have
91(V2W,U) = g1 (V2YPW, ¢U) + g1(Vz(PW, ¢U)

+ 91(VzyYQW, oU) + 91(V2(QW, ¢U).
Considering ([235), (28], from the fact PW = 0 if W € I'(®?) and since D is
invariant under ¢, i.e., ¢ = 9, we may yield
(42) 91(V2W,U) = —g1(V24*°QW,U) + g1(V2(QW, ¢U).
On using Lemma in the third term of the above equation, which can be write
as —g1(Vzy?QW,U) = g1(Vz(cos? )QW,U). Then {@2), will take the form as
g1 (VzW,U) = g1(V2CQW, pU) —2sin 0 cos 0Z(0) g1 (QW, U) +cos? 0gy (V zQW, U).
From which the first part of the theorem holds good.

For the second part of theorem, let us suppose for any vector fields Z, W €
I'(®?) and X € I'(ker I1,)*. We start with considering the term g;(VzW, X), and

by using equation (2.1I1I), (ZI3), 23) and ([2I5), we have
—n(VxyQZ,¢W) — 1(Vx(QZ, oW).
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By using (ZI)), (Z.5), (Z6), and from the fact that PZ = 0 if Z € T\(D?), we have
g1(VzW, X) = —g([Z, X],W) + 1 (Vx¥*QZ, W) + g1 (Vx (YQZ, W)
— 91(AxCQZ,YW) = 1(HV x(QZ,(W).

Since, I is a PWSSCS with semi-slant function 8, then with simple steps of calcu-
lations, we can write

91(VzW, X) = sin 20X (0)g1(QZ, W) + g1([Z, X], W) — cos® 0g1(Vx QZ, W)
+91(VxWQZ,W) — g1 (Ax(QZ, W) — g1 (HV x(QZ,(W).
Now, using the conformality of IT from Lemma 2.1l and @2I4)), 2I0), we get
a1 (V2W, X) = g1([Z, X], W) — cos® 0g1 (VxQZ, W) + sin 20X (0)g1(QZ, W)
+91(VxCPQRZ,W) — 1 (Ax(QZ,pW) — g1 (X, grad In A) g1 (CQZ, (W)
— 91 (CQZ, grad In A) g1 (X, (W) + g1(CW, grad In )1 (X, CQZ)
+ 55 (VRIL (CQZ), TL (CW)). O

Now, we discuss the necessary and sufficient conditions for vertical distributions
for ker II, is totally geodesic.

THEOREM 4.5. Let us suppose that I be a PWSSCS with semi-slant function
0 from a Sasakian (©1,¢,&,m,q1) onto a Riemannian manifold (©2,ga) such that
¢ € I'(kerI1,)*. Then kerIl, defines totally geodesic foliation if and only if
1
122(VXILLQU, ILCV) + g1 (Ax¥PU, (V) = g1 (W x Y PU, V)
= cos? 091 (VxQU, V) — sin20X (0)g: (QU, V)
= 91(¢V, gradIn \)g1 (X, CQU) + g1(X, grad In A) g1 (CQU, ¢V')
+ g1 (CQUa gradln /\)91 (Xa CV) + gl([Uv X]v V) — g1 (AXCQUa ¢V)a
for any vector fields U,V € T'(kerI1,) and X € T'(kerIL,)*.

PROOF. From simple steps of calculations with using (ZI1]), 213), 2I5) and
decompositions B1), (32), we can write

(4.3) g1(VuV, X) = —g:([U, X], V) = 1 (VxyPU, ¢V)
- 01(VxyQU, V) — g1(Vx(CQU, ¢V),

for any vector fields U,V € T'(kerIl,) and X € I'(kerIL,)*. In the light of (3.2)
and (Z7), second term of above equation become

—91(VxyPU, ¢V) = g1 (AxYPU, (V) — g1 (VVxYPU, V).
Similarly, by using (ZI1)), ZI3) and ([Z7), the third term as:
~g1(VxyQU, ¢V) = g1(Vxy*QU, V) + g1 (Vx (YQU, V).

In the last term, taking into account the fact from decomposition [8:2) and equation
[23), this will take place as
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By using all these facts in (@3], we get
91(VoV, X) = =g ([U, X], V) + g1 (AxYPU, (V) — 1 (VVxyPU, V)
+ 91 (VxCQU, V) — g1 (HVx(QU, (V) — g1 (Ax(QU, ¥V)
+91(Vxy?QU, V).

Since, II is a PWSSCS with semi-slant function 6, using Lemma in the fourth
term and considering ([2I4) and (ZI0) in the second last term, above equation
finally turns into

a(VuV, X) = —q1([U, X], V) + g1(AxYPU, (V) — g1 (VV xpPU, YV)
+2sin6 cos 0X (0)g1(QU, V) — cos? 091 (Vx QU, V)
— g1(X, gradIn \)g1 (CQU, ¢V') — g1(CQU, grad In A) g1 (X, ¢V')
+91(X,CQU)g1 (CV; grad In ) — 3502(VHTLCQU,TLCV)

from which we can get the result. O

THEOREM 4.6. Let II be PWSSCS from a Sasakian manifold (01, ¢,&,1,g1)
onto a Riemannian manifold (©2,¢g2) with semi-slant function 6 such that £ €
['(ker I1,)*. Then the map 11 is totally geodesic map if and only if

(0 502 (VLWL LX) = 41 (62, W)n(X) — 2 (T W, X)

(i) g1 ([Y,U],V) +sin20Y (0)g1 (U, V) — cos? 0g1 (Vy U, V) + g1 (Ay CpU, V)

= —%gQ(Y(ln MILCU + CU(In MILY — go(Y, CU)IL, (grad In M), I1.CV)

1
+ 91(Ay U V) + 3502 (VYTLCU, TLCV)

() g1 (AxCQUBY) + g1 (BX, U)n(Y) — 5302 VEILCQU, TLEY)

1
—3z g2(X (In MIL.CQU + ¢QU (In ML, X

— 91(X, CQU)IL(grad In \), IL.€Y) 4 g1 (Vx (¥QU, Y)
- COS2 991 (VXQUv Y)a

for any U,V € T(D?), X, Y € T'(kerIL,)* and Z,W € T'(D), U; € I'(kerIL,.).

PROOF. Let us consider g2((VIL.)(Z, W),I1.(X)), for any Z, W € I'(®) and
X € I'(kerII,)*. By using @5), 8), @I0), @II) and [3.2) with definition 2.2

we get

ﬁgQ((VH*)(Z, W), IL(X)) = g1 (Tz*W, X)— g1 (HV 2y W, X )+g1 (Y Z, W)n(X).
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Since IT is a PWSSCS, by using definition 2] the second term of above equation
can be turn into: 35g2((VIL)(Z, (W), 11X ) — 35 g2(VZIL. (YW, IL.X). By Using
this in above equation, we may have

502(VIL)(Z W), TL(X)) = Tz W, X)

+ %ggqvmxz, CYW), IL,(X), IL.X)

— S50 VITL W, L (X)) + 91 (62, W) (X).

Finally using the conformality of IT with Lemma B3] we get

(VIL)(Z, W), L (X)) = g2 (T20* W, X) = 3500
o0, W),

which is part (i). For part (ii), take into consideration go((VIL.)(U,V),IL.(Y)),

for any U,V € T'(®?) and Y € T'(kerIL,)*. From (ZI0) with definition 22 we

can write g2 ((VIL)(U, V), IL(Y)) = =A\2g1(VyV,Y). In the light of 211, Z13),

B3) and B2), we get

1

12 (VIL)(U, V), TL(Y)) = —1([Y, UL V) = 1 (Vy §°U, V) = g1(Vy CUU, V)
+ 91(Vy (U YV) + g1(Vy (U, (V).

Taking into account the fact from (2:6) with Lemma B3] we may have

=0 (VZILCYW, IL(X))

(4.4) %92((VH*)(U7 V), IL(Y)) = —g1([Y. U], V) = 91(Vy (—cos®0)U, V)
— 91(Ay U, V) + g1 (Ay U, V) + g1 (HVy (U, (V).

Since IT is a PWSSCS from a Sasakian manifold ©1, the second term of ([@4]) turn as
91(Vy (cos? 0)U, V) = sin20Y (0)g1 (U, V) — cos? 0g1 (Vy U, V) where the last term
turns as: g1 (HVuCyV,Y) = 35g2(VRILCU ILLV) — 5592 ((VIL)(Y, CU),ILCV)
by using (2.I0) and definition With all these facts using in (£4), we can write

(VLU V)IL(Y)) = i ([V, U], V) — sin20Y (0)g3 (U, V)

+ cos® 091 (Vy U, V) = g1 (Ay GPU, V) + g1 (Ay (U 9V)
1 1
+ 3292 (VYL CUTLCY) = 55.92((VIL)(Y, CU), TLCV)

Finally, by using Lemma 2.1] the above equations take the form

S0 (VL)W V) IL(Y) = —gu([V,U), V) = sin20¥ (0)g1 (U, V)

1
+ cos” 091 (Vy U, V) — g1(Ay YU, V) + g1 (Ay U V) + pgz(VEH*CUa I1.¢V)

- % g2(Y (In VL. CU + CU(In MILY — go(Y, CU)IL, (grad In ), T1,CV).
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This is the proof of part (ii). For (iii) part, by using (211), (213), (1), 32) and

consider Lemma [3.3] we can write
%gz((vn*)(X, Ur),ILY) = —g1(AxyPU, &Y) — g1 (VV xyPU, BY)
+91(¢Vx9QU,Y) — g1 (HVx(QU, €Y') — g1(Ax (QU, BY) — g1(BX, U)n(Y).
In the light of equations (2I1), (Z13), (ZI0) and ([Z2]), we get
(45) 330((VIL)(X, 0), TLY) = ~g1 (AxYBU, €¥) — g1 (VV xPU, BY)
= 91(AxCQU,BY) — g1 (BX, U)n(Y) + g1(VxdyQU,Y)
~ 33 9((VIL)(X, CQU), TLEY) + 150:(VHILLQU, TLeY ).

Since II is a PWSSCS from Sasakian manifold onto Riemannian manifold, by using
Lemma 2] we arrive at equation ([£3]), we have

%gg((VH*)(X LU, ILY) = —g1 (AxyYPU, €Y) — g1 (VV xyPU, BY)

= 1 (AxCQU, BY) — g1(BX, U)n(Y) + 91(Vx(¥QU,Y)
+5in20X ()91 (QU,Y) — cos?0g1 (VxQU,Y)

- %92 (X (In VIL.CQU, Y + QU (In M)IT, X

1
— 91(X. CQU)IL (grad In \), IL.€Y) + 3502 (VRIL.CQU, IL.CY).

from which we can get part (iii) of the theorem. O

5. Pointwise semi-slant conformal submersions
with vertical vector field-£

This section will review the definition and results that will enable us to com-
prehend and investigate the concept of pointwise semi-slant conformal submersions
from almost contact metric manifolds by taking the Reeb vector filed ¢ vertical into
consideration.

DEFINITION 5.1. Let II: (©1,¢,&,m,91) — (O2,92) be a horizontal confor-
mal submersion where (01, ¢,£,7,¢91) is an almost contact metric manifold and
(B2, g2) is a Riemannian manifold. A horizontal conformal submersion II is called
a pointwise semi-slant conformal submersion with & € T'(kerIlx), if there exists a
distribution ® such that kerIL. = ® & DY @ (£), ¢(D) = D and for any given
point ¢ € ©; and X € (D?),, the angle § = §(X) between ¢X and space (DY), is
independent of choice of non-zero vector X € (9?),, where D% is the orthogonal
complement of ® in kerIl,. In this case, the angle 6 can be regarded as a slant
function and called pointwise semi-slant function of submersion.

Let TI be a PWSSCS from an almost contact metric manifold (01, ¢,&,7,g1)
onto a Riemannian manifold (03, g2) with vertical £&. Then, for any W € (kerII,.),
we have W = PW +QW +n(W)¢{ where P and Q are the projections morphism onto
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D and ©?. Let us now present some beneficial results that will be used throughout
the study since II: ©; — ©5 is a PWSSCS.

LEMMA 5.1. Let II be a PWSSCS from an almost contact metric manifold
(©1,0,€,1,91) onto a Riemannian manifold (02, g2); then

V2U = —cos? (I —n @ &)U,
for any vector field U € T'(kerI1,.).

LEMMA 5.2. LetII be a PWSSCS with vertical & from an almost contact metric
manifold (©1,¢,&,m,91) onto a Riemannian manifold (O, g2); then

(i) 91(¥Z,vW) = cos? 0{g1(Z, W) —n(Z)n(W)},
(i) 91(¢Z,CW) = sin® 0{g1(Z, W) —n(Z)n(W)},
for any vector fields Z,W € T'(kerIL,).

PrOOF. The proof of the preceding Lemmas is identical to the proof of Theo-
rem (2.2) of [9]. As a result, we omit the proofs. O

The topic of the integrability of slant and invariant distributions will now be
discussed. It is quite interesting to investigate the effect of the Reeb vector field &
on the geometry of distributions if we take it as vertical, as we have discussed in
the previous section with the assumption that £ is a horizontal vector field. With
an invariant distribution, we begin.

THEOREM 5.1. Let II be a PWSSCS from Sasakian manifold onto a Riemann-
ian manifold and 0 is a semi-slant function with vertical £. Then the invariant
distribution ® s not integrable.

PROOF. By consideration g1 ([U, V],&) for U,V € I'(D) with using ZI4), we
get g1(VyV = VU, &) =2¢1(0U, V) # 0. From the last equation, we can conclude
that g1([U, V],€) # 0. Hence, the invariant distribution @ is not integrable. O

THEOREM 5.2. Let IT be a PWSSCS from Sasakian manifold onto a Riemann-
ian manifold with vertical & and 0 is a semi-slant function. Then the slant distri-
bution ©? is not integrable.

REMARK 5.1. For the duration of the investigation, we took the Reeb vector
field € to be vertical. It is evident from the above conclusion that distributions
D and D7 are not integrable. If we can determine the integrability necessities of
distributions D @ (¢) and D% @ (¢), we can resolve this issue.

THEOREM 5.3. LetIT: (01, ¢,£,1m,91) — (O2,92) be a PWSSCS with £ vertical,
where (01, ¢,&,1,q1) is a Sasakian manifold and (©2, g2) is a Riemannian manifold
and 0 is a slant function. Then the invariant distribution © & (£) is integrable if
and only if g1(TxCW,9Y) + g1(Ty (W, X) = 0, for any X, Y € T'(®D & (&) and
W e I(D°).

ProoF. Considering the vector fields X,Y € I'(® @ (£)), W € T'(D?) and by
using equations (2.I1)), (2I3) and 2IH), we have

Q (XYL W) = —g1(Vx oW, 9Y) + g1 (Vy oW, 6 X).
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By using (2.8), (Z.0) (3:2), the above equation in the right-hand side, we can deduce
g1 ([X, Y], W) = —g1(Tx (W, ¥Y) — g1 (Ty (W, 9.X).

The integrability condition of © @ (£) with £ vertical is similar to the proof of
Theorem 1] where ¢ is horizontal, as can be seen from the computation above. [

In view of the above theorem, we are going to examine the integrability condi-
tion for D¢ @ (£).

COROLLARY 5.1. Let IT be PWSSCS with semi-slant function 6 and vertical
& from Sasakian manifold (©1,¢,€,1,91) onto a Riemannian manifold (02, g2).
Then D0 @ (€) is integrable if and only if Y(TzCW —Tw(Z) = (Tw W Z + Tz Y W),
for any vector fields Z,W € I'(D? @ (¢)) and U € T(D).

The proof of Corollary[5.I1holds good if we consider the Theorem[4.2] with Reeb
vector field £ to be vertical.

Since the distribution leaves are essential to the geometry of PWSSCS from
the Sasakian manifold, studying them will be important. To accomplish this, we
are figuring out under what conditions distributions define totally geodesic folia-
tion on ;.

THEOREM 5.4. Let Il be PWSSCS with semi-slant function 6 and vertical &,
from Sasakian manifold (©1,$,&,n, g1) onto a Riemannian manifold (O2, g2). Then
the invariant distribution © does not define totally geodesic foliation on ©1.

Same result is true for slant distribution D°?.

THEOREM 5.5. Let Il be PWSSCS with semi-slant function 6 and vertical &,
from Sasakian manifold (©1,$,&,n, g1) onto a Riemannian manifold (©2, g2). Then
the slant distribution ©° does not define totally geodesic foliation on ©;.

The invariant distribution ® and slant distribution ®¢ does not define totally
geodesic foliation because it assumes a vertical Reeb vector field £&. Here we in-
vestigate the geometry of the leaves of the distributions ® @ (£) and D% @ (€) to
address this problem.

THEOREM 5.6. Let IT be PWSSCS with semi-slant function 6 and vertical &,
from Sasakian manifold (01, ¢,&,n,g1) onto a Riemannian manifold (O3, g2). Then
the invariant © @ (£) is totally geodesic on ©1 if and only if

(Vo Z, V) +n(V)g1(U, ¢ Z) = g1(TuCZ, V) + (9 Z)g1 (U, V),
g1(VVuoV,BX) 4+ 1 (TuvV,€X) =0,
for any vector fields U,V € T(D @ (£)), Z € T(D?) and X € I'(kerIL,)*.

PrOOF. For any vector fields U,V € T'(D @ (¢)) and Z € T'(DY) with using
@10, @13), @.I5) and [B8.2), we have
n(VuV,2) = =1 (Vud®Z, V) + 1 (Vo Z, V)
—91(TuCZ,¢V) = (V)1 (U, Z) + (¢ Z)g1 (U, V).
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Since, IT is a PWSSCS with semi-slant function 6, then by using Lemma [3.2]in the
first term of above equation, finally this will takes the form

sin? 091 (VoV, Z) = g1 (VoS Z, V) — g1(TuCZ, 6V)
—n(V)g1(U,9Z) + n(vZ) g, (U, V).
From this we can get the first part of the theorem. Now, we consider ¢1 (VyV, X)
for any vector fields U,V € T'(®) and X € I'(kerIL,)*. On using equation (ZIT)),
Z13), @I9) and @3), B2), this term will take the form as ¢1(VyV, X) =
91 (VyyV,BX 4+ €X). Finally, considering equation (2.5]), we can write
a1 (VuV, X) = gn(VVuypV,BX) + g1 (TuypV, €X).
from which the second part of the theorem holds good. (I

The above theorem makes it easy to obtain Theorem 3] if we consider the
Reeb vector field £ to be horizontal.

The slant and invariant distributions are mutually orthogonal. Given that the
vector field is now vertical, it is highly interesting to examine the geometry of
the leaves of the slant distribution ®? @ (¢) from a geometric point of view after
discussing the geometry of the leaves of the invariant distribution.

COROLLARY 5.2. Let II: ©1 — ©5 be PWSSCS with semi-slant function 6 and
vertical vector field & where, (01,6,&,1,91) a Sasakian manifold and (©2,¢92) a
Riemannian manifold. Then D% & (€) is defines totally geodesic foliation on ©1 if
and only if Y(VV zPW + TZz(PW + Tz¢QW) € T(D?) and

—91(AxCYQZ, W) + cos?0g1(VxQZ, W) + sin20X (0) g1 (QZ, W)
=—g1([Z, X], W) — g1(X, gradIn A) g1 (CQZ, (W)
— 1(CQZ, gradIn A\)g1 (X, (W) + g1(CW, grad In \) g1 (CQZ, X))
+ 91(BX, W)n(¢QZ) + g1 (Ax(QZ,yW)

1
+91(BX, 2)n(W) + 1392(Vx I1.CQZ, Q.(W),
for any vector fields Z,W € T'(D? @ (€)),U € I'(D) and X € T'(kerIL,)= .

REMARK 5.2. We can obtain the proof of the above corollary using the same
computation and procedures as in Theorem .4 by considering the Reeb vector field
£ to be vertical, i.e., Corollary [5.2 holds true if we take into account that the Reeb
vector field £ is vertical in Theorem [£.41

6. Pluriharmonicity

In this section, we extended the concept of ¢-pluriharmonicity from almost
Hermitian manifolds to almost contact metric manifold which was once studied
and defined by Ohnita [20]. Let us suppose that IT be a PWSSCS from Sasakian
manifold (©1,,£,7,g1) onto a Riemannian manifold (63,g2). Then PWSSCS
is ¢-pluriharmonic, ©-¢-pluriharmonic, D?-¢-pluriharmonic, (® — D?)-¢ plurihar-
monic, ker IT,-¢-pluriharmonic, (ker IT,)*-¢-pluriharmonic and ((ker IL, )*—ker IT,)-
¢-pluriharmonic if (VIL.)(W, Z) + (VIL.)(¢W, ¢Z) = 0, for any W, Z € T'(D), for
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any W, Z € (DY), for any W € I'(®), Z € T'(DY), for any W, Z € T'(kerIL,.), for
any W, Z € F(kerl’[*)L and for any W € F(kerH*)L, 7Z € T'(kerIL,).

THEOREM 6.1. Let II be a PWSSCS from Sasakian manifold (01, ¢,&,m,g1)
onto a Riemannian manifold (O, g2) with semi-slant function 6 and & horizontal.
Suppose that 11 is D -¢-pluriharmonic. Then ©° defines totally geodesic foliation
on ©1 if and only if

Vix, oY1 + Vi I1L.CY:

= IL(HVyx, (Y1 + A, 01 + T, VPPYY1 + HV yx, (UPYY1)
+ 1L (Tyx, CQYY1 + HVyx, CYQUY1 + Typx, ¥¢QuyY1)
— cos? 011, (Vyx, QuYr),
for any X1,Y; € T(DY).

Proor. For any X;,Y; € I'(®%) and using the pluriharmonicity of ¢ with
equation [2I0), we get
(6.1) ILVx, Y1 = Vi 1LY — IL.Vyx, V1.

The second term in the right-hand side of the above equation with using equation
m, takes the form as H*V¢X11/}Y1 + H*wangl + H*VCXli/}Yl + H*wal (Y.
Now, equation (6.I]) can be written as
ILVx, Y1 = Viy, oY1 — ILVyx,¢Y1 — ILVyx, (V1
—ILVex, YY) —IL.Vyx, (Y.
Taking account the fact that IT is PWSSCS with using equations (Z.6)), (7)), (2.10)
and &I]), we have
ILVx, Y1 = —IL(Tpx, (Y1 + HVyx, (Y1 + Acx, YY1 + VVex, 1)
+ {CXl (hl )\)H*Cyl + CYI (hl A)H*CXl — g1 (CXI; CYl)H* (grad In /\)}
— Vox, oY1 — Vi TLCY + 1L (6Vyx, 9(PYY1 + QyY1)).
In the last term in the right-hand side of the above equation with Lemma and
equations (2.0 and ([27), we may have
L.V, Y1 = {CX1 (In VIL.CY: + CYi(In MILCX, — g1 (CX1, CYi)IL. (grad In A)}
+ I (Tyx, W°PYY1 + VWyx, W PYY: + Tix, CYPYY: + HV yx, (PPYY1)
+ sin 204 X1 ()T (QpY1) — cos® 011, (Vo x, QoY1) + T (T x, CpQupYi
+ HVyx, (PQPY1) + T (Tox, $CQUY1 + VWV x, ¥¢QUY1 + Tyx, (PQuY:
+ VVux, CQUYI) + T (Tyx, CYa + HV yx, (Y1 + Acx, YY1 + VWex, Y1)
— Vix, [L.¢Y1 — Vix, IL.CYA. 0
THEOREM 6.2. Let IT be a PWSSCS from the Sasakian manifold (01, ¢,&,m, g1)

onto a Riemannian manifold (02, g2) with semi-slant function 6 and & horizontal.
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Suppose that 1 is ((ker IL,)* — ker I1,.)-¢-pluriharmonic. Then the horizontal dis-
tribution (ker I1,)* defines totally geodesic foliation on ©1 if and only if

—c080((VVex QU + CAexQU) + VI IL.CYPU — 11, {sin 20X (0)¢QU }
= ¢X (In MILCYPU + CYPU(In MILEX — g1 (€X, CpPU)IL, (gradIn )
+ ¢X (In MIL.CpQU + QU (In MILEX — g1 (€X, CpQU)IL, (gradIn \)
+ IL{CAexV°PU + (WVex¥°PU + (AexCYPU + (Aex(YQU
+IL{AxU + HVux¥U + €TaxBCU + (VW xBCU} + Vi I1.(U
+IL{g1(CBX, CU)E +n(CU)CBX + g1(BEX, PU)E} — Vg TL.LYQU.
for any X € T'(kerIL,)* and U € T'(kerIL,).

PROOF. For any X € I'(kerIL,)*, U € I'(kerI1,) and using Z.10), B1)), B-2),
[23) with considering the fact of pluriharminicity of ¢, we can write

(6.2) IL (Vex(U) = —ILVxU + VixIL.¢U + HV g x U
—IL(Vax(U —IL.(TexyU 4+ VexyU).
The second last term of the above equation, by using the equations (ZII]) and
EI2) turns into:
IL(Vex(U) = I (¢VexdCU) + g1 ((BX, CU)ILE + n(CU)ILLBX
whereas, the last term as:
—IL(¢VexyU) = IL(¢Vex ¢pypU) + g1(BEX, YU)ILLE.
By using these facts ([6.2)) reduces to
L. (Vex(U) = —IL.VxU + Vix LU — IL(TexyU + HVesxU) + [ (¢Vex pppU)
+ g1(BEX, YU + I ¢V xpCU) + g1 (¢BX, CUNLE + n(CU)LLBX.
Now, by using equation (31, 32), B3], (ZI0) with Lemma B2 we can write
IL(Vex(U) =IL(AxU 4+ VVxU — Tax U + HV s x U + (Aex(YQU)
+ L A{g1 (¢BX, CU)E + n(CU)BX + g1 (BEX, pU)E} + VixIL.oU
+IL{BTexBCU + €T xBCU + YVVyxBCU + (VVa xBCU}
+ IL{BAcxV*PU + CAex V*PU + pVVex b’ PU + (VV exp*PU}
+ IL{ Aex CYPU + (Aex (YPU + BHVex (PPU + 1 Acx (YQU }
+ VexIL(YPU + (VIL)(€X, (YPU) + Vix IL(YQU + (VIL)(€X, (ypQU)
+ L {sin20¢ X (0)CQU — cos*0¢V ex QU } + VE (IL.CYPU.
Since IT is a PWSSCS, then by using Lemma 2] the above equation finally turn

into
IL (VexCU) = cos?0(CVVex QU + €AexQU) — VI IL,CPU + IL. {sin20€ X (0)¢CQU}
+ X (In NILCYPU + CYPU(In MIL.EX — g1 (€X, CYPU)IL, (grad In )
+ X (In M)IL.¢YQU + (¥pQU (In MIL.EX — g1 (€X, (ypQU)IL, (grad In X)
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+ ILACAex ¥’ PU + (VVexh’PU + CAex CYPU + (Aex (YQU
+ IL{AXU 4+ HV s x YU + €T xBCU + (Vs x BCU} + VixIL.LU
+ IL{g1 ((BX, CU)E + n(CUICBX + g1 (BEX, YU)E} — Vex IL.LyQU.

From which we can get the desired result. (I
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