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A CLASS OF DEFINITE INTEGRALS INVOLVING

GENERALIZED HYPERGEOMETRIC FUNCTIONS

Prathima Jayarama and Arjun Kumar Rathie

Abstract. Recently Masjed-Jamei and Koepf obtained generalizations of var-
ious classical summation theorems for the 2F1, 3F2, 4F3, 5F4 and 6F5 gen-
eralized hypergeometric series. We evaluate a new class of integrals involving
generalized hypergeometric function by employing the results given by Masjed-
Jamei and Koepf and MacRobert integral, and we give several special cases.

1. Introduction

In mathematics, the Gaussian or ordinary hypergeometric function 2F1 is a
special function represented by the hypergeometric series, that includes many other
special functions as specific or limiting cases.

The Gauss hypergeometric function is defined by [1,3,11,12,14]

2F1

[

λ, µ

ρ
; ζ

]

=

∞
∑

k=0

(λ)k(µ)k
(ρ)k

ζk

k!
(|ζ| < 1, ρ 6= 0,−1,−2, . . . )

and confluent hypergeometric function is defined by [1,3,11,12,14]

1F1

[

λ

ρ
; ζ

]

=

∞
∑

k=0

(λ)k
(ρ)k

ζk

k!

which converges everywhere. Both the above functions are the special cases of the
generalized hypergeometric function with r numerator and s denominator param-
eters defined by [1,3,14–17]

(1.1) rFs

(

λ1, · · · , λr
µ1, · · · , µs

; ζ

)

=

∞
∑

k=0

∏r
i=1(λi)k

∏s

i=1(µi)k

ζk

k!
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where (λ)k denotes the well known Pochhammer symbol [5] for any complex number
λ defined as

(1.2) (λ)k =
Γ(λ+ k)

Γ(λ)
=

{

1 (k = 0, λ ∈ Cr {0})

λ(λ + 1) · · · (λ + k − 1) (k ∈ N, λ ∈ C),

where Γ(ζ) is the well known gamma function defined by Γ(ζ) =
∫

∞

0 e−xxζ−1dx

provided Re(ζ) > 0. Further by the ratio test [1, 2] it can be easily verified that
series (1.1) is convergent for all r 6 s. Also it converges in |ζ| < 1 for r = s + 1,
converges everywhere for r < s+ 1 and converges nowhere (ζ 6= 0) for r > s+ 1.

Further, if r = s+ 1, it converges absolutely for |z| = 1 provided

δ = Re

( s
∑

j=1

µj −
r

∑

j=1

λj

)

> 0

holds and is conditionally convergent for |ζ| = 1 and ζ 6= 1 if −1 < δ 6 0 and
diverges for |ζ| = 1 and ζ 6= 1 if δ 6 −1. For more details, we refer [14].

It is interesting to mention here that, whenever a generalized hypergeometric
function reduces to the gamma function, the results are very important from the
applications point of view. Moreover here we shall mention the following summation
theorems for the series 2F1, 3F2, 4F3, 5F4 and 7F6 so that the paper may be self
contained.

1) Gauss Theorem: For Re(ρ− λ− µ) > 0

(1.3) 2F1

[

λ, µ

ρ
; 1

]

=
Γ(ρ)Γ(ρ− λ− µ)

Γ(ρ− λ)Γ(ρ− µ)

2) Kummer’s Theorem:

(1.4) 2F1

[

λ, µ

1 + λ− µ
; −1

]

=
Γ(1 + λ− µ)Γ(1 + 1

2λ)

Γ(1 − µ+ 1
2λ)Γ(1 + λ)

3) Second Gauss Theorem:

(1.5) 2F1

[

λ, µ
1
2 (λ+ µ+ 1)

;
1

2

]

=

√
π Γ(1

2 (λ+ µ+ 1))

Γ(1
2 (λ+ 1))Γ(1

2 (µ+ 1))

4) Bailey’s Theorem:

(1.6) 2F1

[

λ, 1 − λ

µ
; 1

2

]

=
Γ(1

2µ)Γ(1
2 (µ+ 1))

Γ(1
2 (λ+ µ))Γ(1

2 (µ− λ+ 1))

5) Dixon’s Theorem: For Re(λ− 2µ− 2ρ) > −2

(1.7) 3F2

[

λ, µ, ρ

1 + λ− µ, 1 + λ− ρ
; 1

]

=
Γ(1 + 1

2λ)Γ(1 + λ− µ)Γ(1 + λ− ρ)Γ(1 − µ− ρ+ 1
2a)

Γ(1 + λ)Γ(1 − µ+ 1
2λ)Γ(1 − ρ+ 1

2λ)Γ(1 + λ− µ− ρ)
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6) Watson’s Theorem: For Re(2ρ− λ− µ) > 1

(1.8) 3F2

[

λ, µ, ρ
1
2 (λ+ µ+ 1), 2ρ

; 1

]

=

√
π Γ(ρ+ 1

2 )Γ(1
2 (λ + µ+ 1))Γ(ρ− 1

2 (λ+ µ− 1))

Γ(1
2 (λ+ 1))Γ(1

2 (µ+ 1))Γ(ρ− 1
2 (λ− 1))Γ(ρ− 1

2 (µ− 1))

7) Whipple’s Theorem: For Re(µ) > 0

(1.9) 3F2

[

λ, 1 − λ, µ

ρ, 2µ− ρ+ 1
; 1

]

=
π 21−2µ Γ(ρ)Γ(2µ− ρ+ 1)

Γ(1
2 (λ + ρ))Γ(µ+ 1

2 (λ− ρ+ 1))Γ(1
2 (1 − λ+ ρ))Γ(µ+ 1 − 1

2 (λ+ ρ))

8) Saalschutz’s Theorem:

(1.10) 3F2

[

λ, µ, −k
ρ, 1 + λ+ µ− ρ− k

; 1

]

=
(ρ− λ)k(ρ− µ)k
(ρ)k(ρ− λ− µ)k

9) Second Whipple’s Theorem:

(1.11) 4F3

[

λ, 1 + 1
2λ, µ, ρ

1
2λ, λ− µ+ 1, λ− ρ+ 1

; −1

]

=
Γ(λ− µ+ 1)Γ(λ− ρ+ 1)

Γ(λ+ 1)Γ(λ− µ− ρ+ 1)

10) Dougall’s Theorem: For Re(λ− ρ− α− β) > −1

(1.12) 5F4

[

λ, 1 + 1
2λ, ρ, α, β

1
2λ, λ− ρ+ 1, λ− α+ 1, λ− β + 1

; 1

]

=
Γ(λ− ρ+ 1)Γ(λ− α+ 1)Γ(λ− β + 1)Γ(λ− ρ− α− β + 1)

Γ(λ+ 1)Γ(λ− α− β + 1)Γ(λ− ρ− β + 1)Γ(λ− ρ− α+ 1)

11) Second Dougall’s Theorem:

(1.13) 7F6

[

λ, 1 + 1
2
λ, µ, ρ, α, 1 + 2λ − µ − ρ − α + k, −k

1
2
λ, λ − µ + 1, λ − ρ + 1, λ − α + 1, µ + ρ + α − λ − k, λ + 1 + k

; 1

]

=
(λ + 1)k(λ − µ − ρ + 1)k(λ − µ − β + 1)k(λ − ρ − β + 1)k

(λ + 1 − µ)k(λ + 1 − ρ)k(λ + 1 − α)k(λ + 1 − µ − ρ − α)k

For finite sums of hypergeometric series, we will use the following symbol

(ℓ)

rFs

[

λ1, · · · , λr
µ1, · · · , µs

]

; ζ =

ℓ
∑

k=0

∏r
i=1(λi)k

∏s
i=1(µi)k

ζk

k!
,

where for instance
(−1)

rFs(ζ) = 0,
(0)

rFs(ζ) = 1,
(1)

rFs(ζ) = 1 +
λ1 · · ·λr
µ1 · · ·µs

ζ.

By using the following relation [13]

(1.14) rFs

[

λ1, · · · , λr−1, 1
µ1, · · · , µs−1, ℓ

; ζ

]



160 JAYARAMA AND RATHIE

=
Γ(µ1) · · · Γ(µs−1)

Γ(λ1) · · · Γ(λr−1)

Γ(λ1 − ℓ+ 1) · · · Γ(λr−1 − ℓ+ 1)

Γ(µ1 − ℓ+ 1) · · · Γ(µs−1 − ℓ + 1)

(ℓ− 1)!

ζℓ−1

×
{

r−1Fs−1

[

λ1 − ℓ+ 1, · · · , λr−1 − ℓ+ 1
µ1 − ℓ+ 1, · · · , µs−1 − ℓ+ 1

; ζ

]

−
(ℓ−2)

r−1Fs−1

[

λ1 − ℓ+ 1, · · · , λr−1 − ℓ+ 1
µ1 − ℓ+ 1, · · · , µs−1 − ℓ + 1

; ζ

]}

,

very recently Masjed-Jamei and Koepf [10] have established generalizations of the
classical summation theorems (1.3) to (1.13) in the following form:

(1.15) 3F2

[

λ, µ, 1
ρ, ℓ

; 1

]

=
Γ(ℓ)Γ(ρ)Γ(λ − ℓ+ 1)Γ(µ− ℓ+ 1)

Γ(λ)Γ(µ)Γ(ρ − ℓ+ 1)

×
{

Γ(ρ− ℓ+ 1)Γ(ρ− λ− µ+ ℓ− 1)

Γ(ρ− λ)Γ(ρ− µ)
−

(ℓ−2)

2F1

[

λ− ℓ+ 1, −ℓ+ 1
ρ− ℓ + 1

; 1

]}

= Φ1

(1.16) 3F2

[

λ, µ, 1
λ − µ + ℓ, ℓ

; −1

]

= (−1)ℓ−1 Γ(ℓ)Γ(λ − µ + ℓ)Γ(λ − ℓ + 1)Γ(µ − ℓ + 1)

Γ(λ)Γ(µ)Γ(λ − µ + 1)

×

{

Γ(λ − µ + 1)Γ(1 + 1
2
(λ − ℓ + 1))

Γ(2 + λ − ℓ)Γ(ℓ − µ + 1
2
(λ − ℓ + 1))

−
(ℓ−2)

2F1

[

λ − ℓ + 1, µ − ℓ + 1
λ − µ + 1

; −1

]}

= Φ2

(1.17) 3F2

[

λ, µ, 1
1
2
(λ + µ + 1), ℓ

; 1
2

]

= 2ℓ−1 Γ(ℓ)Γ(λ + µ + 1)Γ(λ − ℓ + 1)Γ(µ − ℓ + 1)

Γ(λ)Γ(µ)Γ(−ℓ + 1 + 1
2
(λ + µ + 1))

×

{ √
π Γ(−ℓ + 1 + 1

2
(λ + µ + 1))

Γ(1 + 1
2
(λ − ℓ))Γ(1 + 1

2
(µ − ℓ))

−
(ℓ−2)

2F1

[

λ − ℓ + 1, µ − ℓ + 1
−ℓ + 1 + 1

2
(λ + µ + 1)

; 1
2

]}

= Φ3

(1.18) 3F2

[

λ, 2ℓ− λ− 1, 1
µ, ℓ

; 1
2

]

= 2ℓ−1 Γ(ℓ)Γ(µ)Γ(λ − ℓ+ 1)Γ(ℓ− λ)

Γ(λ)Γ(2ℓ− λ− 1)Γ(µ− ℓ+ 1)

×
{

Γ(1
2 (µ− ℓ+ 1))Γ(1

2 (µ− ℓ+ 2))

Γ(−ℓ+ 1 + 1
2 (λ+ µ))Γ(1

2 (µ− λ+ 1))
−

(ℓ−2)

2F1

[

λ− ℓ+ 1, ℓ− λ

µ− ℓ+ 1
; 1

2

]}

= Φ4

(1.19) 4F3

[

λ, µ, ρ, 1
λ− µ+ ℓ, λ− ρ+ ℓ, ℓ

; 1

]

=
Γ(ℓ)Γ(λ− µ+ ℓ)Γ(λ− ρ+ ℓ)Γ(λ+ 1 − ℓ)Γ(µ+ 1 − ℓ)Γ(ρ+ 1 − ℓ)

Γ(λ)Γ(µ)Γ(ρ)Γ(λ − µ+ 1)Γ(λ− ρ+ 1)

×
{

Γ(1
2 (λ+ 3 − ℓ))Γ(λ− µ+ 1)Γ(λ− ρ+ 1)Γ(−µ− ρ+ 1

2 (λ+ 3ℓ− 1))

Γ(λ+ 2 − ℓ)Γ(−µ+ 1
2 (λ+ ℓ+ 1))Γ(−ρ+ 1

2 (λ + ℓ+ 1))Γ(λ− µ− ρ+ ℓ)

−
(ℓ−2)

3F2

[

λ− ℓ+ 1, µ− ℓ+ 1, ρ− ℓ+ 1
λ− µ+ 1, λ− ρ+ 1

; 1

]}

= Φ5

(1.20) 4F3

[

λ, µ, ρ, 1
1
2 (λ+ µ+ 1), 2ρ+ 1 − ℓ, ℓ

; 1

]
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=
Γ(ℓ)Γ(1

2 (λ+ µ+ 1))Γ(2ρ+ 1 − ℓ)Γ(λ+ 1 − ℓ)Γ(µ+ 1 − ℓ)Γ(ρ+ 1 − l)

Γ(λ)Γ(µ)Γ(ρ)Γ(−ℓ + 1
2 (λ + µ+ 3))Γ(2ρ− 2ℓ+ 2)

×
{

√
π Γ(ρ− ℓ+ 3

2 )Γ(−ℓ+ 1
2 (λ+ µ+ 3))Γ(ρ− 1

2 (λ+ µ− 1))

Γ(1 + 1
2 (λ− ℓ))Γ(1 + 1

2 (µ− ℓ))Γ(ρ+ 1 − 1
2 (λ + ℓ))Γ(ρ+ 1 − 1

2 (µ+ ℓ))

−
(ℓ−2)

3F2

[

λ− ℓ+ 1, µ− ℓ+ 1, ρ− ℓ+ 1
−ℓ+ 1 + 1

2 (λ+ µ+ 1), 2ρ− 2ℓ+ 2
; 1

]}

= Φ6

(1.21) 4F3

[

λ, 2ℓ− 1 − λ, µ, 1
ρ, 2µ− ρ+ 1, ℓ

; 1

]

=
Γ(ℓ)Γ(ρ)Γ(2µ− ρ+ 1)Γ(ℓ− λ)Γ(λ+ 1 − ℓ)Γ(µ+ 1 − ℓ)

Γ(λ)Γ(µ)Γ(2ℓ − 1 − λ)Γ(ρ + 1 − ℓ)Γ(2µ− ρ− ℓ+ 2)

×
{

π 22ℓ−2µ−1 Γ(ρ− ℓ+ 1)

Γ(−ℓ+ 1 + 1
2 (λ + ρ))Γ(−ℓ+ 1 + µ+ 1

2 (λ − ρ+ 1))Γ(1
2 (1 − λ+ ρ))

× Γ(2µ− ρ− ℓ+ 2)

Γ(µ+ 1 − 1
2 (λ+ ρ))

−
(ℓ−2)

3F2

[

λ− ℓ+ 1, µ− ℓ+ 1, ℓ− λ

ρ− ℓ+ 1, 2µ− ρ− ℓ+ 2
; 1

]}

= Φ7

(1.22) 4F3

[

λ, µ, −k + ℓ− 1, 1
ρ, 1 + λ+ µ− ρ− k, ℓ

; 1

]

=
(ℓ − 1)! (1 − ρ)ℓ−1

(1 − λ)ℓ−1(1 − µ)ℓ−1

× (ρ− λ− µ+ k)ℓ−1

(k + 2 − ℓ)ℓ−1
×

{

(ρ− λ)k(ρ− µ)k
(ρ+ 1 − ℓ)k(ρ− λ− µ+ ℓ− 1)k

−
(ℓ−2)

3F2

[

λ− ℓ+ 1, µ− ℓ+ 1, −k
ρ− ℓ+ 1, 2 + λ+ µ− ρ− ℓ− k

; 1

]}

= Φ8

(1.23) 5F4

[

λ, 1
2 (λ+ ℓ+ 1), µ, ρ, 1

1
2 (λ+ ℓ− 1), λ− µ+ ℓ, λ− ρ+ ℓ, ℓ

; −1

]

= (−1)ℓ−1Γ(ℓ)
Γ(1

2 (λ+ ℓ− 1))Γ(λ− µ+ ℓ)Γ(λ− ρ+ ℓ)

Γ(λ)Γ(µ)Γ(ρ)

× Γ(1
2 (λ− ℓ+ 3))Γ(λ− ℓ+ 1)

Γ(1
2 (λ+ ℓ+ 1))Γ(1

2 (λ− ℓ+ 1))

× Γ(µ+ 1 − ℓ)Γ(ρ+ 1 − ℓ)

Γ(λ− µ+ 1)Γ(λ− ρ+ 1)
×

{

Γ(1 + λ− µ)Γ(1 + λ− ρ)

Γ(2 − ℓ + λ)Γ(ℓ+ λ− µ− ρ)

−
(ℓ−2)

4F3

[

λ− ℓ+ 1, µ− ℓ+ 1, 1
2 (λ− ℓ+ 3), ρ− ℓ+ 1

1
2 (λ− ℓ+ 1), λ− µ+ 1, λ− ρ+ 1

; −1

]}

= Φ9

(1.24) 6F5

[

λ, 1
2 (λ+ ℓ+ 1), ρ, α, β, 1

1
2 (λ+ ℓ− 1), λ− ρ+ ℓ, λ− α+ ℓ, λ− β + ℓ, ℓ

; 1

]

=
Γ(ℓ)Γ(1

2 (λ+ ℓ− 1))Γ(λ − ρ+ ℓ)Γ(λ− α+ ℓ)Γ(λ− β + ℓ)

Γ(λ− ρ+ 1)Γ(λ− α+ 1)Γ(λ− β + 1)
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× Γ(λ− ℓ+ 1)Γ(1
2 (λ − ℓ+ 3))Γ(ρ+ 1 − ℓ)Γ(α+ 1 − ℓ)Γ(β + 1 − ℓ)

Γ(λ)Γ(ρ)Γ(α)Γ(β)Γ(1
2 (λ+ ℓ+ 1))Γ(1

2 (λ− ℓ+ 1))

×
{

Γ(λ− ρ+ 1)Γ(λ− α+ 1)Γ(λ− β + 1)Γ(λ− ρ− α− β + 2ℓ− 1)

Γ(2 − ℓ+ λ)Γ(λ − ρ− β + ℓ)Γ(λ− α− β + ℓ)Γ(λ− ρ− α+ ℓ)

−
(ℓ−2)

5F4

[

λ− ℓ+ 1, ρ− ℓ+ 1, 1
2 (λ− ℓ+ 3), α− ℓ+ 1, β − ℓ+ 1

1
2 (λ− ℓ+ 1), λ− ρ+ 1, λ− α+ 1, λ− β + 1

; 1

]}

= Φ10

(1.25) 8F7

[

λ, 1
2
(λ + ℓ + 1), µ, ρ, α, A1, A2, 1

1
2
(λ + ℓ − 1), λ − µ + ℓ, λ − ρ + ℓ, λ − α + ℓ, B1, B2, ℓ

; 1

]

= (−1)ℓ−1(ℓ − 1)!
( 1

2
(3 − λ − ℓ))ℓ−1(1 − λ + µ − ℓ)ℓ−1

( 1
2
(1 − λ − ℓ))ℓ−1(1 − λ)ℓ−1

×
(1 − λ + ρ − ℓ)ℓ−1(1 − λ + α − ℓ)ℓ−1

(1 − µ)ℓ−1(1 − ρ)ℓ−1(1 − α)ℓ−1

×
(ℓ + k + λ − µ − ρ − α)ℓ−1(−λ − k)ℓ−1

(µ + ρ + α − 2λ + 2 − 2ℓ − k)ℓ−1(k + 2 − ℓ)ℓ−1

×

{

(λ − ℓ + 2)k(λ − µ − ρ + ℓ)k(λ − µ − α + ℓ)k(λ − ρ − α + ℓ)k

(λ − µ + 1)k(λ − ρ + 1)k(λ − α + 1)k(λ − µ − ρ − α + 2ℓ − 1)k

−
(ℓ−2)

7F6

[

λ − ℓ + 1, 1
2
(λ − ℓ + 3), µ − ℓ + 1, ρ − ℓ + 1, α − ℓ + 1, A3, −k

1
2
(λ − ℓ + 1), λ − µ + 1, λ − ρ + 1, λ − α + 1, B3, B4

; 1

]}

= Φ11

where A1 = 2λ−µ−ρ−α+2ℓ−1+k, A2 = ℓ−k−1, B1 = µ+ρ+α−λ+1−ℓ−k,
B2 = λ+ k+ 1, A3 = 2λ− µ− ρ− α+ ℓ+ k, B3 = µ+ ρ+ α− λ+ 2 − 2ℓ− k, and
B4 = λ− ℓ+ k + 2.

It is interesting to mention here that for ℓ = 1, results (1.15) to (1.25) reduce
to results (1.3) to (1.13) respectively. For other generalizations and extensions of
results (1.3) to (1.9), we refer [4,6–8,15]. Our aim is to establish eleven new class
of integrals involving generalized hypergeometric function by employing summation
theorems (1.15) to (1.25) in the following integral due to MacRobert [9],

(1.26)

∫ π
2

0
ei(ψ+ν)θ(sin θ)ψ−1(cos θ)ν−1dθ = e

iπψ
2

Γ(ψ)Γ(ν)

Γ(ψ + ν)

provided Re(ψ) > 0 and Re(ν) > 0.

2. Main esults

The eleven new classes of integrals involving generalized hypergeometric func-
tions paper are given in the following theorems.

Theorem 2.1. For ℓ ∈ N, Re(µ) > 0, Re(ρ−µ) > 0 and Re(ρ−λ−µ+ ℓ) > 1,
the following result holds true.

(2.1)

∫ π
2

0

e
iρθ(sin θ)µ−1(cos θ)ρ−µ−1

2F1

[

λ, 1
ℓ

; ei(θ−

π
2

) sin θ

]

dθ = e
iπ

2
µ Γ(µ)Γ(ρ − µ)

Γ(ρ)
Φ1,

where Φ1 is the same as given in (1.15).
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Proof. In order to prove result (2.1) asserted in Theorem 2.1, we proceed as
follows. Denoting the left-hand side of (2.1) by I, we have

I =

∫ π
2

0
eiρθ(sin θ)µ−1(cos θ)ρ−µ−1

2F1

[

λ, 1
ℓ

; ei(θ−
π
2 ) sin θ

]

dθ

Now, expressing 2F1 as a series, change the order of integration and summation
(which are easily seen to be justified due to uniform convergence of the series in
the interval (0, π2 )), we have

I =
∞

∑

n=0

(λ)k(1)k
(ℓ)kk!

e−iπ2 k

∫ π
2

0
ei(ρ+k)θ(sin θ)µ+k−1(cos θ)ρ−µ−1dθ

Now evaluating the integral with the help of the MacRobert’s integral (1.26), we
have

I =
∞

∑

k=0

(λ)k(1)k
(ℓ)kk!

ei
π
2 µ

Γ(µ+ k)Γ(ρ− µ)

Γ(ρ+ k)
.

Using the identity (λ)k = Γ(λ+k)
Γ(λ) , we have

I = ei
π
2 µ

Γ(µ)Γ(ρ− µ)

Γ(ρ)

∞
∑

k=0

(λ)k(µ)k(1)k
(ρ)k(ℓ)k

1

k!
.

Finally summing up the series, we have

I = ei
π
2 µ

Γ(µ)Γ(ρ− µ)

Γ(ρ)
3F2

[

λ, µ, 1
ρ, ℓ

; 1

]

.

Now, we observe that the 3F2 appearing can be evaluated with the help of
(1.15) and we easily arrive at the right-hand side of (2.1). �

Corollary 2.1. In Theorem 2.1, if we take ℓ = 1, 2, 3, we respectively get the

following integrals.
∫ π

2

0
eiρθ(sin θ)µ−1(cos θ)ρ−µ−1(1 − ei(θ−

π
2 ) sin θ)−λdθ = ei

π
2 µ

Γ(µ)Γ(ρ− λ− µ)

Γ(ρ− λ)

∫ π
2

0
eiρθ(sin θ)µ−1(cos θ)ρ−µ−1

2F1

[

λ, 1
2

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 µ

Γ(µ)Γ(ρ− µ)

Γ(ρ)

(ρ− 1)

(λ− 1)(µ− 1)

[Γ(ρ− 1)Γ(ρ− λ− µ+ 1)

Γ(ρ− λ)Γ(ρ− µ)
− 1

]

,

∫ π
2

0
eiρθ(sin θ)µ−1(cos θ)ρ−µ−1

2F1

[

λ, 1
3

; ei(θ−
π
2 ) sin θ

]

dθ

= 2ei
π
2 µ

Γ(µ)Γ(ρ− µ)

Γ(ρ)

(ρ− 2)2

(λ− 2)2(µ− 2)2

[Γ(ρ− 2)Γ(ρ− λ− µ+ 2)

Γ(ρ− λ)Γ(ρ − µ)

− λµ+ ρ− 2λ− 2µ+ 2

(ρ− 2)

]
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The following Theorems 2.2 to 2.11 and the corresponding Corollaries 2.2 to
2.11 can be obtained similarly by employing the results (1.16) to (1.25). Hence,
they are given here without proof.

Theorem 2.2. For ℓ ∈ N, Re(µ) > 0 and Re(λ − 2µ + ℓ) > 0, the following

result holds true.

(2.2)

∫ π
2

0
ei(λ−µ+ℓ)θ(sin θ)µ−1(cos θ)λ−2µ+ℓ−1

× 2F1

[

λ, 1
ℓ

; −ei(θ−
π
2 ) sin θ

]

dθ = ei
π
2 µ

Γ(λ− 2µ+ ℓ)Γ(µ)

Γ(λ− µ+ ℓ)
Φ2

where Φ2 is the same as given in (1.16).

Corollary 2.2. In Theorem 2.2, if we take ℓ = 1, 2, 3, we respectively get the

following integrals.

∫ π
2

0
ei(λ−µ+1)θ(sin θ)µ−1(cos θ)λ−2µ(1 + ei(θ−

π
2 ) sin θ)−λdθ

= ei
π
2 µ

Γ(µ)Γ(1 + λ− 2µ)Γ(1 + 1
2λ)

Γ(1 + λ)Γ(1 + 1
2 (λ− µ))

,

∫ π
2

0
ei(λ−µ+2)θ(sin θ)µ−1(cos θ)λ−2µ+1

2F1

[

λ, 1
2

; −ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 µ

(λ− µ+ 1)

(λ− 1)(µ− 1)

Γ(µ)Γ(λ − 2µ+ 2)

Γ(λ− µ+ 2)

{

1 − Γ(1 + λ− µ)Γ(1
2λ+ 1

2 )

Γ(λ)Γ(1
2λ− µ+ 3

2 )

}

,

∫ π
2

0
ei(λ−µ+3)θ(sin θ)µ−1(cos θ)λ−2µ+2

2F1

[

λ, 1
3

; −ei(θ−
π
2 ) sin θ

]

dθ

= 2ei
π
2 µ

(λ − µ+ 1)2

(λ− 2)2(µ− 2)2

Γ(µ)Γ(λ− 2µ+ 3)

Γ(λ− µ+ 3)

{

Γ(1
2λ)Γ(1 + λ− µ)

Γ(λ− 1)Γ(1
2λ− µ+ 2)

− 3λ+ b− λµ− 3

1 + λ− µ

}

.

Theorem 2.3. For ℓ ∈ N, Re(µ) > 0 and Re(λ − µ + 1) > 0, the following

result holds true.

(2.3)

∫ π
2

0
ei

1
2 (λ+µ+1)θ(sin θ)µ−1(cos θ)

1
2 (λ−µ−1)

2F1

[

λ, 1
ℓ

; 1
2e
i(θ−

π
2 ) sin θ

]

dθ

= ei
π
2 µ

Γ(µ)Γ(1
2 (λ− µ+ 1))

Γ(1
2 (λ + µ+ 1))

Φ3,

where Φ3 is the same as given in (1.17).

Corollary 2.3. In Theorem 2.3, if we take ℓ = 1, 2, 3, we respectively get the

following integrals.
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∫ π
2

0
ei

1
2 (λ+µ+1)θ(sin θ)µ−1(cos θ)

1
2 (λ−µ−1)

(

1 − 1

2
ei(θ−

π
2 ) sin θ

)

−λ

dθ

= ei
π
2 µ

Γ(1
2 )Γ(µ)Γ(1

2 (λ− µ+ 1))

Γ(1
2 (λ+ 1))Γ(1

2 (µ+ 1))
,

∫ π
2

0
ei

(λ+µ+1)
2 θ(sin θ)µ−1(cos θ)

1
2 (λ−µ−1)

2F1

[

λ, 1
2

; 1
2e
i(θ−

π
2 ) sin θ

]

dθ

= ei
π
2 µ

(λ+ µ− 1)

(λ− 1)(µ− 1)

Γ(µ)Γ(1
2 (λ− µ+ 1))

Γ(1
2 (λ+ µ+ 1))

{
√
π Γ(1

2 (λ+ µ− 1))

Γ(1
2λ)Γ(1

2µ)
− 1

}

,

∫ π
2

0
ei

1
2 (λ+µ+1)θ(sin θ)µ−1(cos θ)

1
2 (λ−µ−1)

2F1

[

λ, 1
3

; 1
2e
i(θ−

π
2 ) sin θ

]

dθ

= ei
π
2 µ

2(λ+ µ− 1)(λ+ µ− 3)

(λ− 2)2(µ− 2)2

Γ(µ)Γ(1
2 (λ− µ+ 1))

Γ(1
2 (λ+ µ+ 1))

×
{

√
π Γ(1

2 (λ+ µ− 3))

Γ(1
2 (λ− 1))Γ(1

2 (µ− 1))
− λµ− λ− µ+ 1

λ+ µ− 3

}

.

Theorem 2.4. For ℓ ∈ N, Re(λ) > 0 and Re(µ − λ) > 0, the following result

holds true.

(2.4)

∫ π
2

0
eiµθ(sin θ)λ−1(cos θ)µ−λ−1

2F1

[

2ℓ− λ− 1, 1
ℓ

; 1
2e
i(θ−

π
2 ) sin θ

]

dθ

= ei
π
2 λ

Γ(λ)Γ(µ − λ)

Γ(µ)
Φ4,

where Φ4 is the same as given in (1.18).

Corollary 2.4. In Theorem 2.4, if we take ℓ = 1, 2, 3, we respectively get the

following integrals.

∫ π
2

0
eiµθ(sin θ)λ−1(cos θ)µ−λ−1

(

1 − 1

2
ei(θ−

π
2 ) sin θ

)λ−1
dθ

= 21−µei
π
2 λ

Γ(1
2 )Γ(λ)Γ(µ − λ)

Γ(1
2 (λ+ µ))Γ(1

2 (µ− λ+ 1))
,

∫ π
2

0
eiµθ(sin θ)λ−1(cos θ)µ−λ−1

2F1

[

3 − λ, 1
2

; 1
2e
i(θ−

π
2 ) sin θ

]

dθ

= 2ei
π
2 λ

(1 − µ)

(1 − λ)2

Γ(λ)Γ(µ − λ)

Γ(µ)

{

Γ(1
2 (µ− 1))Γ(1

2µ)

Γ(1
2 (λ+ µ) − 1)Γ(1

2 (µ− λ+ 1))
− 1

}

,

∫ π
2

0
eiµθ(sin θ)λ−1(cos θ)µ−λ−1

2F1

[

5 − λ, 1
3

; 1
2e
i(θ−

π
2 ) sin θ

]

dθ
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= 8ei
π
2 λ

(µ− 2)2

(λ− 4)4

Γ(λ)Γ(µ − λ)

Γ(µ)

×
{

Γ(1
2 (µ− 1))Γ(1

2 (µ− 2))

Γ(1
2 (λ+ µ) − 2)Γ(1

2 (µ− λ+ 1))
− 5λ− λ2 + 2µ− 10

2(µ− 2)

}

.

Theorem 2.5. For ℓ ∈ N, Re(ρ) > 0 and Re(λ − 2ρ + ℓ) > 0, the following

result holds true.

(2.5)

∫ π
2

0
ei(λ−ρ+ℓ)θ(sin θ)ρ−1(cos θ)λ−2ρ+ℓ−1

× 3F2

[

λ, µ, 1
λ− µ+ ℓ, ℓ

; ei(θ−
π
2 ) sin θ

]

dθ = ei
π
2 ρ

Γ(ρ)Γ(λ − 2ρ+ ℓ)

Γ(λ− ρ+ ℓ)
Φ5,

where Φ5 is the same as given in (1.19).

Corollary 2.5. In Theorem 2.5, if we take ℓ = 1, 2, 3, we respectively get the

following integrals.

∫ π
2

0
ei(λ−ρ+1)θ(sin θ)ρ−1(cos θ)λ−2ρ

2F1

[

λ, µ, 1
λ− µ+ 1

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 ρ

Γ(ρ)Γ(1 + λ− 2ρ)Γ(1 + 1
2λ)Γ(1 + λ− µ)Γ(1 + 1

2λ− µ− ρ)

Γ(1 + λ)Γ(1 + 1
2λ− µ)Γ(1 + 1

2λ− µ)Γ(1 + λ− µ− ρ)
,

∫ π
2

0
ei(λ−ρ+2)θ(sin θ)ρ−1(cos θ)λ−2ρ+1

3F2

[

λ, µ, 1
λ− µ+ 2, 2

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 ρ

(1 + λ− µ)(1 + λ− ρ)

(λ− 1)(µ− 1)(ρ− 1)

Γ(ρ)Γ(2 + λ− 2ρ)

Γ(λ− ρ+ 2)

×
{

Γ(1
2 (λ+ 1))Γ(1 + λ− µ)Γ(1 + λ− ρ)Γ(1

2λ− µ− ρ+ 5
2 )

Γ(λ)Γ(1
2λ− ρ+ 3

2 )Γ(1
2λ− ρ+ 3

2 )Γ(2 + λ− µ− ρ)
− 1

}

.

∫ π
2

0
ei(λ−ρ+3)θ(sin θ)ρ−1(cos θ)λ−2ρ+2

3F2

[

λ, ρ, ρ

λ− µ+ 3, 3
; 1

2e
i(θ−

π
2 ) sin θ

]

dθ

= 2ei
π
2 ρ

(λ− µ+ 1)2(λ− ρ+ 1)2

(λ− 2)2(µ− 2)2(ρ− 2)2

Γ(ρ)Γ(λ − 2ρ+ 3)

Γ(λ− ρ+ 3)

×
{ Γ(1

2λ)Γ(1 + λ− µ)Γ(1 + λ− ρ)Γ(1
2λ− µ− ρ+ 4)

Γ(λ− 1)Γ(1
2λ− µ+ 2)Γ(1

2λ− ρ+ 2)Γ(3 + λ− µ− ρ)

− (λ − 2)(µ− 2)(ρ− 2)

(λ− µ+ 1)(λ− ρ+ 1)
− 1

}

.

Theorem 2.6. For ℓ ∈ N and Re(ρ) > 0, the following result holds true.

(2.6)

∫ π
2

0
ei(2ρ−ℓ+1)θ(sin θ)ρ−1(cos θ)ρ−ℓ

3F2

[

λ, µ, 1
1
2 (λ+ µ+ 1), ℓ

; 1
2e
i(θ−

π
2 ) sin θ

]

dθ
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= ei
π
2 ρ

Γ(ρ)Γ(ρ− ℓ+ 1)

Γ(2ρ− ℓ+ 1)
Φ6,

where Φ6 is the same as given in (1.20).

Corollary 2.6. In Theorem 2.6, if we take ℓ = 1, 2, 3, we respectively get the

following integrals.

∫ π
2

0
e2iρθ(sin θ)ρ−1(cos θ)ρ−1

2F1

[

λ, µ
1
2 (λ+ µ+ 1)

; 1
2e
i(θ−

π
2 ) sin θ

]

dθ

= 21−2ρei
π
2 ρ

πΓ(ρ)Γ(1
2 (λ+ µ+ 1))Γ(ρ− 1

2 (λ+ µ− 1))

Γ(1
2 (λ+ 1))Γ(1

2 (µ+ 1))Γ(ρ− 1
2 (λ− 1))Γ(ρ− 1

2 (µ− 1))
,

∫ π
2

0
ei(2ρ−1)θ(sin θ)ρ−1(cos θ)ρ−2

3F2

[

λ, µ, 1
1
2 (λ+ µ+ 1), 2

; 1
2e
i(θ−

π
2 ) sin θ

]

dθ

= ei
π
2 ρ

(λ + µ− 1)

(λ − 1)(µ− 1)

Γ(ρ)Γ(ρ− 1)

Γ(2ρ− 1)

×
{

√
π Γ(ρ− 1

2 )Γ(1
2 (λ+ µ− 1))Γ(ρ− 1

2 (λ+ µ− 1))

Γ(1
2λ)Γ(1

2µ)Γ(ρ− 1
2λ)Γ(ρ− 1

2µ)
− 1

}

,

∫ π
2

0
ei(2ρ−2)θ(sin θ)ρ−1(cos θ)ρ−3

3F2

[

λ, µ, 1
1
2 (λ+ µ+ 1), 3

; 1
2e
i(θ−

π
2 ) sin θ

]

dθ

= ei
π
2 ρ

(2ρ− 3)(λ+ µ− 1)(λ+ µ− 3)

(ρ− 1)(λ− 2)2(µ− 2)2

Γ(ρ)Γ(ρ− 2)

Γ(2ρ− 2)

×
{

√
π Γ(ρ− 3

2 )Γ(1
2 (λ+ µ− 3))Γ(ρ− 1

2 (λ+ µ− 1))

Γ(1
2 (λ − 1))Γ(1

2 (µ− 1))Γ(ρ− 1
2 (λ + 1))Γ(ρ− 1

2 (µ+ 1))

− (λ− 2)(µ− 2)

λ+ µ− 3
− 1

}

.

Theorem 2.7. For ℓ ∈ N, Re(λ) > 0 and Re(ρ − λ) > 0, the following result

holds true.

(2.7)

∫ π
2

0
eiρθ(sin θ)λ−1(cos θ)ρ−λ−1

3F2

[

2ℓ− 1 − λ, µ, 1
2µ− ρ+ 1, ℓ

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 λ

Γ(λ)Γ(ρ − λ)

Γ(ρ)
Φ7,

where Φ7 is the same as given in (1.21).

Corollary 2.7. In Theorem 2.7, if we take ℓ = 1, 2, 3, we respectively get the

following integrals.

∫ π
2

0
eiρθ(sin θ)λ−1(cos θ)ρ−λ−1

2F1

[

1 − λ, µ

2µ− ρ+ 1
; ei(θ−

π
2 ) sin θ

]

dθ
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= ei
π
2 λ

π21−2µ Γ(λ)Γ(ρ − λ)Γ(2µ− ρ+ 1)

Γ(1
2 (λ + ρ))Γ(µ+ 1

2 (λ− ρ+ 1))Γ(1
2 (1 − λ+ ρ))Γ(µ+ 1 − 1

2 (λ+ ρ))
,

∫ π
2

0
eiρθ(sin θ)λ−1(cos θ)ρ−λ−1

3F2

[

3 − λ, µ, 1
2µ− ρ+ 1, 2

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 λ

(ρ− 1)(ρ− 2µ)

(λ− 2)2(µ− 1)

Γ(λ)Γ(ρ− λ)

Γ(ρ)

×
{

π23−2µΓ(ρ− 1)Γ(2µ− ρ)

Γ(1
2 (λ+ ρ) − 1)Γ(µ+ 1

2 (λ− ρ− 1))Γ(1
2 (1 − λ+ ρ))Γ(µ+ 1 − 1

2 (λ + ρ))
−1

}

,

∫ π
2

0
eiρθ(sin θ)λ−1(cos θ)ρ−λ−1

3F2

[

5 − λ, µ, 1
2µ− ρ+ 1, 3

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 λ

Γ(λ)Γ(ρ − λ)

Γ(ρ)

×
{

π25−2µ Γ(ρ− 2)Γ(2µ− ρ+ 1)

Γ(1
2 (λ+ ρ) − 2)Γ(µ+ 1

2 (λ− ρ− 3))Γ(1
2 (1 − λ+ ρ))Γ(µ+ 1 − 1

2 (λ+ ρ))

− (λ− 2)(3 − λ)(µ − 2)

(ρ− 2)(2µ− ρ− 1)
− 1

}

.

Theorem 2.8. For ℓ ∈ N, Re(λ) > 0 and Re(ρ − λ) > 0, the following result

holds true.

(2.8)

∫ π
2

0
eiρθ(sin θ)λ−1(cos θ)ρ−λ−1

3F2v

[

−k + ℓ− 1, µ, 1
1 + λ+ µ− ρ− k, ℓ

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 λ

Γ(λ)Γ(ρ − λ)

Γ(ρ)
Φ8,

where Φ8 is the same as given in (1.22).

Corollary 2.8. In Theorem 2.8, if we take ℓ = 1, 2, 3, we respectively get the

following integrals.

∫ π
2

0
eiρθ(sin θ)λ−1(cos θ)ρ−λ−1

2F1

[

−k, ρ

1 + λ+ µ− ρ− k
; ei(θ−

π
2 ) sin θ

]

dθ

= ei
π
2 λ

Γ(λ)Γ(ρ− λ)

Γ(ρ)

(ρ− λ)k(ρ− µ)k
(ρ)k(ρ− λ− µ)k

,

∫ π
2

0
eiρθ(sin θ)λ−1(cos θ)ρ−λ−1

3F2

[

−k + 1, µ, 1
1 + λ+ µ− ρ− k, 2

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 λ

(1 − ρ)(ρ− λ− µ+ k)

k(1 − λ)(1 − µ)

Γ(λ)Γ(ρ− λ)

Γ(ρ)

{ (ρ− λ)k(ρ− µ)k
(ρ)k(ρ− λ− µ+ 1)k

− 1
}

,

∫ π
2

0
eiρθ(sin θ)λ−1(cos θ)ρ−λ−1

3F2

[

−k + 2, µ, 1
1 + λ+ µ− ρ− k, 3

; ei(θ−
π
2 ) sin θ

]

dθ
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= 2ei
π
2 λ

(1 − ρ)2(ρ− λ− µ+ k)2

(1 − λ)2(1 − µ)2

Γ(λ)Γ(ρ− λ)

Γ(ρ)

×
{ (ρ− λ)k(ρ− µ)k

(ρ− 2)k(ρ− λ− µ+ 2)k
+

k(λ− 2)(µ− 2)

(ρ− 2)(λ+ µ− ρ− k − 1)
− 1

}

.

Theorem 2.9. For ℓ ∈ N, Re(µ) > 0 and Re(λ − 2µ + ℓ) > 0, the following

result holds true.

(2.9)

∫ π
2

0
ei(λ−µ+ℓ)θ(sin θ)µ−1(cos θ)λ−2µ+ℓ−1

× 4F3

[

λ, 1
2λ+ ℓ+ 1), ρ, 1

1
2 (λ+ ℓ− 1), λ− ρ+ ℓ, ℓ

; −ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 µ

Γ(µ)Γ(λ − 2µ+ ℓ)

Γ(λ− µ+ ℓ)
Φ9,

where Φ9 is the same as given in (1.23).

Corollary 2.9. In Theorem 2.9, if we take ℓ = 1, 2, 3, we respectively get the

following integrals.

∫ π
2

0
ei(λ−µ+1)θ(sin θ)µ−1(cos θ)λ−2µ

3F2

[

λ, 1
2 (λ+ 2), ρ

1
2λ, λ− ρ+ 1

; −ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 µ

Γ(µ)Γ(1 + λ− ρ)Γ(1 + λ− 2µ)

Γ(1 + λ)Γ(1 + λ− µ− ρ)
,

∫ π
2

0

e
i(λ−µ+2)θ(sin θ)µ−1(cos θ)λ−2µ+1

× 4F3

[

λ, 1
2
(λ + 3), ρ, 1

1
2
(λ + 1), λ − ρ + 2, 2

; −ei(θ−

π
2

) sin θ

]

dθ

= e
iπ

2
µ (1 + λ − µ)(1 + λ − ρ)

(λ + 1)(µ − 1)(ρ − 1)

Γ(µ)Γ(λ − 2µ + 2)

Γ(2 + λ − µ)

{

1 −
Γ(1 + λ − µ)Γ(1 + λ − ρ)

Γ(λ)Γ(2 + λ − µ − ρ)

}

.

∫ π
2

0
ei(λ−µ+3)θ(sin θ)µ−1(cos θ)λ−µ+2

× 4F3

[

λ, 1
2 (λ+ 4), ρ, 1

1
2 (λ+ 3), λ− ρ+ 3, 3

; −ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 µ

2(1 + λ− µ)2(1 + λ− ρ)2

(λ+ 2)(λ− 1)(µ− 2)2(ρ− 2)2

Γ(µ)Γ(λ− 2µ+ 3)

Γ(3 + λ− µ)

×
{Γ(1 + λ− µ)Γ(1 + λ− ρ)

Γ(λ − 1)Γ(3 + λ− µ− ρ)
+

λ(µ− 2)(ρ− 2)

(1 + λ− µ)(1 + λ− ρ)
− 1

}

.

Theorem 2.10. For ℓ ∈ N, Re(µ) > 0 and Re(λ − 2ρ + ℓ) > 0, the following

result holds true.

(2.10)

∫ π
2

0
ei(λ−ρ+ℓ)θ(sin θ)ρ−1(cos θ)λ−2ρ+ℓ−1
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× 5F4

[

λ, 1
2 (λ+ ℓ+ 1), α, β, 1

1
2 (λ+ ℓ− 1), λ− α+ ℓ, λ− β + ℓ, ℓ

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 ρ

Γ(ρ)Γ(λ − 2ρ+ ℓ)

Γ(λ− ρ+ ℓ)
Φ10,

where Φ10 is the same as given in (1.24).

Corollary 2.10. In Theorem 2.10, if we take ℓ = 1, 2, 3, we respectively get

the following integrals.

∫ π
2

0
ei(λ−ρ+1)θ(sin θ)ρ−1(cos θ)λ−2ρ

× 4F3

[

λ, 1
2 (λ + 2), α, β

1
2λ, λ− α+ 1, λ− β + 1

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 ρ

Γ(ρ)Γ(λ − 2ρ+ 1)Γ(1 + λ− α)Γ(1 + λ− β)Γ(1 + λ− ρ− α− β)

Γ(1 + λ)Γ(1 + λ− α− β)Γ(1 + λ− ρ− β)Γ(1 + λ− ρ− α)
.

∫ π
2

0
ei(λ−ρ+2)θ(sin θ)ρ−1(cos θ)λ−2ρ+1

× 5F4

[

λ, 1
2 (λ+ 3), α, β, 1

1
2 (λ + 1), λ− α+ 2, λ− β + 2, 2

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 ρ

(1 + λ− ρ)(1 + λ− α)(1 + λ− β)

(1 + λ)(ρ− 1)(α− 1)(β − 1)

Γ(ρ)Γ(λ − 2ρ+ 2)

Γ(λ− ρ+ 2)

×
{Γ(1 + λ− ρ)Γ(1 + λ− α)Γ(1 + λ− β)Γ(3 + λ− ρ− α− β)

Γ(λ)Γ(2 + λ− α− β)Γ(2 + λ− ρ− β)Γ(2 + λ− ρ− α)
− 1

}

.

∫ π
2

0
ei(λ−ρ+3)θ(sin θ)ρ−1(cos θ)λ−2ρ+2

] × 5F4

[

λ, 1
2 (λ+ 4), α, β, 1

1
2 (λ+ 2), λ− α+ 3, λ− β + 3, 3

; ei(θ−
π
2 ) sin θ

]

dθ

= 2ei
π
2 ρ

(1 + λ− ρ)2(1 + λ− α)2(1 + λ− β)2

(λ− 1)(λ+ 2)(ρ− 2)2(α− 2)2(β − 2)2

Γ(ρ)Γ(λ − 2ρ+ 3)

Γ(λ− ρ+ 3)

×
{Γ(1 + λ− ρ)Γ(1 + λ− α)Γ(1 + λ− β)Γ(5 + λ− ρ− α− β)

Γ(λ− 1)Γ(3 + λ− α− β)Γ(3 + λ− ρ− β)Γ(3 + λ− ρ− α)

− λ(ρ− 2)(α− 2)(β − 2)

(1 + λ− ρ)(1 + λ− α)(1 + λ− β)

}

.

Theorem 2.11. For ℓ ∈ N, Re(µ) > 0 and Re(λ − 2µ+ ℓ) > 0, the following

result holds true.

(2.11)

∫ π
2

0
ei(λ−µ+ℓ)θ(sin θ)µ−1(cos θ)λ−2µ+ℓ−1

× 7F6

[

λ, 1
2 (λ+ ℓ+ 1), ρ, α, A1, A2, 1

1
2 (λ+ ℓ− 1), λ− ρ+ ℓ, λ− α+ ℓ, B1, B2, ℓ

; ei(θ−
π
2 ) sin θ

]

dθ
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= ei
π
2 µ

Γ(µ)Γ(λ− 2µ+ ℓ)

Γ(λ− µ+ ℓ)
Φ11,

where A1, A2, B1, B2 and Φ11 are the same as given in (1.25).

Corollary 2.11. In Theorem 2.11, if we take ℓ = 1, 2, 3, we respectively get

the following integrals.

∫ π
2

0
ei(λ−µ+1)θ(sin θ)µ−1(cos θ)λ−2µ

× 6F5

[

λ, 1
2 (λ+ 2), ρ, α, A4, −k

1
2λ, 1 + λ− ρ, 1 + λ− α, B5, B2

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 µ

Γ(µ)Γ(λ − 2µ+ 1)

Γ(λ− µ+ 1)

(1 + λ)k(λ− µ− ρ+ 1)k
(1 + λ− µ)k(1 + λ− ρ)k

,

× (λ − µ− α+ 1)k(λ− ρ− α+ 1)k
(1 + λ− α)k(1 + λ− µ− ρ− α)k

where A4 = 2λ− µ− ρ− α+ k + 1, B5 = µ+ ρ+ α− λ− k, and B2 = λ+ k + 1.

∫ π
2

0
ei(λ−µ+2)θ(sin θ)µ−1(cos θ)λ−2µ+1

× 7F6

[

λ, 1
2 (λ+ 3), ρ, α, A5, 1 − k, 1

1
2 (λ+ 1), 1 + λ− ρ, 1 + λ− α, B6, B2, 2

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 µ

(µ− λ− 1)(ρ− λ− 1)(α− λ− 1)(k + 2 + λ− µ− ρ− α)(λ+ k)

k(1 + λ)(1 − µ)(1 − ρ)(1 − α)(µ+ ρ+ α− 2λ− 2 − k)

× Γ(µ)Γ(λ − 2µ+ 1)

Γ(λ− µ+ 1)
Ω

where A5 = 2λ− µ− ρ− α + k + 3, B6 = µ+ ρ+ α− λ− k − 1, B2 = λ + k + 1,

and Ω =
{

1 − (λ)k(λ−µ−ρ+2)k(λ−µ−α+2)k(λ−ρ−α+2)k
(1+λ−µ)k(1+λ−ρ)k(1+λ−α)k(3+λ−µ−ρ−α)k

}

.

∫ π
2

0
ei(λ−µ+3)θ(sin θ)µ−1(cos θ)λ−2µ+2

× 7F6

[

λ, 1
2 (λ+ 4), ρ, α, A6, 2 − k, 1

1
2 (λ+ 2), 3 + λ− ρ, 3 + λ− α, B7, B2, 3

; ei(θ−
π
2 ) sin θ

]

dθ

= ei
π
2 µ

(λ− 2)(µ− λ− 2)2(ρ− λ− 2)2(d− λ− 2)2(−λ− k)2

(λ+ 2)(1 − λ)2(1 − µ)2(1 − ρ)2(1 − α)2(k − 1)2

× (3 + k + λ− µ− ρ− α)2

(µ+ ρ+ α− 2λ− 4 − k)2

Γ(µ)Γ(λ− 2µ+ 3)

Γ(λ− µ+ 2)
{ (λ− 1)k(λ − µ− ρ+ 3)k(λ− µ− α+ 3)k(λ − ρ− α+ 3)k

(λ− µ+ 1)k(λ− ρ+ 1)k(λ− α+ 1)k(λ− µ− ρ− α+ 5)k

+
kλ(µ− 2)(ρ− 2)(α− 2)(2λ− µ− ρ+ k + 3)

(λ− µ+ 1)(λ− ρ+ 1)(λ− α+ 1)(µ+ ρ+ α− λ− k − 4)(k + λ− 1)
− 1

}

where A6 = 2λ−µ− ρ−α+ k+ 5, B7 = µ+ ρ+α−λ− k− 2, and B2 = λ+ k+ 1



172 JAYARAMA AND RATHIE

Conclusion Remark. We evaluated in terms of gamma function, a new class
of integrals due to MacRobert involving generalized hypergeometric functions, by
employing very recently obtained summation theorems by Masjed-Jamei and Koepf
also gave new, interesting and elementary integrals as special cases of our main
findings.
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