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CONNECTIONS BETWEEN
NORMALIZED WRIGHT FUNCTIONS

WITH FAMILIES OF ANALYTIC FUNCTIONS

Santosh Joshi, Sayali Joshi, and Haridas Pawar

Abstract. We establish sufficient conditions for normalized Wright functions
to be in certain subclasses of analytic univalent functions in the unit disc U.
Furthermore, we examine some geometric properties of integral transforms
involving normalized Wright functions.

1. Introduction

Let A denote the class of functions of the form

(1.1) f(z) = z +

∞
∑

k=2

ak zk,

which are analytic in the unit disc U := {z ∈ C : |z| < 1}, and are normalized by
the conditions f(0) = 0 and f ′(0) = 1. Also, let us denote by S the subclass of A,
which consists of functions that are univalent in U.

A function f ∈ A is said to be starlike of order α (0 6 α < 1), if and only if

Re
( zf ′(z)

f(z)

)

> α, z ∈ U, and is said to be convex of order α (0 6 α < 1), if and

only if Re
(

1 + zf ′′(z)
f ′(z)

)

> α, z ∈ U, and we denote these classes by S∗(α) and K(α),

respectively. Note that S∗ := S∗(0) and K := K(0), where S∗ and K are the classes
of starlike and convex functions, respectively (for details, see [4] and [19]).

The following class D(α, β, γ) was defined and studied by Kulkarni [9]:

Definition 1.1. [9] A function f ∈ S is said to be in the class D(α, β, γ), if
and only if it satisfies the inequality

∣

∣

∣

f ′(z) − 1

2γ(f ′(z) − α) − (f ′(z) − 1)

∣

∣

∣
< β, z ∈ U,

where 0 < β 6 1, 0 6 α < 1
2γ and 1

2 6 γ 6 1.
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For suitable choices of α, β and γ, we obtain the following subclasses studied
by various researchers in earlier works:

(i) For γ = 1, we obtain the class D(α, β, 1) = R(α, β) of functions f ∈ A

satisfying the condition
∣

∣

f ′(z)−1
f ′(z)+1−2α

∣

∣ < β, z ∈ U, studied by Junenja and

Mogra [7].
(ii) For α = 0 and γ = 1, we obtain the class D(0, β, 1) = D(β) of functions

f ∈ A satisfying the condition
∣

∣

f ′(z)−1
f ′(z)+1

∣

∣ < β, z ∈ U, studied by Caplinger and

Cauchy [3] and Padmanabhan [13].

To establish our results we need the following lemma (for the detailed proof,
see [9]).

Lemma 1.1. [9] A sufficient condition for a function f defined by (1.1) belongs

to D(α, β, γ) is
∑

∞

n=2[1 + β(1 − 2γ)]nan 6 2βγ(1 − α).

The special functions of mathematical physics are found to be extremely helpful
for finding solutions of initial and/or boundary value problems governed by partial
differential equations and fractional differential equations. Special functions have
extensive applications in other areas of mathematics. Several special functions,
called recently special functions of fractional calculus, play a very significant and
fascinating role as solutions of fractional order differential equations, such as the
Mittag-Leffler function, Wright function with its auxiliary functions, and Fox’s H-
function.

The Wright function Wλ,µ(z) is defined by

(1.2) Wλ,µ(z) =
∞

∑

n=0

1

Γ(λn + µ)

zn

n!
, λ > −1, µ, z ∈ C.

This series is absolutely convergent in C, when λ > −1 and absolutely convergent
in open unit disc for λ = −1. Also, for λ > −1, the Wright function is an en-
tire function. The Wright function Wλ,µ(z) was defined by Wright in [22]. This
function appeared for the first time in the case λ > 0 in connection with Wright’s
investigations in the asymptotic theory of partitions [22]. Later on, many other
applications were found in Mikusinski operational calculus and in the theory of
integral transforms of the Hankel type. Furthermore, extending the methods of
Lie groups in partial differential equations to the partial differential equations of
fractional order, it was shown that some of the group-invariant solutions of these
equations can be given in terms of the Wright functions and the generalized Wright
functions.

If λ is a positive rational number, then the Wright function Wλ,µ(z) can be
represented in terms of the more familiar generalized hypergeometric functions
(see [6, Section 2.1]). In particular, when λ = 1 and µ = p + 1, the functions
W1,p+1(−z2/4) are expressed in terms of the Bessel functions Jp(z), given as follows:

Jp(z) =
(z

2

)p

W1,p+1

(−z2

4

)

=

∞
∑

n=0

(−1)n

n!

(z/2)2n+p

Γ(n + p + 1)
.
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Furthermore, the function Wλ,p+1(−z) ≡ Jλ
p (z) (λ > 0, p > −1) is known as the

generalized Bessel function (sometimes it is also called the Bessel–Wright function).
Also, the Wright function generalizes various simple functions such as the Array
function, the Whittaker function, (Wright-type) entire auxiliary functions, etc. For
the details, refer to [6].

Many researchers have investigated classes of analytic functions involving spe-
cial function F ⊂ A, to find different conditions such that the members of F have
certain geometric properties such as starlikeness and convexity in U. There is a
widespread literature dealing with various properties, generalizations and applica-
tions of different types of hypergeometric functions, especially for the generalized
Gaussian, Kummer hypergeometric and Bessel functions (see [1,10,14–17]).

Note that, the Wright function Wλ,µ(z) defined by (1.2) does not belong to the
class A. Thus it is natural to consider the following two kinds of normalization of
the Wright function:

W1(λ, µ; z) := Γ(µ)zWλ,µ(z) =

∞
∑

n=0

Γ(µ)

Γ(λn + µ)

zn+1

n!
, z ∈ U, λ > −1, µ > 0,

W2(λ, µ; z) := Γ(λ + µ)
[

Wλ,µ(z) − 1

Γ(µ)

]

=

∞
∑

n=0

Γ(λ + µ)

Γ(λn + λ + µ)

zn+1

(n + 1)!
, z ∈ U, λ > −1, (λ + µ) > 0.

From this, we can easily write:

W1(λ, µ; z) = z +

∞
∑

n=2

Γ(µ)

Γ(λ(n − 1) + µ)

zn

(n − 1)!
, z ∈ U, λ > −1, µ > 0,(1.3)

W2(λ, µ; z) = z +

∞
∑

n=2

Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

zn

n!
, z ∈U, λ>−1, (λ+µ) > 0.(1.4)

Furthermore, we observe that the normalized Wright functions W1(λ, µ; z) and
W2(λ, µ; z) are satisfying the following relations:

λz(W1(λ, µ; z))′ = (µ − 1)W1(λ, µ − 1; z) + (λ − µ + 1)W1(λ, µ; z),

λz(W2(λ, µ; z))′ = (λ + µ − 1)W2(λ, µ − 1; z) + (1 − µ)W2(λ, µ; z),

z(W2(λ, µ; z))′ = W1(λ, λ + µ; z),

(1.5) −W1(1, p + 1; −z) = J̄p(z) := Γ(p + 1)z1−(p/2)Jp

(

2
√

z
)

Here, J̄p(z) is the normalized Bessel function.
Silverman [20] studied starlikeness and convexity properties for hypergeomet-

ric functions, and has also examined a linear operator acting on hypergeometric
functions. Geometric properties of the normalized Wright functions were stud-
ied extensively by various authors like Baricz et al. [2], El-Shahed and Salem [5],
Kilbas et al. [8], Mustafa [11], Mustafa and Altintas [12] and Prajapat [18]. In
fact, the more generalized Fox-Wright hypergeometric functions were studied by
Srivastava [21].
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Here we determine sufficient conditions for the normalized Wright functions
W1(λ, µ; z) and W2(λ, µ; z) to be in the class D(α, β, γ). Furthermore, we have
obtained sufficient conditions for the integral transforms involving the normalized
Wright functions W1(λ, µ; z) and W2(λ, µ; z) to be in the class D(α, β, γ).

2. Main results

Unless otherwise mentioned, we assume throughout this paper that µ > 0,
λ > −1, 0 < β 6 1, 0 6 α < 1

2γ and 1
2 6 γ 6 1.

2.1. Sufficient conditions for the Wright functions to be in the class
D(α, β, γ).

Theorem 2.1. Let λ > 1, µ > 0 and the following condition is satisfied:

(2.1) 2µβγ(1 − α) + (µ + 1)[1 + β(1 − 2γ)] − [1 + β(1 − 2γ)](µ + 2)e
1

µ+1 > 0.

Then, the normalized Wright function W1(λ, µ; z) belongs to the class D(α, β, γ).

Proof. Since

W1(λ, µ; z) = z +

∞
∑

n=2

Γ(µ)

Γ(λ(n − 1) + µ)

zn

(n − 1)!
,

according to Lemma 1.1, we need to show that

(2.2)
∞

∑

n=2

n[1 + β(1 − 2γ)]
Γ(µ)

Γ(λ(n − 1) + µ)

1

(n − 1)!
6 2βγ(1 − α).

Let
∞

∑

n=2

n[1 + β(1 − 2γ)]
Γ(µ)

Γ(λ(n − 1) + µ)

1

(n − 1)!
=: T1,

hence

T1 = [1 + β(1 − 2γ)]
∞

∑

n=2

n
Γ(µ)

Γ(λ(n − 1) + µ)

1

(n − 1)!

= [1 + β(1 − 2γ)]

[ ∞
∑

n=2

Γ(µ)

Γ(λ(n − 1) + µ)

1

(n − 2)!

+
∞

∑

n=2

Γ(µ)

Γ(λ(n − 1) + µ)

1

(n − 1)!

]

For every n ∈ N2 := N\{1} = {2, 3, · · · }, the inequality Γ(λ(n − 1) + µ) >

Γ(n − 1 + µ) holds true. Since Γ(n − 1 + µ) = Γ(µ)(µ)n−1, we have

(2.3)
Γ(µ)

Γ(λ(n − 1) + µ)
6

1

(µ)n−1
, n ∈ N2.
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Here, (µ)n = Γ(µ+n)
Γ(n) = µ(µ+1)(µ+2) · · · (µ+n−1), (µ)0 = 1 is the Pochham-

mer symbol, defined in terms of the Euler gamma function. Using (2.3), we get

T1 6 [1 + β(1 − 2γ)]

[ ∞
∑

n=2

1

(µ)n−1

1

(n − 2)!
+

∞
∑

n=2

1

(µ)n−1

1

(n − 1)!

]

Also, the inequality (µ)n−1 = µ(µ + 1)(µ + 2) · · · (µ + n − 2) > µ(µ + 1)n−2, n ∈ N2

is clear, which is equivalent to

(2.4)
1

(µ)n−1
6

1

µ(µ + 1)n−2 , n ∈ N2.

By using (2.4), we have

T1 6 [1 + β(1 − 2γ)]

[ ∞
∑

n=2

1

µ(µ + 1)n−2

1

(n − 2)!
+

∞
∑

n=2

1

µ(µ + 1)n−2

1

(n − 1)!

]

6 [1 + β(1 − 2γ)]
{ 1

µ
e

1
µ+1 +

µ + 1

µ

[

e
1

µ+1 − 1
]

}

.

In view of (2.1) we can write:

[1 + β(1 − 2γ)]
{(µ + 2)

µ
e

1
µ+1 − (µ + 1)

µ

}

6 2βγ(1 − α),

which implies that (2.2) holds true. This completes the proof of Theorem 2.1. �

Theorem 2.2. Let λ > 1, µ > 0 and the following condition is satisfied:

2(λ + µ)(λ + µ + 1)βγ(1−α)−[1 + β(1−2γ)](λ + µ + 1)2(λ + µ + 2)e
1

λ+µ+1(2.5)

+[1 + β(1 − 2γ)]((λ + µ + 1)3 + (λ + µ + 1)2 + (λ + µ + 1)) > 0.

Then, the normalized Wright function W2(λ, µ; z) belongs to the class D(α, β, γ).

Proof. Since

W2(λ, µ; z) = z +

∞
∑

n=2

Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

zn

n!
,

according to Lemma 1.1, we need to show that

(2.6)

∞
∑

n=2

n[1 + β(1 − 2γ)]
Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

1

n!
6 2βγ(1 − α).

Let
∞

∑

n=2

n[1 + β(1 − 2γ)]
Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

1

n!
=: T2,
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hence

T2 = [1 + β(1 − 2γ)]
∞

∑

n=2

n
Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

1

n!

= [1 + β(1 − 2γ)]

[ ∞
∑

n=2

(

1 − 1

n

) Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

1

(n − 1)!

+

∞
∑

n=2

Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

1

n!

]

For every n ∈ N2 := N\{1} = {2, 3, · · · }, the inequality Γ(λ(n − 1) + λ + µ) >
Γ(n − 1 + λ + µ) holds true. Since Γ(n − 1 + λ + µ) = Γ(λ+µ)(λ+µ)n−1, we have

(2.7)
Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)
6

1

(λ + µ)n−1
, n ∈ N2.

Here, (λ + µ)n = Γ(µ+n)
Γ(n) = (λ + µ)(λ + µ + 1) · · · (λ + µ + n − 1), (λ + µ)0 = 1

is the Pochhammer symbol, defined in terms of the Euler gamma function.
Using (2.7), we get

T2 6 [1 + β(1 − 2γ)]

[ ∞
∑

n=2

1

(λ + µ)n−1

1

(n − 1)!
+

∞
∑

n=2

1

(λ + µ)n−1

1

n!

]

Also, the inequality

(λ + µ)n−1 = (λ + µ)(λ + µ + 1) · · · (λ + µ + n − 2)

> (λ + µ)(λ + µ + 1)n−2, n ∈ N2

is clear, which is equivalent to

(2.8)
1

(λ + µ)n−1
6

1

(λ + µ)(λ + µ + 1)n−2 , n ∈ N2.

By using (2.8), we have

T2 6 [1 + β(1 − 2γ)]

[ ∞
∑

n=2

1

(λ + µ)(λ + µ + 1)n−2

1

(n − 1)!

+

∞
∑

n=2

1

(λ + µ)(λ + µ + 1)n−2

1

n!

]

6 [1 + β(1 − 2γ)]
{λ + µ + 1

λ + µ

(

e
1

λ+µ+1 − 1
)

+
(λ + µ + 1)2

(λ + µ)

(

e
1

λ+µ+1 − 1

(λ + µ + 1)
− 1

)}

.
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In view of (2.5) we can write:

[1 + β(1 − 2γ)]
{λ + µ + 1

λ + µ

(

e
1

λ+µ+1 − 1
)

+
(λ + µ + 1)2

(λ + µ)

(

e
1

λ+µ+1 − 1

(λ + µ + 1)
− 1

)}

6 2βγ(1 − α),

which implies that (2.6) holds true. �

By setting γ = 1 in Theorems 2.1 and 2.2, we obtain the following corollaries.

Corollary 2.1. The normalized Wright function W1(λ, µ; z) belongs to the

class R(α, β) if λ > 1, µ > 0 and the following condition is satisfied:

2µβ(1 − α) + (µ + 1)[1 − β] − [1 − β](µ + 2)e
1

µ+1 > 0.

Corollary 2.2. The normalized Wright function W2(λ, µ; z) belongs to the

class R(α, β) if λ > 1, µ > 0 and the following condition is satisfied:

2(λ + µ)(λ + µ + 1)β(1 − α) − [1 − β](λ + µ + 1)2(λ + µ + 2)e
1

λ+µ+1

+ [1 − β]((λ + µ + 1)3 + (λ + µ + 1)2 + (λ + µ + 1) > 0.

Also, by taking α = 0 and γ = 1 in Theorems 2.1 and 2.2, we obtain the
following corollaries.

Corollary 2.3. The normalized Wright function W1(λ, µ; z) belongs to the

class D(β) if λ > 1, µ > 0 and the following condition is satisfied:

2µβ + (µ + 1)[1 − β] − [1 − β](µ + 2)e
1

µ+1 > 0.

Corollary 2.4. The normalized Wright function W2(λ, µ; z) belongs to the

class D(β) if λ > 1, µ > 0 and the following condition is satisfied:

2(λ + µ)(λ + µ + 1)β − [1 − β](λ + µ + 1)2(λ + µ + 2)e
1

λ+µ+1

+ [1 − β]((λ + µ + 1)3 + (λ + µ + 1)2 + (λ + µ + 1)) > 0.

3. Sufficient conditions for the normalized Bessel functions J̄p(z)

Now we will obtain the sufficient conditions for the normalized Bessel function
to belong to the class D(α, β, γ). Setting λ = 1, µ = p + 1 and z is replaced by −z
in Theorem 2.1, from equation (1.5) we obtain the following results.

Theorem 3.1. The normalized Bessel function J̄p(z) belongs to the class

D(α, β, γ) if

2(p + 1)βγ(1 − α) + (p + 2)[1 + β(1 − 2γ)] − [1 + β(1 − 2γ)](p + 3)e
1

p+2 > 0.

By setting γ = 1 in Theorem 3.1 we obtain the following corollary.

Corollary 3.1. The normalized Bessel function J̄p(z) belongs to the class

R(α, β) if

2(p + 1)β(1 − α) + (p + 2)[1 − β] − [1 − β](p + 3)e
1

p+2 > 0.
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Also, by taking α = 0 and γ = 1 in Theorem 3.1, we obtain the following
corollary.

Corollary 3.2. The normalized Bessel function J̄p(z) belongs to the class

D(β) if

2(p + 1)β + (p + 2)[1 − β] − [1 − β](p + 3)e
1

p+2 > 0.

4. Sufficient conditions for the integrals
involving normalized Wright functions

In this section, some sufficient conditions for the integrals involving the nor-
malized Wright functions W1(λ, µ; z) and W2(λ, µ; z) are given. Let,

G1(λ, µ; z) =

∫ z

0

W1(λ, µ; t)

t
dt, z ∈ U,(4.1)

G2(λ, µ; z) =

∫ z

0

W2(λ, µ; t)

t
dt, z ∈ U,(4.2)

where W1(λ, µ; z) and W2(λ, µ; z) are functions, defined by (1.3) and (1.4) respec-
tively. From (4.1) and (4.2) it is easy to prove that G1(λ, µ; z) and G2(λ, µ; z) are
in the class A.

Theorem 4.1. Let λ > 1, µ > 0 and the following condition is satisfied:

2(µ)(µ + 1)βγ(1 − α) − [1 + β(1 − 2γ)](µ + 1)2(µ + 2)e
1

µ+1

+ [1 + β(1 − 2γ)]((µ + 1)3 + (µ + 1)2 + (µ + 1)) > 0.

Then, the function G1(λ, µ; z) belongs to the class D(α, β, γ).

Proof. The proof of Theorem 4.1 is similar to the proof of Theorem 2.2.
Indeed, from the definition of function G1(λ, µ; z), we get

G1(λ, µ; z) = z +
∞

∑

n=2

Γ(µ)

Γ(λ(n − 1) + µ)

zn

n!
= W2(λ, µ − λ; z).

Hence, the details of the proof of Theorem 4.1 are omitted. �

Theorem 4.2. Let λ > 1, µ > 0 and the following condition is satisfied:

2(λ + µ)βγ(1 − α) − [1 + β(1 − 2γ)](λ + µ + 1)2e
1

λ+µ+1(4.3)

+ [1 + β(1 − 2γ)]((λ + µ + 1)(λ + µ + 2)) > 0.

Then, the normalized Wright function G2(λ, µ; z) belongs to the class D(α, β, γ).

Proof. Since

G2(λ, µ; z) = z +

∞
∑

n=2

Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

zn

n.n!
,

according to Lemma 1.1, we need to show that

(4.4)

∞
∑

n=2

n[1 + β(1 − 2γ)]
Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

1

n.n!
6 2βγ(1 − α).
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Let
∞

∑

n=2

n[1 + β(1 − 2γ)]
Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

1

n.n!
=: T4,

hence

T4 = [1 + β(1 − 2γ)]
∞

∑

n=2

n
Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

1

n.n!

= [1 + β(1 − 2γ)]

[ ∞
∑

n=2

(

1 − 1

n

) Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

1

n!

+
∞

∑

n=2

Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)

1

n.n!

]

For every n ∈ N2 := N\{1} = {2, 3, · · · }, the inequality Γ(λ(n − 1) + λ + µ) >
Γ(n − 1 + λ + µ) holds true. Since Γ(n − 1 + λ + µ) = Γ(λ+µ)(λ+µ)n−1, we have

(4.5)
Γ(λ + µ)

Γ(λ(n − 1) + λ + µ)
6

1

(λ + µ)n−1
, n ∈ N2.

Here, (λ + µ)n = Γ(µ+n)
Γ(n) = (λ + µ)(λ + µ + 1) · · · (λ + µ + n − 1), (λ + µ)0 = 1

is the Pochhammer symbol, defined in terms of the Euler gamma function.
Using (4.5), we get

T4 6 [1 + β(1 − 2γ)]

[ ∞
∑

n=2

1

(λ + µ)n−1

1

n!

]

Also, the inequality

(λ + µ)n−1 = (λ + µ)(λ + µ + 1) · · · (λ + µ + n − 2)

> (λ + µ)(λ + µ + 1)n−2, n ∈ N2

is clear, which is equivalent to

(4.6)
1

(λ + µ)n−1
6

1

(λ + µ)(λ + µ + 1)n−2 , n ∈ N2.

By using (4.6), we have

T4 6 [1 + β(1 − 2γ)]

[ ∞
∑

n=2

1

(λ + µ)(λ + µ + 1)n−2

1

n!

]

6 [1 + β(1 − 2γ)]
{(λ + µ + 1)2

(λ + µ)

(

e
1

λ+µ+1 − 1

(λ + µ + 1)
− 1

)}

.

In view of (4.3) we can write:

[1 + β(1 − 2γ)]
{(λ + µ + 1)2

(λ + µ)

(

e
1

λ+µ+1 − 1

(λ + µ + 1)
− 1

)}

6 2βγ(1 − α),

which implies that (4.4) holds true. This completes the proof of Theorem 4.2. �

By setting γ = 1 in Theorems 4.1 and 4.2, we obtain the following corollaries.
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Corollary 4.1. The normalized Wright function G1(λ, µ; z) belongs to the

class R(α, β) if λ > 1, µ > 0 and the following condition is satisfied:

2(µ)(µ + 1)β(1 − α) − [1 − β](µ + 1)2(µ + 2)e
1

µ+1

+ [1 − β]((µ + 1)3 + (µ + 1)2 + (µ + 1)) > 0.

Corollary 4.2. The normalized Wright function G2(λ, µ; z) belongs to the

class R(α, β) if λ > 1, µ > 0 and the following condition is satisfied:

2(λ + µ)β(1 − α) − [1 − β](λ + µ + 1)2e
1

λ+µ+1

+ [1 − β]((λ + µ + 1)(λ + µ + 2) > 0.

Also, by taking α = 0 and γ = 1 in Theorem 4.1 and Theorem 4.2, we obtain
the following corollaries.

Corollary 4.3. The normalized Wright function G1(λ, µ; z) belongs to the

class D(β) if λ > 1, µ > 0 and the following condition is satisfied:

2(µ)(µ + 1)β − [1 − β](µ + 1)2(µ + 2)e
1

µ+1

+ [1 − β]((µ + 1)3 + (µ + 1)2 + (µ + 1)) > 0.

Corollary 4.4. The normalized Wright function G2(λ, µ; z) belongs to the

class D(β) if λ > 1, µ > 0 and the following condition is satisfied:

2(λ + µ)β − [1 − β](λ + µ + 1)2e
1

λ+µ+1

+ [1 − β]((λ + µ + 1)(λ + µ + 2)) > 0.
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