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A CLASS OF DEFINITE INTEGRALS INVOLVING
GENERALIZED HYPERGEOMETRIC FUNCTIONS

Prathima Jayarama and Arjun Kumar Rathie

ABSTRACT. Recently Masjed-Jamei and Koepf obtained generalizations of var-
ious classical summation theorems for the 2 Fy, 3Fs, 4F3, 5F4 and ¢F5 gen-
eralized hypergeometric series. We evaluate a new class of integrals involving
generalized hypergeometric function by employing the results given by Masjed-
Jamei and Koepf and MacRobert integral, and we give several special cases.

1. Introduction

In mathematics, the Gaussian or ordinary hypergeometric function oFj is a
special function represented by the hypergeometric series, that includes many other
special functions as specific or limiting cases.

The Gauss hypergeometric function is defined by [1L3L11]12]14]

Aon] e e ¢F L
o [, e =S < A2

and confluent hypergeometric function is defined by [11[3,11]12][14]

SRR SOV
ﬂbd%wM!

which converges everywhere. Both the above functions are the special cases of the
generalized hypergeometric function with » numerator and s denominator param-
eters defined by [1113L14H17]

M1, oy, s
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158 JAYARAMA AND RATHIE

where (\); denotes the well known Pochhammer symbol [5] for any complex number
A defined as

(1.2) ()\)kM{l (k=0,xeC~ {0})

() AA+1)--A+k—1) (kEN,A€C),

where T'(¢) is the well known gamma function defined by T'(¢) = fooo et ldx

provided Re({) > 0. Further by the ratio test [1}[2] it can be easily verified that

series (L)) is convergent for all r < s. Also it converges in [¢| < 1 for r = s+ 1,

converges everywhere for r < s + 1 and converges nowhere ({ # 0) for r > s+ 1.
Further, if » = s + 1, it converges absolutely for |z| = 1 provided

5:Re(i,uj—i)\j) >0
j=1 j=1

holds and is conditionally convergent for || = 1 and { # 1 if —1 < 6 < 0 and
diverges for || =1 and ¢ # 1 if § < —1. For more details, we refer [14].

It is interesting to mention here that, whenever a generalized hypergeometric
function reduces to the gamma function, the results are very important from the
applications point of view. Moreover here we shall mention the following summation
theorems for the series o F1, 3Fb, 4F3, 5F, and 7Fg so that the paper may be self
contained.

1) Gauss Theorem: For Re(p — A — ) > 0

Ao ] LT —A—p)
p 1 Tl—=N(p—n

(1.3) Py [

2) Kummer’s Theorem:

P '_1'_F(1+)\7M)F(1+%>\)
L+Ad=p 7] TA—-p+iNTA+N)

(1.4)

3) Second Gauss Theorem:

A 1} VIT(EA+p+1))
A p+1)2 PO+ ) (p+1))

(1.5) 2 F1 [%(

4) Bailey’s Theorem:

A, 11—
(16) 2F1 |: 3
12

N [=

} _ Lz (5(n+1))
LA+ p)(5(k—A+1))
5) Dixon’s Theorem: For Re(A — 2u — 2p) > —2
(L7) sl L +)X—M,M,1+)\p—p;1]
P+ NPA+ A=A+ A= p)P(L — p—p+ 30)
PA+MNT(1 =g+ INDA = p+ INTA+ X —p—p)
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6) Watson’s Theorem: For Re(2p — A — p) > 1
A, ;
(18) sl [%()\nL/Li D, 2 1]
VIL(p+ 5)P(EA+p+ D))0(p— 5(A +pu = 1))
LA+ 1) (z(u+1)0(p — 3(A = 1))0(p — 3(u — 1))
7) Whipple’s Theorem: For Re(u) > 0
A, 1-— ), I, }
P 2p—p+1’
2120 D ()0 (2 — p + 1)
LA+ o)+ 3(A = p+ DIP((L = A+ )0 (1 + 1= 3(A+p))
8) Saalschutz’s Theorem:
(1.10) ) {p, /\,1 N Aﬂiu ;k g } _ (p=Nilp—
9) Second Whipple’s Theorem:
D L/ ] CTA—p+1DIA—p+1)
N, A — /L+1 A— p+1’ FA+1DITA—p—p+1)
10) Dougall’s Theorem: For Re(A — p —a — ) > —1
A 143N o B _1}
A—p+l, A—atl, A—B+T
T —p+1)PA—a+ 1) I'A =B+ DTN —p—a—F+1)
FA+1)IA—a—-84+1)TA=—p—-FB+1)IA—p—a+1)
11) Second Dougall’s Theorem:

(1.9) 3F {

(1.11) 41 Fs [

(1.12) 5F4{ \

1
2 Y

A, 14 )\ W, py o 14+2X—pu—p—a+k, -k 1
M A—pt+ L A—ptl, Amatl, ptpta—A—k A41+k
_ QDA —p—pt DA —p =B+ DA =p— B+ 1D
A+1=pwrA+1=pk(A+1-a)i(A+1—p—p—a)
For finite sums of hypergeometric series, we will use the following symbol

(1.13) +Fs [

@ Thy, --- e CF
rFs ’ ’ ) Fn
e e zm artes
where for instance
(=1 (0) (1) A A
rFs(g):Oa TFS(C)::l? rFs(g):l—i_mg-

By using the following relation [13]

PYFEETID W

1.14) ,F;
( ) M1,y Hs—1,

1
i<



160 JAYARAMA AND RATHIE

D) T(ps—1) T —€41) - TNy — £+ 1) (£ —1)!
P(A1) - T(A—1) T — €+ 1) - Dlpg—r —£+1) ¢

AM—Ll+1, A — 041
X{’l"lFSl |:M1_£+1’...“u/s_1—£+1’<:|

B (€-2) )\1—£+1,~~~,)\T,1f€+1_<
r—14s—1 /141*64’1,"',#571764’1, ’

very recently Masjed-Jamei and Koepf [10] have established generalizations of the
classical summation theorems (L3) to (II3)) in the following form:

A om 1] TOT@IA - £+ D0 — £+ 1)
a5) m [V I, ] = RO

{F(p€+1)F(pAu+€1) “‘2){)\—[—1—1, —£+1 ]}
X 72F1 ,1
L(p = NI(p = 1) p—E+1

=&,

Ao 1] gy DO = g+ OTO = 04+ DD = £+ 1)
A—p+6, 6|7 TOOD(WD(A— i+ 1)

PA—p+ DIA+50—0+1) et p—t+1 ) g
TR+ A-OT(l—p+ii—e+1) = A—p+1 =%

(1.16) 3P [

Ao 1 4] e DOTA+u+ DI = £+ Dl (p— £+ 1)
(1L17) s P [%()\—f—u—f—l), ¢ 2} = T D ONTWT(—+ 1+ 10+ ut 1)
VID(AL+1+ 50+ p+1)  EDT X041, p—C+1 _
T+ — T+ 3(u—0) ' [+ 50 +p+1 2|~ 7°

A 20-A—1,1,] o TOT@WIA— 4+ DI - )

(1.18) BFQ{ JTR ’5}22 T2 — A —DT(p— £+ 1)
X{ P+ DGR +2) 2 Pzﬂ,ex_l]}

D4+ 1+ 30+ PG u—r+1) 21| w—t+1 2

= By

A, W P 1,
(119) o F [Auw, A=p+t, 5’1]

_POTA—p+OTA=p+ OPA+1-OT(u+1-OP(p+1—1)
a T ()TA = p+1)FA = p+1)
TEN+3-0)PA—p+)IA—p+ DI (—p—p+ 1A +30-1))
{F(A +2-OT(—p+ A+ L+ 1) (—p+ 2N+ L+ )TN —p—p+20)

EDTN—l4+1, p—Ll4+1, p—L+1

i1

)\, 122 P 1
(1.20) 4F3 {%()\—FM“‘”’ 20+1-4, 0 }
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POTGA+p+ 1) 2p+1—OPA+1—OL(p+1—-0OT(p+1-1)
POVL ()T ()L (0 + 3(A + p+3))0(2p — 20+ 2)
{ VIL(p =L+ 30(—+ 5(A+p+3)L(p—3(A+p—1))
P+ 5A =)0+ 5(u—O)(p+1— A+ O)(p+1— 5(n+1))

EDT N+, p—Ll+1, p—£+1
— 3 1 ;1| p = P
—l+1+iA+p+1), 20—20+2

A, 20—-1—=X p, 1
1.21) 4Fy |7 S|
(1.21) 43{ p, 2p—p+1, ¢ ]

T(OT(P)T(2u—p+ )T = NT(A+1— T (u+1—0)
P20 —1-=NT(p+1—-0OT2u—p—L+2)
X{ 722071 (p— L+ 1)
D414+ 5A+p))D(—L+1+p+5A = p+1)T(5(1 = A+ p))
P@u—p—t+2) EDIN—l+1, p—0+1, 0-X ]\ _
T(u+1-1i(A+p) iﬁ&{pe+Lzﬂp£+2’]}—@7

Moy —k+l—1,1 ] (=111 )y
a2 | NN ] - e
(p=A—p+k)e (P = Nrlp— 1)k
20, X{@+1@(p Nt i 1)

e B e T o o T Y | G,
2 1, 24 At pu—p— =k [T 8

(123 op |, N BOHLED pop 1]

%(A+£—1) A—p+l, A=p+b, 0
PEAHL-1))TA—pu+OPA—p+1)
LTI ()T (p)

TEAN—£+3)0(A—£+1)
DA+ L+ 15N - £+ 1))
Fp+1-0OT(p+1-1) x{ FA+A—pI'A+A—p)
TA—p+1DIA—p+1)  \T@—C+ N+ A—p—p)

o sA=C+1), A—p+1, A=pt+1 7 o

= (-1 ')

A sAHL+D), p o B 1
(1.24) 6F5|: ()\+€_1) P p_i_[ A—a+l, A\—8+¢, f’ }

PPN+ =)A= p+OP(A—a+OT (N — B+ 1)
B TA—p+1DIA—a+1)I'(A—=3+1)
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PA—L+DTEN=2+3)(p+1—OD(a+1—-OD(B+1—1¢)
PNL(p)T (@B (5(A+ £+ )T (5(A = £+1))
{I‘()\—p—i—1)1"()\—a+1)F()\—B+1)F(A—p—a—6+2£—1)
FTR—t+NTA—p—B+0OT(A—a—-B+0OTA—p—a+¥)

7(@—2) A—Ll+1, p—L41, %()\—€+3),a—€+1,ﬁ—£+1-1 e
UL L —e+1), A=p+1, A—a+l, A-p+1 |f 0

1
(125) o Iy |: A 5()‘+£+1)7 H,oopy Al: A27 1 1:|

LA+L=1), A\—p+L6 A—p+L, A—a+/{, By, By, 0
LB X=0))c1 (A =X+ p— )
:(_1)z_1(£_1)!(2( : ))e=1( =)
(GA=A=0))e-1(1 = A)e—
A=A4+p—0r1(l=A+a—10)—1
(1= p)e—1(1 = ple—1(1 — a)e—1
kA —p—p— )1 (A= K)o
(w+pta—22+2—-20—k)e—1(k+2—20)¢—1
I Ot 29A—p—pt DA —p—at OHrA—p—a+ O
A=p+ DA =p+ DA —a+)rA—p—p—a+20—1)
_“1;” A=l+1, A= 0+3), p—C+1, p—L+1, a—(+1, As, —k.l o
Tre IAN—C+1), A\—p+1, A=p+1, A\—a+1, Bs, By ' -

where A1 =2 \—p—p—a+20—1+k, Ao =0—k—1, By =pu+pt+ta—-A\+1—-/0—k,
By=A+k+1, A3 =2 \—p—p—a+l+k Bs=p+p+a—A+2-20—Fk, and
By=X—{l+k+2.

It is interesting to mention here that for £ = 1, results (IL.IH) to (I23) reduce
to results (IL3) to (LI3)) respectively. For other generalizations and extensions of
results (L3) to (LI), we refer [4[6H8II5]. Our aim is to establish eleven new class
of integrals involving generalized hypergeometric function by employing summation
theorems (LIH) to (I.25) in the following integral due to MacRobert [9],

(1.26) /05 eV (sin 6)Y " (cos 0)" 1 df = e %

provided Re(¢)) > 0 and Re(v) > 0.

2. Main esults

The eleven new classes of integrals involving generalized hypergeometric func-
tions paper are given in the following theorems.

THEOREM 2.1. For ¢ € N, Re(u) > 0, Re(p—pu) > 0 and Re(p—A—pu+4£) > 1,
the following result holds true.

s

2 ) - o _
(2.1) / e? (sin )" (cos )P 1o Fy A’E Lei0-%) sing da:e'f”W%
0

where @1 is the same as given in (LIH).
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PROOF. In order to prove result ([ZI]) asserted in Theorem 2] we proceed as
follows. Denoting the left-hand side of (21I) by I, we have

i

I= /2 e (sin 0)* 1 (cos 0)P 1 Fy [/\’g 1;ei(9_%)sin9 do
0

Now, expressing o F] as a series, change the order of integration and summation
(which are easily seen to be justified due to uniform convergence of the series in
the interval (0, %)), we have

o0 sy
Ae(1 - 2
I= Z 7( i ?keﬂfk/ ez(‘”rk)e(sin 9)“+k*1(cos 0)P~+=1dp
Now evaluating the integral with the help of the MacRobert’s integral (L26]), we
have

& ek g, D+ B — )
1=2 " Tk

0
Using the identity () = Fij\(';)k), we have

I=

eigur(ﬂ)r(ﬂ — W) i (Mr()e(Dr 1
p) &= (P(Or K

Finally summing up the series, we have
=, () (p —
1:615# (M) (p :u’)ng2 |:)‘ap ,uag 1’1:| .

I'(p)
Now, we observe that the 3F5 appearing can be evaluated with the help of
(LI5) and we easily arrive at the right-hand side of (21]). O

COROLLARY 2.1. In Theorem 2.1, if we take £ = 1,2,3, we respectively get the
following integrals.

T(p—A—n)
Llp—A)

3 - x, T
/ e (sin 0)* " (cos )P H (1 — 97 %) sin §) A df = '3 H ()
0

™

/2 e (sin 0)* ! (cos 0)P~H 1o Iy [)\’2 1;61'(9%)81119} de

0
iz, LW(p—p)  (p—1) F@—lﬁw—k—u+D_1
L(p—N(p— ) ’

wlR

eipe(sm9)H71(C059>p7“712F1 [)\,3 1;ei((’%)sin@} df

P)lp—p)  (p—2) [F@—%F@—A—u+%
Llp)  (A=2)2(p—2)2 L(p=N(p = p)
_)\u+p—2)\—2u+2}
(r—2)

J

= 2¢i5H




164 JAYARAMA AND RATHIE

The following Theorems to 2Tl and the corresponding Corollaries to
21T can be obtained similarly by employing the results (ILI6) to (IL25). Hence,
they are given here without proof.

THEOREM 2.2. For £ € N, Re(u) > 0 and Re(A — 2u + £) > 0, the following
result holds true.

™

(2.2) / T OO0 (i )AL (cos )N 21
0

o oz T(A—2 T
1; —e9=3)sinf| df = =+ (A= 2+ OF()
FTA—p+94)

A
X2F1|:7£ (I)Q

where ®o is the same as given in (LI10).

COROLLARY 2.2. In Theorem[Z3, if we take £ = 1,2,3, we respectively get the
following integrals.

/2 P =100 (5in )1 (cos )22 (1 + €9~ %) sin §) " db
0

T(T(1+ X —20)T(1+ 3N)
PA+NTA+ 5N —p)

— ploH

SIE]

J

P =140 (5in )1 (cos )N 2L, By [)\’ 5 1; —e'0=3) sin 9] do

_igu_A—ptl) F(M)F(A2u+2){1F(1+A—M)F(%)\+%)}
(= Dm-1) TA-n+2) TGN —p+2) J

™

/2 ! (sin 0)1 1 (cos 6) N2,y [)\,3 1; —e'9=%) sin 9] df
0

_ opifn A—p+1) T()TA\—2u+3) { PENT(1+ A= p)
(A=2)2(p—2)2 T(A—p+3) PA=1P(GA - p+2)
3AN+b—Au—3
I - }
THEOREM 2.3. For £ € N, Re(u) > 0 and Re(A — p+ 1) > 0, the following
result holds true.

™

(2.3) /2 ei%(AwH)e(Sm9)%1(6089)%(,\,#,1)21?1 [)\,E 1

N [=

e0=%) gin 9] do
0
igMF(MF(%M —pt1)

- TAA+p+1)

35

where @3 is the same as given in (LIT).

COROLLARY 2.3. In Theorem[2.3, if we take £ = 1,2,3, we respectively get the
following integrals.
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us

2 1 1 1. s =
/ '3+t D0 (gin g)H =1 (cos )2 (A1~ (1 — 561(9_7) sin 9) dé
0

LTI (A—p+1)
LA+ )0 (z(n+1))

— eloH

N[ =

/2 ei(HgH)e(sin@)“*l(COS9)%(/\7“71)2F1 {)\72 1; ei(eg)sino} 4o
0

@M(A+u—1)F(ﬂY%A—u+1D{¢_(5A+M—1D 1}
A=Dp-1) TEN+p+1) INCONINE T ’

=€

™

/ e 2()‘J”“rl)e(suw)“ 1(0059)% A=n=1), [)\’3 1;
0

L\DI»—-

i0—3%) gin 9] do

O UM+M 3P (A —p+1))

=TT 2 PO+ +1)
y A+u 3)) AMAM+1}
F L(3(n—1)) Atp=3 J

THEOREM 2.4. For { € N, Re(\) > 0 and Re(u — ) > 0, the following result
holds true.

20— X—1,
¢

(2.4) /2 e (sin 0)* 1 (cos O)* A1y [ 1; 1610-%) sin 9} do
0

@43

where @4 is the same as given in (LIF).

COROLLARY 2.4. In Theorem 2.4, if we take £ = 1,2,3, we respectively get the
following integrals.

™

/2 e (sin ) 1 (cos h)r—A~1 (1 -

0

us

[

e (sin 0) L (cos O)H A1 By [

_ gz (1=) TP (=) L(z(p—1))0(5p) B
=N, T {r< ) 1}

/2 e (sin )~ (cos ) A1y [5 B )?: 15e'” Z)SIH9:| do
0
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_giga (=22 T = A)
A=4)s  D(p)
X{ D(3(n—1)T(5(u—2) _5)\—)\2+2M—10}
L(z(A+p) = 2)L(5(p — A+ 1)) 2(n—2)

THEOREM 2.5. For { € N, Re(p) > 0 and Re(A — 2p + £) > 0, the following
result holds true.

(2.5) /2 ei(’\_p+é)9(sin )7~ (cos §)* 2 HE-1
0

=, ()T (A —2p+ 1)
F'A=p+10)

X 3F2 |: )\, H 1 Z 2>Sln9:| df = @5,

A—u+2, v°
where @y is the same as given in (LI9).

COROLLARY 2.5. In Theorem 2.0, if we take £ = 1,2, 3, we respectively get the
following integrals.

jus

2 i A 1 x
i(A=p+1)0 (o 9/)*1 0 A—2p o F o) . z( —Z) o ol do
/0 e (sin )~ (cos h) A p41€ z) sin

P(p)T(L+X=2p)P(AL+ 3NTAL+ X = p)I(L+ 5\ —p—p)
PA+MNTQ+ A=) PA+ A=A +A—p—p)

— 5P

us

2. A 1 ; x
i(A—p+2)0(; 0 p—1 0 A—2p+1 My L p(0—Z) & ol do
/0 e (sin )~ (cos 0) 3Fy A—pt2 2€ 2) gin

_ iz (LA )L+ A —p) DT+ A~ 2p)

- A=Du-1(-1) TA-p+2)

{ (3(A+1)r (1+Au)F(H/\p)F(%Aufwg)_l}
TALGA=p+ 3TGEA = p+ 302+ X —p—p) '

™

2 iO=p43)0 i pyp—1 A—2p+2 Aopsopo, 1i(0-%)
/Oe (sin 0)?~*(cos §) 3Fy A3 53¢ sinf| df

A—p+1)sA—p+ 1) D(p)I'(A—2p+3)
(A=2)2(u=2)2(p=2)2 T(A=p+3)
PEGOPA+A =) PA+ X = p)T(GA —p—p+4)
—DIGEA = p+2T(GA = p+2LB+A—p—p)
=2 -2)(p-2) 1}_
A=—p+1)A=p+1)
THEOREM 2.6. For ¢ € N and Re(p) > 0, the following result holds true.

= 2¢%F

X

{m

™

(2.6) / © o400 (51 0)P~ (cos §)P L4 F A g 1
0

Loi(0-3%) g
%()\“‘,U‘f'l) /32 2 sm@} df
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_ iz L(pl(p—t+1)
=e2——— g,
T(2p—(+1)

where Pg is the same as given in ([L20).

COROLLARY 2.6. In Theorem 28], if we take £ = 1,2,3, we respectively get the
following integrals.

jus

[

i(2p—1)0 (; p—1 p—2 F M L1i(0-3) o
e (sin@)?~*(cos )P~ 3 F, [%(/\+u+ 1), 23° sm@] dé

izp A+p—1) T(pI'(p—1)
A=1Dkp-1) T(2p—-1)
{fl“(p ILGA+u—=1)(p—5(A+p—1)) 1}
T(ENC(3T(p = MT(p — 54) ’

=€

X

/E e2P=2)9 (sin 0)P~1 (cos 0)P 33 F [
0

izp (2P =3) A+ p—

I I D (S
%(/\+H+1) 37 3¢ sind| df
1

JA+p—3)T(p)I(p—2)
— DA =2)2(n = 2)2 I'(2p—-2)
X{ VIL(p =T EA+p=3)L(p— (A +pu—1))
L(z(A = 1)0(5(r = D)T(p — 5(A+1))0(p — 5(u+1))
(A =2)(p—2) _1}.
A4pu—3

THEOREM 2.7. For £ € N, Re(A\) > 0 and Re(p — A) > 0, the following result
holds true.

I
('U
m

™

z o, 20—1— X
ip0 [ : A—1 p—A—1 y My 1(07—)
(2.7) /0 e (sin @)~ (cos 0) 3Fy Y- p1, E e sm@] do
(A
TN
I'(p)

where @7 is the same as given in (L21]).

COROLLARY 2.7. In Theorem B0, if we take £ = 1,2,3, we respectively get the
following integrals.

™

/2 e (sin )~ (cos 0)P AL 1=4 e'?=%) sinf| df
0

20 — p+1’
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%

= elZA

21=20 D\ (p — NT (20 — p + 1)
PEA+p)T(+ 5N = p+1D))D(5A = A+ )T+ 1~ 5(A+p))
A%W@mA%@WAgFgwﬁﬁi;ywamﬂw
_ i (= D=2 TV (p — A)
A=2)2(p=1)  T(p)
X{ m28 72T (p — DI (2 — p)
P(z(A+p) = D0(u+ 3

sA=p=D)I(5(1=A+p

2 5—A 1
ip0 (; A—1 p—A—1 ) M (97_)
/0 €'’ (sin 6)* " (cos 0) 3Fy —pt1 3€ sin 9] de
T

L(p)
y { 7222 T (p—2)L(2u —p
L3 +p) = 2T (n+ 5(A —p=3)T(5(1— A
(A=

»wu+1—ax+m>1}

+1)
+o)P(n+1 -3\ +p)
2)(3 - \) (s ml}
(p—2)2p—p—1)

THEOREM 2.8. For £ € N, Re(A) > 0 and Re(p — A) > 0, the following result
holds true.

us

1 . — i —k+ {— 12 1 i(0—Z) .
ip6 A—1 p—A—1 a ) . (0 )
(2.8) /0 e (sin @)~ (cos 0) 3Fv L+ A p—p—k € 2 sm@] do

T AT (p— A
_ A=Y
I'(p)
where Pg is the same as given in ([22).
COROLLARY 2.8. In Theorem 2.8, if we take £ = 1,2, 3, we respectively get the
following integrals.
/% e (sin 0)* =1 (cos 0)P A 1o ko e'?=3)sind| do
0 1+ A+p—p— I3
_ AL =) (0= Nilp =
o)  (Plp— A=k
[
0

. — = —k/’+ 1 12 1 i(0—Z) -
ipb A—1 p—A—1 ) ) . (0 )
(sin0)* " (cos ) 3Fy [1 At p—k 2€ z) sin 9} de
BRIV RS 1 Y Gy SR U
k(=21 —p) I'(p) (P(p—A—p+ 1)k ’
/2 eipe(sin 9))‘71((‘,08 9)/)7/\71314—12 |: —k+ 2; H, 1
0

L+ A b p—p—k 3;€i(6%)SiH9:| df
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_opisa (1= P)2(p = A= p+ k)2 TV (p — N)
(1= A)2(1 = p)2 L'(p)
- A - kA —2)(up—2
x{ (p = Nilp — Wk N ( )(p—2) 71}_
(P=2klp=A=p+2)r  (p—=2)A+p—p—k—1)
THEOREM 2.9. For £ € N, Re(u) > 0 and Re(A — 2u + £) > 0, the following
result holds true.

(2.9) / " A0 (in ) (cos )2
0
l : s
X 4 Fy |: A, 2)‘+€+1)a p, 1 ._61(9—5)Sin9:| do

TA+L-1), A—p+t, 0
izp LA =20+ 1)
= e 2 9,
FA—p+4)

where ®g is the same as given in ([23).

COROLLARY 2.9. In Theorem 2.9, if we take £ = 1,2, 3, we respectively get the
following integrals.

L N _ A fa+2)
i(A—p+1)0 oM 1 0 A—2p F ? 2 » P, 1(07—) 0l do
e sin cos ; sin
/ oy coso)r [N, 102
F)PA+A—p)I'(1+A—2p)
FA+NTA+AN—p—p)

— oloH

/7 ei(A7“+2)9(sin (9)#71(COS 9)A72“+1

0

A, % A+3), p, 1
( +1), A—p+2, 2

izpn(L+A—p)(1+A—p) ()(A—2u+2){17F(1+/\ w1+ A— p)}
A+Dp-1(p-1) TER+A-p) TT2+A—p—p)

X 4F3 |: —e9=%) gin 9:| do

M

:e

jus

/2 ei()‘*‘“rg)e(sin 0)*~1(cos H)A*“”
0

A f(A+4), p, 1

x4k [%(A+§), A=p+3, 3
izp 20+ A—p)p(I+A—p)o T(w)I'(A—2p+3)

B0 D202 TG

{F(1+)\*H)F(1+>\*P) Al —2)(p —2) 71}_

FA-DIB+A—p—p) (A+A=p)(1+A=p)

THEOREM 2.10. For £ € N, Re(u) > 0 and Re(A — 2p + £) > 0, the following

result holds true.

—e0=3) sin 9] do

=€

us

(2.10) /2 ei(/\—p+€)9(sing)p—l(cose)/\—2p+z—1
0
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)‘7 %O""E"_l)’ «, ﬁ’ 1 L ot(0—=3) &
X 5Fy LAH01), Amat b A—B+L, /e sinf | d

=€

where @19 is the same as given in (L24]).

COROLLARY 2.10. In Theorem 10|, if we take £ = 1,2,3, we respectively get
the following integrals.

/E ei()‘_”ﬂ)‘g(sin 0)7~!(cos 9)*~2*
0
A, %(A+2)v a, B (0=
1 Aot )\fBJrl’e sind| df
T(p)TA=2p+ 1) TA+A—a)T1+A=B8)T1+A—p—a—p)
FA+ANTAQ+A—a—-BT1+A—p—-BTrl+X—p—a)

X 4F3 [1)\

3

;I
i5p

=€

jus

/ ’ e!A—pt+2)0 (sin )7~ *(cos 9)A72P+1
0

Kot {%(AA# 1), i(ij;i)’z, - Bﬁ#z, 12;62(05)5“19} d9
(L+A=p)A+A—a)1+A=B)T(p)T(\—2p+2)
1+ N —D(a-1)(B-1) (A —p+2)
{F(l+)\*p)l—‘(1+)\7O[)F(1+>\7/6)F(3+>\*p70[7/8) _1}.
TN+ A—a—-BT2+A—p-BIr2+A—p—a)

— el%P

us

/ ’ e!A—pt3)0 (sin 0)P~1 (cos )2 +2
0

A 2(A+4), a, B, 1 _m .
]X5F4 |:%()\+2)? )\7&4»3, A*ﬂﬁ*g, 3,6(9 2)SID9:| do
(1+X=p2(l+A—a)(1+A—=0B)2 T(p)T(A—2p+3)
A=DA+2)(p—2)2(a=2)2(8=2)2 T(A=p+3)
{F(1+)\—p)l"(1+)\—a)f‘(1+)\—B)I‘(5+)\—p—a—6)
FA-1TB4+A—a—-BTIB+A—p—-FTB+A—p—0a)
Ao 2022y
QI+A—p)Ql+A—a)1+X-5))"
THEOREM 2.11. For £ € N, Re(u) > 0 and Re(A — 2u+ £) > 0, the following

result holds true.

= 2¢'%P

us

(2.11) /2 e/t (sin G)#~ (cos §) N
0

A sAHL+D), p,oa, Ay, Agl o
Ll ’ ’ ’ ) ) RICEES)
x 7Fg [%(A-i—[—l), A—p+Ll, N—a+{, By, B, e 2) sin Q| d@
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LT\ —2p+0)
FTA—p+94)

where Ay, Aa, By, By and ®11 are the same as given in (L2H).

— eloH

11,

COROLLARY 2.11. In Theorem 1], if we take £ = 1,2,3, we respectively get
the following integrals.

us

/ ’ etA—put1)8 (sin 0)*~ ! (cos H)A*Q“
0

A 3A+2), o oa A~k s
’ 2 ’ ’ ’ ’ . ,i(0 )
X6l {%)\, 1+X—p, 14+ X—a, Bs, B2,€ 2)sin 6| df
_sn DT = 2+ 1) (L4 M)A — o= p+ D

TA—p+1) (T+A—we(l+XA—p)’
A—p—a+1)A=p—a+1)
A+A—a)(l+A—p—p—a)
where Ay =2 \—pu—p—a+k+1, Bs=pu+p+a—-A—k,and Bo =X+ k+1.

X

™

/ ’ etA—nt2)0 (sin 0)*~ ! (cos H)A*Q“H
0

A, LON+3), p, oa, As, 1—k, 1 e .
x7Fs [%()\4—21(), 1—|—))\—pp, A=, By, By, 200 P sind|df
:ei%#(uf)\fl)(p—)\f1)(04—)\—1)(k+2+>\fu—p—a)()\+k)
KO+ N1 -1 -p) A —a)(p+pta—21—2—k)
LI —2p+1)
F'A—p+1)
where As =2\ —p—p—a+k+3, Bs=u+p+a—-A—k—1, Bo=A+k+1,

_ N eA—p=p+2) s (A—p—a+2)s (A—p—a+t2)k
and Q@ = {1 — G T ) T e (A=l )

™

/ ’ e!A—n+3)0 (sin )"~ (cos 6’)/\72‘“r2
0

A f(A+4), p oo As, 2—k, 1.
LA+2), 3+A—p, 3+ A—a, By, By, 3°
_ i3 A= 2= A= 2)a(p = A= 2)2(d — A = 2)5(=A — k)s
(A+2)(1 = A)2(1 = p)2(1 = p)2(l — a)a(k — 1)2
B+E+A—p—p—a) T(W)I'\—-2u+3)
(ptp+a—2X"x—4—k)s TA—pu+2)
{()\71)k()\*,LL*p+3)]9()\*#*0&4’3)]9()\*[)*0&4’3)]9
A=p+ DA —p+ DA —a+1)e(A—p—p—a+5)

X 7 Fg [ (0-%) sind| do

n kA(p —2)(p —2)(@ = 2)2A—p—p+k+3) _1}
A=—p+1)A=—p+1)A—a+)(p+p+a-A—k—-4)(k+X1-1)
where A =2 \—p—p—a+k+5, Br=p+p+a—A—k—2,and Bo = +k+1
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of

Conclusion Remark. We evaluated in terms of gamma function, a new class
integrals due to MacRobert involving generalized hypergeometric functions, by

employing very recently obtained summation theorems by Masjed-Jamei and Koepf
also gave new, interesting and elementary integrals as special cases of our main
findings.

10.

11.

12.

13.

14.

15.

16.

17.

References

. G.E. Andrews, R. Askey, R. Roy, In Encyclopedia of Mathematics and Its Applications,
Special Functions 71, Cambridge University Press, Cambridge, 1999.

. G. Arfken, Mathematical Methods for Physicists, Academic Press, New York, NY, USA, 1985.

. W.N. Bailey, Generalized Hypergeometric Series, Cambridge University Press, Cambridge,
1935; Reprinted by Stechert-Hafner, New York, 1964.

. Y.S. Kim, M. A. Rakha, A.K. Rathie, Extensions of certain classical summation theorems
for the series o F1, 3F2 and 4 F3 with applications in Ramanujan’s summations, Int. J. Math.
Math. Sci. 2010 (2010), 309503.

. W. Koepf, Hypergeometric Summation: An Algorithmic Approach to Summation and Special
Function Identities, 2°9 ed., Springer, London, 2014.

. J.L. Lavoie, F. Grondin, A.K Rathie, Generalizations of Watson’s theorem on the sum of a
3F, Indian J. Math. 34 (1992), 23-32.

Generalizations of Whipple’s theorem on the sum of a 3F2, J. Comput. Appl. Math.
72 (1996), 293-300.

. J.L. Lavoie, F. Grondin, A.K. Rathie, K. Arora, Generalizations of Dixon’s theorem on the
sum of a 3F»(1), Math. Comp. 62 (1994), 267-276.

. T.M. MacRobert, Beta functions formulae and integrals involving E-functions, Math. Ann.

52 (1960-61), 451-452.

M. Masjed-Jamei, W. Koepf, Some summation theorems for generalized hypergeometric func-

tions, Axioms 7 (2018), 38.

A.M. Mathai, R. K. Saxena, Generalized Hypergeometric Functions with Applications in Sta-

tistics and Physical Sciences, Lect. Notes Math. 348, Springer, Berlin—Heidelberg—New York,

USA, 1973.

A.F. Nikiforov, V.B. Uvarov, Special Functions of Mathematical Physics. A Unified Intro-

duction with Applications, Birkhauser, Basel, 1988.

A.P. Prudnikov, Yu. A. Brychkov, O. 1. Marichev, More Special Functions, Integrals and Series

3, Gordon and Breach, Amsterdam, 1990.

E.D. Rainville, Special Functions, The Macmillan Company, New York, 1960; Reprinted by

Chelsea, New York, 1971.

L. J. Slater, Confluent Hypergeometric Functions, Cambridge University Press, Cambridge,

1960.

, Generalized Hypergeometric Functions, Cambridge University Press, Cambridge,

1966.
H. M. Srivastava, J. Choi, Zeta and g-zeta Functions and Associated Series and Integrals,
Elsevier, Amsterdam, London and New York, 2012.

Department of Mathematics, Manipal Intitute of Technology (Received 07 11 2022)
Manipal Academy of Higher Education, Manipal, Karnataka

India

prathima.amrutharaj@manipal.edu

Vedant College of Engineering and Technology
Rajasthan Technical University Bundi, Rajasthan
India

arjunkumarrathie@gmail.com



	1. Introduction
	2. Main esults
	References

